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Abstract 

In thir paper, automated formula manipulation ir ahown to be 
centrd to object-oriented wntinuoul-ryrtan modeling. Such 
techniques UT needed to (i) aolve the c rudi ty  usignmcnt prob 
I a n  in modeling any kind of energy truuducer, (ii) generate 
the equationr that result from the wuplingr between Merent 
objectr, (iii) automat idy  reduce rtructurdy abgdu model, 
and (iv) take care of algebraic loopr that often d t  from rub 
ryrtem couplingr, and that dao occur from the reduction of 
rtructurdly dngullv models. A new tool, D p o l a  2.0, ir prc- 
wnted that implements dl of the aforementioned formula d p  
dation techniquu, and that can be w d  to generate itatespace 
mod& in a variety of different simulation lany.(la (ACSL, D E  
SIRE, and Simon). 

Introduction 

The &t genaation of digitd conthuour-darr shda t ion  Ian- 
pager were designed to reremble d o g  computer "progrum." 
They were b l d - d i a g u n  1-a with dder r ,  integratm, 
dt ipl icra ,  and pokntiomdcn wd U their buic  building 
blocks. Thia WM done in order to "cam" the tramition from 
andog to digitd simulation technology. It took the modelerr 
of thrt era w v a d  y u n  to rrdku that pmgrbmmira .o .pb 

log computer hadn't been that convenient after d and that, by 
making digitd simulation languages rucmble d o g  ptognmr, 
they u tudly  made thar  task unnccesdy hard. Andog wm- 
puter progrunming had b a n  dictated by the t e c h n o w  in w, 
it raan't designed to ruit the human programmer. 

Digitd technology ir not bound by the rune limitationr M 

andog technology. There ia considerably more G b i l i t y  in de- 
signing digitd programs. The n u t  generation of simulation lan- 
pager at& out b m  the mathematics of numerically aolving 
e t a  of ordinary differentid equations. It t m  out that most 
numcricd integration dgorithms arc designed to mlve so-called 
rtatc-space mod& of the type 

i = f(x,u,t) (1) 

Cantinuour-rtem aimulation languages uwd today have been 
'designed to fuilitate the formulation of atateapace models. It 
waa quickly &sed that the umc CXP~CSMOM may rrappetu 
in mad state equation#, and that it is more diiamt from a 
unnputationrl point of view (and .I.o IDOW mvenimt)  to M- 

sign thew e*preui~~~ to a d -  (rlgebruc) variables. Con- 
aequently, the extended statcrpacc model w d  in aimulation 
languagu taku the form 
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with the ddi t iond restriction that the auxiliary variables, s, 
mwt not depend algebraically upon each other in a mutud way, 
i.e., that no a4cbmic hp are contained in the model. As an 
ddit iond bonus, mimulation language demgnen added an qua-  
twn rorkr  that enables the w r  to rpecify the model equations 
in an arbitrary sequence and that thereby dm mpports the w 
of macros. Macrot UT used to describe rubgatema in a compact 
bhion.  They arc invoked like rubroutiner, but their treatment 
within the dmulation language it very different from that of a 
rubroutine. The simulation wmpiler iruertr the stakmentr that 
are formulated within a macro into the hula t ion  program at 
the place of ita d. Thir hap- before the equation aorter 
ia activated. Thh ia important dnce, once an executable state- 
ment tcquence has bear established, the dakments that were 
u t r u t e d  kom different r m ~ ~ o l  ue now mixed'. 

It ir important to realise that rl.0 simulation languages of 
the CSSL-typea that are in we today u e  technology-baaed. 
This time, it ir not the technology of electronic and/or me- 
chanicd componmtr that dictater the modeling methodology, 
inatead, today'r simulation hguaga are designed to suit the 
mathematical technology of numerical integration dgorithms. 
Thir fact ir illurtrated in the following example. Figure 1 shows 
a simple pamive electricd circuit: 

' 0  
Figure 1. Simple p ~ i v e  electrical arcuit. 

In a CSSLtype simulation language, this circuit could be rep- 
m n t e d  M: 

W O =  f ( t )  
uC = INTEG(iC/C, uC0) 
iL = INTEG(uL/L,iLO) 

uR2 = R2 * iL 

iC = uRl/R1 

io = iC + iL 

' uR1= U0 - UC 

UL = U0 - uR2 
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which corresponds to the block diagram of Figure 2: 

- i  
P i  3. Block diagram of clectrid cirmit. 

