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ABSTRACT
We introduce a new notion of minors for simplicial com-
plexes (hypergraphs), so-called homological minors. Our
motivation is to propose a general approach to attack cer-
tain extremal problems for sparse simplicial complexes and
the corresponding threshold problems for random complexes.

In this paper, we focus on threshold problems. The basic
model for random complexes is the Linial-Meshulam model
Xk(n, p). By definition, such a complex has n vertices, a
complete (k − 1)-dimensional skeleton, and every possible
k-dimensional simplex is chosen independently with proba-
bility p. We show that for every k, t ≥ 1, there is a con-
stant C = C(k, t) such that for p ≥ C/n, the random com-
plex Xk(n, p) asymptotically almost surely contains Kk

t (the
complete k-dimensional complex on t vertices) as a homo-
logical minor. As corollary, the threshold for (topological)
embeddability of Xk(n, p) into R2k is at p = Θ(1/n).

The method can be extended to other models of random
complexes (for which the lower skeleta are not necessarily
complete) and also to more general Tverberg-type problems,
where instead of continuous maps without doubly covered
image points (embeddings), we consider maps without q-
fold covered image points.

Categories and Subject Descriptors: G.2.2 [Discrete
Mathematics]: Graph Theory—Hypergraphs

General Terms: Theory.

Keywords: Minors, Hypergraphs, Simplicial Complexes,
Embeddings, Random Complexes, Thresholds.

1. INTRODUCTION
For graphs, there is a rich interplay between combinatorial

properties on the one hand and topological properties, such
as planarity, on the other hand. For example, for (connected,
finite) graphs embedded into the plane R2 (or the sphere
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S2), we have Euler’s relation f0 − f1 + f2 = 2 between
the number f0 of vertices, the number f1 of edges, and the
number f2 of regions determined by the embedding. This
implies the tight upper bound f1 ≤ 3f0 − 6 for the number
of edges of a simple planar graph with f0 ≥ 3 vertices.

Another example are the classical characterizations of pla-
nar graphs in terms of forbidden minors. Kuratowski [25]
proved that a graph is planar iff it contains neither the com-
plete graph K5 nor the complete bipartite graph K3,3 as a
topological minor (i.e., if it does not contain a subdivision of
either of these). Wagner [48] showed that the same holds in
terms of deletion-and-contraction minors, i.e., G is planar
iff neither K5 nor K3,3 can be obtained from G by a finite
sequence of edge or vertex deletions and edge contractions.

These results form the starting point of the general the-
ory of graph minors, which comprises some of the the deep-
est results and open problems in combinatorics, notably the
Robertson-Seymour Graph Minor Theorem [41] (see [28] for
a survey) and Hadwiger’s conjecture [17] (see also [4, 40]).

Minors are also a valuable tool when dealing with extremal
problems for sparse graphs, due to the following theorem of
Mader [30]:

Mader’s Theorem. For every integer t there are con-
stants C(t) and CTOP(t) such that every (simple) graph on
n vertices with at least C(t) · n edges (respectively, at least
CTOP(t)·n edges) contains the complete graph Kt as a (topo-
logical) minor.1

Consequently, if a given graph property implies a fixed
forbidden minor, then graphs with that property have only
a linear number of edges. In particular, if one wishes to
prove a linear upper bound for the number of edges in planar
graphs without appealing to Euler’s relation, it is enough to
show, first, that K5 (or some other fixed complete graph,
if one is willing to accept a worse constant) is not planar,
and second, that planarity is preserved under taking minors
(which is easy).

Simplicial Complexes
It is rather natural to wonder how to define minors for
higher-dimensional simplicial complexes or hypergraphs.

We recall that a (finite) hypergraph is simply a finite set
system, while a (finite, abstract) simplicial complex X is a

1Even the dependence of the constants on t is now known
quite precisely, C(t) ≈ 0.319t

√
log t and CTOP(t) = Θ(t2),

see [45] and [5, 21], respectively. In the special case t = 5,
Mader [31] also showed that 3n−5 edges are already enough
to ensure K5 as a (topological) minor.



finite set system that is closed under taking subsets, i.e.,
F ⊆ G ∈ X implies F ∈ X. For our purposes, simplicial
complexes are somewhat more natural and convenient, but
the difference is more one of viewpoint and terminology than
an essential one.2

The sets in a simplicial complex X are called faces or
simplices and are classified according to their dimension
dimF := |F |−1. The dimension of X is defined as the max-
imum dimension of any face. The set of i-dimensional faces
of X will be denoted by Xi, and the number of i-dimensional
faces of X is denoted by fi(X) := |Xi| or simply by fi. If
G ⊆ F ∈ X then we say that G is a face of F . The ele-
ments of a face F are called the vertices of F . Identifying
singleton sets with their elements, we also call X0 the set
of vertices of X. Thus, e.g., a 1-dimensional simplicial com-
plex is just a simple graph, and f0 and f1 are the numbers
of its vertices and edges, respectively. Further basic notions,
including embeddablity, will be reviewed in Section 2.1.

There are many possible ways of defining minors of simpli-
cial complexes, some of which we will mention in Section 4.
Which definition is “the right one” depends on the context
and on the aspects of the theory of graph minors that one
wishes to generalize. We stress right away that we are not
aiming for a characterization of embeddable complexes in
terms of finitely many forbidden minors (indeed, recent NP-
hardness results [33] regarding embeddability of simplicial
complexes are an indication that such a goal might be too
ambitious, especially for embeddings of 2-dimensional com-
plexes into R4). Instead, our principal motivation are topo-
logical extremal problems for sparse simplicial complexes
and the corresponding threshold questions for random com-
plexes (we think of a k-dimensional complex as sparse if
fk = O(fk−1)).

Extremal Problems
A typical example of such an extremal problem is the fol-
lowing:

Conjecture 1. If X embeds (topologically) into R2k, de-
noted X ↪→ R2k, then fk(X) ≤ Ck · fk−1(X), where Ck is a
constant that depends only on k.

This is a natural generalization of the fact that the number
f1 of edges of a (simple) planar graph is at most linear in
the number n := f0 of vertices. The conjecture seems to be
folklore and has appeared various times in the literature3,
see, e.g., [20, 42, 9]. The only known nontrivial upper bound

is fk = O(nk+1−1/3k

) for any fixed k ≥ 1, which is proved
using forbidden subcomplex arguments, see below.

As in the special case of graphs, it is known that Conjec-
ture 1 in general would have a number of interesting conse-
quences in discrete geometry, including higher-dimensional
analogues [9, 10] of the well-known crossing lemma [1, 26]
and upper bounds for the number of triangulations of an
n-point set in Rd [9, 11]. The problem is also closely related
to the Upper Bound Theorem [34, 44] and the g-Conjecture
for simplicial spheres, via a deep conjecture of Kalai and

2Essentially, a pure k-dimensional simplicial complex (all
maximal faces of dimension k) is the same thing as a (k+1)-
uniform hypergraph (all hyperedges of cardinality k + 1).
3Sometimes, the conclusion is weakened to fk = O(nk),
where n := f0 is the number of vertices (we trivially have
fk−1 ≤

`
n
k

´
since a (k − 1)-simplex has k vertices).

Sarkaria [20, 42] that connects embeddability and algebraic
shifting and would, in particular, imply Conjecture 1 in
a very precise form. We also remark that the case of k-
dimensional complexes embeddable into R2k is the critical
one, in the sense that Conjecture 1 would imply tight upper
bounds for the face numbers of simplicial complexes embed-
dable into Rd, for any ambient dimension d. These connec-
tions and implications will be discussed in more detail in the
full version of this paper.

Random and Expanding Complexes
Linial and Meshulam [27] introduced a higher-dimensional
analogue of the Erdős-Rényi random graph model G(n, p).
By definition, the random k-dimensional complex Xk(n, p)
has n vertices, a full (k − 1)-skeleton (i.e., all subsets of
size k or less of the vertices form faces of the complex), and
every (k + 1)-element set of vertices is taken as a k-face
independently with probability p, which may be constant
or, more generally, a function p(n) depending on n.

This model has received a lot of attention, and the thresh-
old probabilities for a number of topological properties of
Xk(n, p) have been determined, see [27, 36, 3, 2, 7, 8, 23].

It is known that the sharp threshold probability for pla-
narity of X1(n, p) = G(n, p) is at p = 1/n (see [29]). For
the higher-dimensional embeddability problem, we have the
following result.

Theorem 2. The threshold for embeddability of Xk(n, p)
into R2k is at p = Θ(1/n). That is, for every k ≥ 1 there
are constants Ck > ck > 0 depending only on k such that

lim
n→∞

Pr[Xk(n, p) ↪→ R2k] =

(
1, p ≤ ck/n,
0, p ≥ Ck/n.

In particular, this shows that Conjecture 1 holds for al-
most all complexes. (For the complex Xk(n, p) we have
fk−1 =

`
n
k

´
, and fk is strongly concentrated around p ·

`
n
k+1

´
,

so in order to obtain complexes with fk = Θ(fk−1), the
parametrization p = C/n is the right one.)

It seems very likely that like planarity, the general em-
beddability property has a sharp threshold, i.e., that there
exists C = C(k) such that for any ε > 0, the probabil-
ity Pr[Xk(n, p) ↪→ R2k] tends to 1 if p ≤ (1 − ε)C/n and
to 0 if p ≥ (1 + ε)C/n. Computer experiments conducted
by G. Pundak (personal communication) suggest that C(2)
is around 4.37. Our current proof does not yield such a
sharp threshold (even though many of the estimates could
be improved, at the expense of making the proof more com-
plicated).

On the other hand, our proof only uses a certain quasir-
andomness or expansion property of Xk(n, p), see Section 5,
and thus applies to a broader class of complexes, which do
not necessarily have a complete (k − 1)-skeleton, including
certain other models of random complexes; this will be dis-
cussed in the full version of this paper. The relevant notion
of expansion was first defined by Gromov [15]. The same
notion arose independently in the work of Linial, Meshu-
lam, and Wallach [27, 36] and in the work of Newman and
Rabinovich [39].