The block diagram ~ W B  the eompuhtionul u w d t y  of the 
model. Tbe computational a d t y  of a d e l  determina how 
the phydul k W 8  that ue e n d e d  in the model equation8 must 
be interpreted in order to obtain a progrun that CUI be executed 
on a roquential mu.hine uring uirting n u m a i d  dgarithrm. In 
the above aunple ,  Ohm's law is u t i l i d  Merently when a p  
plied to the two rubtors, RI and Rl. In the c u e  of RI, the 
current through the rairtor, i ~ ,  U computed h m  the rolt.ge 
across the ruistor, UR,, which ia computed k h - ,  Whcreaa 

the UK of &, the reraw ir true. obvidy, both WUatiOM 
dacribe one and the w e  physical phenomenon. 

No modeler would normdy fdl upon the idea to reprerent 
this circuit by the Kt of equations: 

U0 = f(  t )  
iC = C * D W ( u C )  
uL = L DEEUV(iL) 

d l =  ill*&' 
(d: = U0 - URl 

Uaz = U0 - UL 
iL = uRZ/aZ 
P = iC + il, 

which would correspond to the block diagram of Figure 3: 

P 

L-. . --I 
Figure 3. Alternative block diagram of electricd arcuit. 

although both descriptions are completely equivalent from an 
analytic point of view. The fact is that modelerr have learned 
to avoid the DERIV operator at d cost, dnce it ir numerically 
euier to integrate variabler than to differentiate them (at leaat 
U long U uplicit numeriui dgorithms are rued, which is dwayr 
the cue in today'r hu la t ion  roftwuc). 

This ullplple demonstrata the intimate interrelation of the 
modeling mcthodolw supported by today'r simulation 10ftwue 
and the characterirtiu of the underlying numerical dgorithmr. 
h m  the point of vim of wer convenience, there is no M e r -  
ence between the two formulations. It ir not luggated here that 
it would be in any way more drantrgeour to formulate mod- 
eL in diffcrrntiaf cuwafity (i.e., by w of the D E W  operator) 
rather than in inkqtal cuwafity (i.e., by w of the INTEG operk 
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tor). Yet, it in  demonrtrated below that the familiar statespace 
model ir not the mort convenient way to 'pedfy a model. 

The above equatiom, or rather wignment statements, are 
not obriour when inrpecthg the circuit r h m  on Figure 1. The 
re- ir that brdc electrical laws have been transformed into 
unfuniliu h. The M u  forms ue given below U true 
equationr: 

{Vdtage umrcc.) 

(Inaoctar. Law of inductance. } 
{capacitor. Law of up.citmcc.} 

{ndtor. Ohm'r kr.} 
{lki8tor. O h ' s  kw.) 

{ K i r M s  current kw.} 

{KirchoPs vdtage kw.} 
{ILirchoff's rdtage kr.} 

There ia e much clola comrpondence between thin formulation 
and the circuit &.gun. Thw equatiom c.ll be written down 
directly by ierpecting the circuit diagram. The correctness of 
the model equrtionr ia t h u  promoted. In this papa ,  a modeling 
tool ir introduced that dowr the ruer to formulate his or her 
model in mch M e q u a t i o n h d  form. 

The Cawali ty  h d g n m e n t  Problem 

The e h  example contaim two objecb of the ciarr &stor. 
Yet, in the M u  CSSL-type formulation, the equations used 
to describe thee two objects u e  Merent. In the case of resistor 
Ra, the current flowing through the resistor ICCXIU to %ausen a 
potential drop .troll the ruidor. In the cue of RI, the pc+ 
tential drop .crol the raidor ICCXIU to uauy" current to flow 
through the &star. Moreora, the causalities for the two rais- 
tom change if the modd U a whole U formulated in differential 
rather than integral causality. Quite obviouly, computational 
cawafitg ia not a phydul phenomenon at dl, but ir simply yet 
another utifact of the underlying numerical algorithm. 

It ia rather inconvenient that the w r  m u t  determine the 
(numerically) correct causality of the dissipative elements, or 
more generally, the caurdity of dl energy transducers (trans- 
formers d b i t  exactly the name problem M redstom). It would 
be much nicer if objectr, mch U a resistor, could be described 
once m d  for d in termr of their phyricol properties and their 
interactions with the environment. In c b ~  of the redstor, much 
M eppnnch would Un for a description of the ruiator itrelf 
(Ohm'r hw) urd a deuription of how this equation interacts 
with other equations of the neighboring components. 

However, object4ented continuous-system modeling? is 
much more than juat a matter of convenience. State-space mod- 
els suggest that each state variable changes with time according 
to some law that is expressed in the corresponding state equa- 
tion. But why doer this happen? The voltage acroes a capacitor 
doesn't change with time unless it has a good reason for doing 
10. Phylics ir a matter of t d c .  The only tradable goods are 
mass and energy. Consequently, it would be much safer if the 
modeling environment were to enable the w r  to formulate mass 
bdanca and energy balmcm rather than state equations. If a 
state equation ir formulated incorrectly, a CSSL-type simula- 
tion language' will happily accept the incorrect equation, and 
trade it for beautiful multi-cdored graphs that may even look 
plausible'. 

The modeling lmguage Dymola' incorporates these con- 
cepts. In Dymola, a resistor can be described M follows: 



model type rcrufor  
cut WireA( Val i ) ,  WircB( Vb/- i )  
unln path P < WircA - WircB > 
bcal U 

p u m m r t a  R = 1.0 
u = Y o -  Vb 
U =  R e i  

and 

Ohm's law is described in the m u d  way. It involver the param- 
eter R, which has a ddsult d u e  of 1.0, the locd variable U, 

and the krmind vuiable i .  The cut m d  path deduationr are 
rued to d&be the interface to the outride world. Additional 
equatiom ace formulated to specify the relatiom betwan the 
l d  ruiabler and the termind variabler. 

Of course, the choren approach dm calla for a genad  mech- 
anism to dercribe the couplings between different interconnected 
objects. In Dymola, the above example circuit could be repre- 
Knted as follows: 

amdel circuit 

rubmodel (umurcc) U0 
rubmodel (rcrirtor) R l ( R  = 100.0), R2(R = 20.0) 
rubmodel (copocitor) C(C = 0.1E-6) 
rubmodel (indudor) L(L = LSE-3)  
rubmodel Common 
nodeno, n l ,  n2, n3 
input U 

output VI, y2 

connect Common at no, 
U0 from nO t o n l ,  
B1 from n l  to n2, 
C from n2 to no, 
R2 h m  n l  to&, 
L from n3tonO 

u0 .v  = U 

VI = c.u 
y2 = L.i 

end 

The rubmodcl declaration instantiates objects from dtuucs. For 
example, two objects of type rerutor are instantiated, one named 
R1 with a parameter vdue of R = 100.0 f l  and the other named 
R2 with a parameter d u e  of R = 20.0 n. The connect rtate- 
ment is wed to describe the interconnection between objects. 
Notice that the connecting equations (Kirchhoff'r laws) are not 
explicitly formulated at all. They ue automatically generated 
at compile time from the topological description of the intercon- 
nections. 

Upon entering the model, Dymola immediately instantiates 
all submodels (objects) from the model types (classed). It then 
utractr the formulated equations from them objectr, and u- 
pan& them with the coupling equatiom that are being gena- 
akd  from the description of the interconnections between o b  
jects. For the above example, the d t  of this operation is the 
following: 

U0 v = V b -  Y o  
E1 u = V a - V b  

u = R * i  
BZ u = V o - V b  , 

u = R * i  
C U = V o  - Vb 

C*du(u) = i 
L U = V o  - Vb 

L*da(i)  = U 

Common V = O  
circuit u o . v = u  

y l  = c.u 
y 2  = L.i 
RLVb = C.Vo 
C.i = R1.i 
R1.Vo = RZVa 
U0.Vb = R1.Vo 
R2.i +- R1.i = U0.i 
R2.Vb = L.Vo 
L.i = R2.i 
C.Vb = L.Vb 
tY0.Va = C.Vb 
C0mmon.Y = UO.Va 

The 6mt 10 of thew equatiom ue extracted from the submod- 
 el^. The n u t  three equationr ue extracted from the circuit 
model. The last 10 equatiom represent Kirchhoff'r laws. There 
equations ue automatically being generated from the connect 
rtatements that describe the interconnectiom between the o b  
jects. 

The structure of the equatione needs to be examined in or- 
d a  to determine which variable to rolve for in each equation. In 
addition, the equationa need to be rorted into a correct computa- 
tiond order. If this is not poeuible due to mutual dependencies, 
minimal myatema of equations, that need to be rolved nimdtane- 
ody, should be ida ted .  There problem ue naturally solved by 
me of graph-theoretical dgorithms'. The structure of equations 
and variables is repraented by a bipartite graph. The problem 
of associating erch equation with one variable is called the or- 
riprnenf problem. Algorithmr with execution time depending 
linearly on the number of noder w be found in Wiberg". The 
rorting problem U referrad to as finding the rtmng wmponcnir 
of the graph. k j a n "  has designed an dgorithm with linear 
time dependency baaed on a depth-kt  t ravaul  of the p p h .  

The partition ek'rninute command in Dymola utilies these 
d g o r i t h  to solve the uurality mmgnment problem. It also 
diminater trivid equations of the type 

a = b  (3) 

The result of this operation is as follows: 

Common 
U0 
C 
R l  

C 
BZ 

L 

circuit 

[LVb] = 0 
eircuih = [RZ.Vo] - L.Vb 
U = [Yo] - L.Vb 
[U] = R2.Vo - C.Vo 
u = R * [ q  
C [da(u')] = R1.i 
[U] = R L.i 
U = V o  - [L.Va] 
[U] = V o  - Vb 
L [du( i ) ]  = U 

L.i + B1.i = [UO.i] 
[yl] = c.u 
[y2] = L.i 

In each equation, the variable to be solved for is marked by 
rquare brackets. Notice the different causalities for the two re- 
drtors. 

At this point, further formula manipulation can be used to 
aolve the equatiom in order to gCnCMte a stattapace model. 
The dgorithm wed for rolving equations symbolically works on 
m internd representation of equations, called a syntax tree. 
In order to rolve equations, Dymola recursively applies certain 
transformation and rimplification d e r  to the tree representa- 
tion. 

Dymola has d e s  about the inverse of certain functions and 
handles the case of several linear occurrences of the unknown 
variable. Solving the following equation for 2: 

3 



@ v u  the d t :  

Mom .bout rymbdic formula d p u l a t i o n  can, for example, be 
found in Davenport, Siret, and Tournia'. 

Far the above circuit example, the nml t  of the command: 

> O u ~ t r d v e d ~  

U U fdlow8: 

Common 
WO 
C 
81 

C 
E2 

L 

circuit 

L.Vb = 0 
R2.Va = areuit.~ + L.Vb 
Va=u+L.Vb 
U = R2.Va - C.Va 
i = u/R 
&(U) = Rl.i/C 
u =  R*L.i 
LVa = Va - u 
u = V a - V b  
der(i) = u/L 
U0.i = L.i + R1.i 
#I = c.u 
12 = L.i 

F d y ,  the stattrprce d e l  CUI be automat idy  encoded U 

a tat 6le in any one ob. list oddmulation hgmga. Notice 
that Dymol~h not a simulation progun in i k  own right. It doer 
not pmride for any dmdation ~ p p o r t  at all. D p w h  can be 
r i d  U a wphirtiuted macro p r e e a ~ o r b c e  it eaa be d U 

a frontend to 8 rimnl.ton lmgumge and tbueby (among other 
things) UIPW. the role ot ita macro protarar. Dpmh w ,  
.Lo be r i n d  u a  model generutor since it CUI p a a t e  modct 
for a d e t y  of Merent rimul.tion lmguages. The currently 
supported luyl.cla ue ACSL", DESIRE", urd Simnonl'. 
However, the mort .deqrutc interpretation h to n e w  Dymola 
U a modeling language. D p d a  h u  been designed to frdlitate 
the o b j e c t d n t e d  formulation of modela of complex continu- 
o w  ryrtemr. The wt i n t h  (language definition) of Dymola 
L much leu technologdriven t h  CSSGtype rimulrtian lan- 
guages. It is designed to in- prcr-eonrenience. The Dynmla 
moftwue, on the other hand, is Itrongly technalogdriven dnce 
it generatea a statespace model whenever paaible. This is a 
deliberate choice. It would be poomble to d e  the Dymal. p m  
g.m convert a Dymola model into a deKziption that unald then 
be dmulatcd by w of a diffcrcntid/dgebruc equation (DAE) 
Idre?. The decidon to generate a rtatc-rprce model w u  bued 
on efficiency conrideratiom. It is w d y  mort efficient to ma- 
nipulate the model at compile time to generate code that u e -  
cukr  f u t  than to lay the burden of model manipulation on the 
numcrid algorithm of the run-time program (a DAE mlver). 

The Algebraic Loop Problem 

It w u  mentioned earlier that simulation languages do not permit 
mutual dgebmic &ticma between d a b l a .  This ir due to the 
fut that, in much a cue, the equation rorkr uopot determine 
a oropsr aecution meqwnce of the model atrtcmenk. With the 
two e q d b :  

tion, but y must be known in order to compute z from the sec- 
ond equation. Consequently, neither of the two equations can 
be computed without the other. 

Algebraic loops among rv iab lu  dihin a model mmetimes 
mean bad modeling, or rather, a bad choice of variables. How- 
ever, dgebruc loops that arc the result of interconnections be- 
tween different objects occur frequently and are unavoidable. 
A oimple example of this type ir the voltage divider Aown on 
RgIue 4: 

n 

P i e  4. Voltage divider. 

The vdtage divider CUI by coded in D p o l a  U follows: 

-del divider 

d m o d e l  (r.oura) U0 
mbmodel (re&) Rl(R = 100.0), R2(R = 20.0) 
rubmodel Common 
input U 

output 

to=t C a m n ~ n  - U0 - R1- R2 - Common 

u0.v = U 

1 = R2.u 

When this model is entered into Dymola, the following set of 
equations is generated: 

U0 V = Vb - Va 
B1 u = Va - Vb 

u = R * i  
R.2 u = Va - Vb 

u = R * i  
Common V = 0.0 
divider u0.v  = U  

= R2.u 
R1.Va = U0.Vb 
R1.i = U0.i 
R2.Va = R1.Vb 
R2.i = R1.i 
C0mmon.V = R2.Vb 
U0.Va = Cqm0n.V 

After the partition climinaic opaation h.r been iuued, the 
d v e d  equatiom can be displayed. The ruult of that operation 
b 88 fdOW8: 

Common R2.V) = 0 
U0 Vb = di0idCr.u + R2.Vb 

t murt be huwn bdore y c.ll be computed h m  the h t  equa- 
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End d rjstcm of e q u a t h ~ .  

solved r j rkm d aquatiom: 
B1.V) = ( m . B  R2.V) t R2.R UO.Vb)/(Rl.R t R2.R) 

diwidet.y = [Rl.Vb] - Vb 

U = R [LrO.i] 
- [dividet.y] = R U0.i 

[U] = U0.Vb - Vb - 

clmidcr.~ = (R2.R L U0.Vb - R2.B R2.Vb)/(Rl.R t R2.R) 
UOi = (U0.V) - m.Vb)/(Rl.R t R2.R) 
P1.u = ( R l 9  U0.V) - B1.R R2.Vb)/(Rl.R + R2.R) 
b d  dd qlkm of cqtutionl. 

The simple fut  that this arcuit contah  two ruiel-connected 
ndrton d t r  in a qr tem of simultaneow equrtiona (an d- 
gebmic loop) involving four ruiablcs and four equations. The 
uusdity udgnment problem can no longer be rolved in a unique 
fuhion, which is dwayr an indication of algebraic loop. Dy- 
mol. detects the dgebraic loop, b l a t a  the involved equationr, 
determina the involved variables, d i ~ ~ ~ v c m  that the algebraic 
loop is linear, and therefore ir able to rolve it at once by q m -  
bolic formula manipulation. F’urther aimplificationr arc possible. 
Dymola can be Kt up to lind common r u k p r e u i o n n  m d  in- 
troduce auxiliary variables for them. This redueer the unount 
of computations needed. Equations of the type: 

a = O  (7) 

can be eliminated from the model, and in dl other equations, 
termr multiplied by a can .Lo be eliminated. Finally, equations 
that evaluate a variable, which is neither ured in m y  other equa- 
tion nor dedued U an output variable, ue nvplur equations 
that can be omitted from the model. 

With these two additiond rimplificationr, the above model 
is reduced to a dngle equation: 

dioidc+.y = R2.R dioidcr.u/(Rl.R t R2.R) 

which in the well-known voltage divider equation. 
Obvioualy, not d algebraic loop ue linear. Nonlinear *e- 

brric loopr curnot generally be sdred by formula manipulation. 
A h ,  it can happen that a single linear dgebraic loop containa 
many equations and many variables, in which c w  the rolved 
act of equations may look formidable. In ruch casu, it may rtill 
be necessary to employ a numerical, iterative method, mch U a 
Newton-Raphson type dgorithm for a rubrystem of equations. 

Structurally Singular Model. 

Structurdy dngular problems are systems that contain more 
energy storing elements than dgen modi. A rtructurdly un- 
gular linear electricd arcuit contains more capacitors and/or 
inductors than indicated by the order of its truufer function. 
Structurd dngularitics are related to index n,n > 1 DAE&’. 

Structural dngularitics can easily be detected U a byprod- 
nct of the algorithm that determiner the computationd causd- 
ity. If, during causality d g n m n t ,  any of the integrators (en- 
ergy r torqe elemcntr) UIUMI differentid rather than integral 
a d t y ,  the model ir structurally angular. 

As in the came of linear algebraic loops, structurd dngulsri- 
tier within modeh often indicate bad modeling, or rather a poor 
selection of variabla. However, structural mngdaritia that are 
c a w d  by interconnections between objectr are frequent and un- 
avoidable. This fact can be demonatrated by the rimple circuit 
shown on Figure 5. 

Figure 6. Pu&l capacitor arcuit. 

Thir cirmit can be modelled in D p o l a  U follows: 

-del parcap 

submodcl (-+tot) Cl(C = O.?E-6), C2(C = O.1E-6) 
mbnmdel (uourcc) ZO 
mbmodal Common 
input i 
output y 

connect common - zo - (Cl//C2) - common 

ZOJZ = i 
1 = C1.U 

end 

When this model ir entered into Dymola, the following equations 
ue generated: 

c 1  

C2 

IO 

Common 
PU-P 

u = Va - Vb 
C*der(u) = i 
u = V a - V b  
Csder(u) = i 
V =  Vb-Va 
i = zz 
v = o  
ZOJZ = i 
C2.Vb = C1.Vb 
C0mmon.V = C2.Vb 
Z0.Va = C0mmon.V 
C1.Va = IO.Vb 
C2.Va = C1.Vo 
C1.i + c2.i = Z0.i 

Partitioning thir problem leads to the following naming: 

Singularprobkm. 

c2.i  

Redundant equations: 
Pm-P C2.Va = C1.Vo 

Unurigned variables: 

and the generated equations are: 

C l  

c 2  

IO 

Common 
P*UP 

U = [Val - Vb 
C L [der(u)] = i 
U = [Val - Vb 
C [der(u)] = i 
[VI = Vb- Va 
[I) = Z I  
[VI = 0 
[IOJI] = i 
C2.Vb = [Cl.Vb] 
Common.V = [C2.Vb] 
[ZO.Va) = Comm0n.Y 
C1.Va = [ZO.Vb] 
C2.Va = C1.Va 
(C1.i) + c2.i = I0.i 
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Dymola wunm by default that the date  ruiabler of the model 
rre d variables that appur  differentiated. Due to the fact that 
the target simulation 1.nyage is expected to make w of an U- 

plicit integration technique, d date &abler can automatically 
be &dud U known eariabkr according to equation (1). 

It is poorible to get uound the singularity by telling Dymola 
explicitly that one of the two m-cded state ruiabler that were 
introduced by default is, in W, not a state &able at d. Thin 
can be uunnplinhed by decluing: 

> ~ b s p n L n o m c 2 . u  
> ~ b s L n O m C 2 . d m l  

Now, the sq9.tionr can be reputitioned, md &a e h h t i q  
tbe t r i ~ U  vignments, and &er sorting and rdving them, the 
f d h b g  aet of equations U obtained: 

Comcnon C1.Vb = 0 
Cl  
e2 

PU*P 

I0.V) = U + Vb 
U = I0.W - C1.Vb 

C1.i = i - C2.i 
i = C.dcr(u) 

Cl  &(U) = i/c 

P U U P  v = c1.u 
IO V = Vb - C1.Vb 

It can be clearly rarr that one of the two Merentid ~ U ~ O M  

now muma Merentid uusdity rather than integral uuulity. 

pouible solution to the dilemrmr, it is not 
a very good one, dnce it forcer the rubrequent &dation to 
n d d y  difiacntiate the ruiable C2.u in order to compute 
m.i, which M unnecessary. There d s t r  a (h-) dgebrric 
relationship between the two m d e d  state ruiabler, i.e., the 
two outputs of the integrators. More pmirely: 

While thin ir 

c2.u = c1.u (&a) 

By Maentiating equation (&), the following equation M ob 
tained: 

dCr(C2.u) = dcr(C1.u) (8)) 

One method M to replace equation (&) by equation (8b), and 
thereby tcpyne the dructurd rinyluity. The conat rh t  is thua 
removed, and the voltages of the upui tor r  ut integrated rp 
uately. It is then important to usign initid valuer that u e  
consistent with the remoIed conrtr.int. This a p p d  h u  the 
drawback that nuwricd inrccuracy might introduce drift in 
N& a r a y  that the removed constraint M no longer valid .ha 
the a d a t i o n  h u  proceeded for a while". 

The approach taken in Dymola M to retain dl conrtrrintr. 
The dimcnrion of the d e  vector is reduced. Instud, the 
rumved date d a b l a  .IC d r e d  kom th conrtrhtr .  The 
d a i r r t i r a  of the runwed date  ruiabler rlro need to be com- 
puted. Equationr for th- ue added by Mcrtntiating the con- 
straints. 

Pmtelida" h u  deigned an algorithm for determining 
which eqprtionr need to be Merentiated. It is a grrph- 
theoretid algorithm that umcs the dependency structure of the 
equations. Thin algorithm h u  been implemcated in Dymola. 
When the di#ercntiok command is entered, Dymola urer the 
dgozithm to augment the et of equation6 with rymboliully 
diflaartiJcd rcrdolu of lolly of the equationr. The algorithm 
unuma that Q date ruiabler arc &norm It then looh for 
condrainto between t h e  drblcs. Note, that them might be 
a chain of equations with a d u y  ruiabler involved. equa- 
tionr in much a dependency chain mwt be Merentiated. 

Tht proceu ir repeated beuw there might be r a n d  order 
d a i m t i r a  implying that difiamtiated d a b l a  ue considered 

known. The d d e d  differentiated equation6 might introduce con- 
straints on t h e  differentiated &abler, which means that these 
equation6 hare to be ~ e r e n t i a t e d  once more. 

Once the di#ennfiate command h u  been issued, Dymola 
no longer 4- m y  variables to the ret of state &abler aut* 
mrtiully, but lea- it up to the uaer to declan, which variables 
rre to be wd U date ruiabler. 

The pudel capacitor problem can be t d e d  uaing the fol- 
lorring ret of a-&: 

>dilkrmtkk 
> rd.blrrban c1.u 
> p.rtiti00 
> 0Q-t- 

which l e d  to the following ret of equations: 

c1 

CI 

IO 

Common 
PUUP 

c1 
P U U P  
Conrmon 
C3 
P U U P  

U = p a ]  - Vb 
C [&U] = i 
[U] = Va - Vb 

[VI = Vb - Va 
C.&ru=[t) 

[il= I I  
WI=O 
[XOJrj = i 

[ro.va] = cmmon.v 

p i .4  + czi = r0.i 

Cl&rVb = [Cl.&rVb] 
[derv] = 0 
[h] = dcrVa - &rVb 
C - k V  = [C2.&rVb] 
[C2.&rVa] = Cl.&rVo 

C2Vb = [Cl.Vb] 
Comm0n.V = [CZ.Vb] 

C1.Va = [IO.Vb] 
[CZ.Va] = C1.Vo 

actU = [&+VO] - &rVb 

The last nix equationr of the a h  .et uc thoK that have been 
dded by applying the Pantelides algorithm to thin model. 

By k l u i n g  C1.u U a known variable, the uua l i t y  m 
dlplwnt algorithm h i d e  Dymola knows that it doenn't need 
to b d  an equation to enluate Cl.u, and the model generator 
inside D y d a  knows that it nadr to generate a state equation 
for this variable. For example in the c u c  of ACSL, a rtatement 
of the type: 

C l r  = rnTEa(CldCru, 0.0) 

wi l l  be added to the wt of generated equations. 
The ramnun&: 

> putitianPiminlte 
> outputsolvedequationr 

wil l  l d  to the following Kt of equations: 

Common. &+V = 0 
P U U P  CZ.&rVb = Comnum.&tV 

Cl.dcrVb = C2.derVb 
IOJI = i 

Sjrtem of 6 cqortionr. Unknown rulrblcr: 
C1.i 
C2.i 
CZ.de+u 
C2.dcrVa 
Cl.dc+Va 
Cl.&ru 
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- (Cl.4 t C2.i = 10.11 
c dcru = [i] 
[deru] = &rVa - derVb 

c [&U] = i 

-e2 

-P-P [CZ.derVa) = Cl.derVa 
-c1 &ru = [derva] - derVb 

End of ayatcm d equationr. 

- 

- 

Solved q s k m  d quatioar: 
Dctl = C1.C + C2.C 
C1.i = (C1.C s 1OJ1 + C2.C s C1.C s C2.dcrVb 

C2.i = (C2.C ZOJI - C2.C c C1.C L C2.dcrVb 

C 2 . k  = (IOJZ - C1.C s C2.&Vb + C1.C s Cl.&rVb)/Detl 
C2.derVo = ( Z O J Z  t C2.C C2.dcrVb + C1.C Cl.&rVb)/Detl 
Cl.&rVo I (1OJ1 + C2.C C2.derVb + C1.C * Cl.&tVb)/Dctl 
C l . b  = (IOJI + C2.C C2.derVb - C2.C L Cl.derVb)/Dctl 
End a o l v d  ayatem of quatiom. 

Common C1.Vb = 0 
C l  

-m.C C1.C s Cl.&rVb)/Dctl 

+C2.C C1.C s Cl.derVb)/Detl 

ZO.Vb = U + Vb 
IO 
C2 

V = Vb - C1.Vb 
U = 1O.Vb - C1.Vb 

which w be wd to automaticdly generate a simulation pro- 
gram for ather ACSL, DESIRE, or Simon. 

A pplicat ionr 

T' der&ber typicd modeling mtUatiOn8 
1-c model manipulation in needed. 

men a mechanical rirtem, the techPique of h e  

d a b l e s  that are structured into cuts to fidlitate the 
e p t j o n  of the topology. Connecting mKhmkd 
links and pints introduces conrtraintr on positions and veloc- 
ities, which implies that the degrcea of freedom of the inter- 
connected system sre reduced, i.e., the dimension of the state 
rector of the interconnected ryrtem is maller than the rum of 
the dimensions of the state vectors of the subryrtema. 

A ample uample ia the model of a body in two dimensions 
for which one end point is attached to a k e d  rotationd pint. 
The unconstrained body has threc degrced of freedom. It can 
t d a t e  in t and y directions, and it can rotate M u d  its L- 

axis. Thus, a statenpace model of an unconstrained body must 
contain six ht -order  O D h .  Due to the connection with the 
rotationd joint, the lever ir restricted in its freedom to move. It 
cm no longer tramlate at all. It C M  only rotate around the pint. 
Conuquently, a statespace model of the constrained body must 
contun two first-order ODES. The de- of M o m  ue n- 
duced from three to one. 

The model type that deacribu the body irrespective of 
the environment it operatea in muat describe the unconstrained 
body. Cowquently, it m a y  contain either two imtancer of New- 
ton's t d 8 t i O d  law and one instance of Newton'r rotationd 
law, equirrlmt ducriptions uang the d'Alembert principle, a 
direct formulation of the energy balance equtiom, OT M y ,  a 
k r i p t i o n  of power flow through the aydem (e.g. using a bond 
p p h  notation'*'). In a t h a  farmulation, an instantiation of 
t k  tmumrtruned body will rault in a rixth-order statespsce 
model. 

The modcl type that describer the joint doesn't contain m y  
dynamiu at d, since the joint by it& dam' t  move m u d .  
When the unconstrained body is connected through the joint to 
the wdl,  four constrainti (two explicit positiond and two de- 
duced reloaty constraints) arc introduced. The d t i n g  model 

&pm is u t a .  The introduced form and torquer 

is thus rtructurdly singular. By applying the Pantelidea dgo- 
rithm (differentiation), it is poasible to get rid of the structural 
singularity. In the procerr, the number of state equationr is re- 
duced from six to two. By choosing the .ngular poition, 8,  and 
the angular relocity, w ,  U the two remaining state variables, a 
ryrtem of equationr ui-, i.e., the resulting model contains a 
linear dgebrsic loop that can be solved by formula manipula- 
tion. The solution ir of the form: 

der(o)= .../( J + m . d . d )  (9) 

w h m  I is the inertia of the body &tire to its point of gravity, 
d is the distance from the center of gravity to the joint, and rn is 
the mau of the body. The formula for how the inertia changer 
due to t d a t i o n  (J + m d .  a) ir thus automaticdly obtained. 

Thermodynamic r v r k m  and chemie41 reaction dynamicr 
arc modeled by defining control d u m a  and introducing ter- 
mind variabler in cuts corresponding to e.g. the pipes between 
diflerent wmponentr. The topology ir typicdly dcacribed M 

reparate subgraph by following the different flows in the ay% 
tem (rteam, water, etc). 

As an uample, consider a superheater in a thermal power 
plant. A model for the atcam is: 

(loa) 
E =  V . r . h  (lob) 
? = d h )  (10c) 

da(E) = 0.. - W * ( h  - h,,,) 

w h m  E denotes the ntored energy, Qin dercribca the incoming 
heat flow, W is the - flow rate of steam, h ir the enthalpy of 
steam in the superhuter, describes the enthdpy of incoming 
steam, Y denota the v d m ,  and t ir the density. The function 
g dercribes .kun propertier and ir typically implemented U a 
table look-up function. 

If E ir chosm M the state variable (default selection), a 
nonlinear rystem involving equationr (lob) and (1Oc) has to be 
d v e d  for h and r. An alternative approach is to select the 
enthdpy h U the da te  variable. The differentiation algorithm 
in Dymola determines that the equationr (lob) and (1Oc) have to 
be differentiated. A t d m c n a i o n d  linear mystem of equations 
results. Ita solution producca: 

(11) 

w h m  der(h) is a true rtate derivative, whereas dcrE is an dge-  
braic variable with a nunc12. The existence of a function 
gDER ir ~ ~ u m d  that ret- the partid derivative of the func- 
tion g with renpect to its argument. 

It is not obvious which state variable dection io preferable. 
If the function gDER exists, the oclection of h M a rtate vari- 
able probably giver more dlicient computationr. If gDER is 
not available, the former approach may be more appropriate. 
The point ir that the modeler docan't need to manually perform 
the required formula manipulations depending on which state 
variable i. relected. The model containa only the fundamental 
phyaicd equatiom. This &ea modeling a conaiderably safer 
enterprise. 

A similar situation occum when modeling active electronic 
cirruitr'. A bipolar transistor model containa three junction 
diode models. Each of those modeh contains a nonlinear capac- 
itor. Simplified model equations ue: 

der(h) = &E/(gDER(h) V .  h + V - r) 
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when qc ir the charge, i, ir the a p u i t i n  ament ,  ad ir the 
diode current, q ir the roltqe, and 4 ,  . . . , br are p a t e n .  
A choice of qc U the da te  vuiable 1 4  to a nonlincar ryrtem 
of equationr in the d a b l e a  ud and i d  that must be mold it- 
eratidy. ID UL dkmative approrch, ud c ~ 1  be ch- U the 
r k k  variable. In thir cue, the P M W U  algorithm must be 
applied. After di&rtntiati~n, a linear system of equrtionr in 
the varhbla %( and 4: wul t r  that c.0. be mlved by formula 
d p p l r t i o e  

Thc t- bipOlU t M d r t O C  WUdOM .ct, frct, mch m R  
asnpk&d t b  indicated .bare. It ir thor a did for the 
nrodcLr not to have to perf- the Merentbtiolu by hand, and 
amtammial dihentiation uutainly pnrmota d corrcctnar. 
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