The fact that Xk(n, p) ↪→ R2k asymptotically almost
surely for p ≤ ck/n follows fairly easily from a recent result
of Aronshtam, Linial,  Luczak, and Meshulam (personal com-
munication) concerning collapsibility of random complexes.



This part of the proof is omitted from this extented abstract
and will be given in the full version. Here, we focus on the
nonembeddability part, which is the main contribution.

The Structure of this Paper
The remainder of this paper is structured as follows. In
Section 2, we review some basic facts concerning simpli-
cial complexes and homology. In Section 3, we describe
our general approach to extremal and threshold problems.
At the heart of it lies a conjectural higher-dimensional ana-
logue of Mader’s theorem. Here, we prove the correspond-
ing threshold result for random complexes (Theorem 7).
In Section 4, we give the precise definition of homological
minors and prove that, in a suitable technical sense, com-
plexes with a nonembeddable homological minor are nonem-
beddable (Theorem 5). In Section 5, we discuss higher-
dimensional face expansion of simplicial complexes in the
sense of Gromov and note that Xk(n,C/n) has (a coarse
version of) this property. Finally, in Section 6, we prove that
expanding complexes contain large complete minors (Propo-
sition 12), which proves Theorems 7 and 2.

2. PRELIMINARIES
We summarize some basic definitions and facts concerning

simplicial complexes, homology, and obstructions in order to
fix terminology and notation and to provide the necessary
background for the definition of homological minors. For
further background, see, e.g. [37, 32, 22].

2.1 Simplicial Complexes and Embeddings
Formally, there are two different ways of viewing a sim-

plicial complex, either as an abstract simplicial complex, as
defined in the introduction, or as a geometric simplicial com-
plex, i.e., as a finite collectionX of closed geometric simplices
in some Euclidean space Rm such that if σ ∈ X and τ is a
face of σ then also τ ∈ X and such that any two simplices in
X intersect in a common face (which may be empty). Here,
by definition, a geometric simplex σ is the convex hull of
some affinely independent set of points, called the vertices
of the simplex, and a face of σ is the convex hull of some
subset (possibly empty) of its vertices. Every geometric sim-
plicial complex X defines an underlying topological space or
polyhedron |X| :=

S
σ∈X σ ⊂ Rm, namely the union of all

the geometric simplices in X, with the topology inherited as
a subspace of the ambient Euclidean space Rm.

Two simplicial complexes are isomorphic if there is a face-
preserving bijection between their vertex sets. For any two
isomorphic geometric simplicial complexes, there is an ob-
vious homeomorphism between their underlying spaces that
is linear on each face. There is a standard way of going back
and forth between the abstract and the geometric viewpoint
(see, e.g. [32]), and an abstract simplicial complex can be
viewed as a purely combinatorial description of a geometric
simplicial complex up to isomorphism, by specifying which
subsets of vertices form vertex sets of faces.

A subcomplex of X is a subset Y ⊂ X that is itself a
simplicial complex. The i-skeleton of X is the simplicial
complex Xi = X−1 ∪X0 ∪ . . . ∪Xi that consists of all faces
of X of dimension at most i. A geometric simplicial complex
X ′ is called a subdivision of a geometric simplicial complex
X if |X| = |X ′| and every simplex of X ′ is contained in some
simplex of X.

A (topological) embedding of a simplicial complex X into
Rd is a map f : |X| → Rd that is a homeomorphism of |X|
with f(|X|). Since we only consider finite simplicial com-
plexes, this is equivalent to requiring that f be injective. If
such an embedding exists, we say that X embeds into Rd,
denoted X ↪→ Rd. For further background on embeddings of
simplicial complexes, see the survey [43]. For an introduc-
tion especially geared towards combinatorialists and com-
puter scientists and and with an emphasis on algorithmic
aspects of embeddability, see also [33].

2.2 Homology and Cohomology
We review the definition of (simplicial) homology and co-

homology of a finite simplicial complex X (see, e.g., [37] for a
thorough introduction). For simplicity, we restrict ourselves
to the case of coefficients in the field F2 with two elements.

Let X be a finite simplicial complex. For integer i, denote
by Ci(X) = Ci(X; F2) the vector space FXi

2 of functions
from the set of i-faces of X to the field F2 (thus, Ci(X) =
0 unless −1 ≤ i ≤ dimX). The elements of this vector
space are called i-dimensional cochains of X. Since we are
working over F2 we can also think of an i-cochain as (the
characteristic vector of) a subset of Xi.

Moreover, let Ci(X) = Ci(X; F2) be the vector space
over F2 generated by Xi. In other words, the elements of
Ci(X), called i-chains, are formal linear combinations of i-
faces of X. Since the sets Xi are finite, Ci(X) is again (non-

canonically) isomorphicto FXi
2 , so it might seem like exag-

gerated formalism to distinguish between Ci(X) and Ci(X),
but it is sometimes convenient to maintain this distinction.

In fact, the space Ci(X) is the dual vector space of Ci(X),
and we have a natural bilinear map 〈, 〉 : Ci(X)× Ci(X)→
F2. If we identify both spaces with FXi

2 , this map corre-

sponds to the standard inner product on FXi
2 .

We have a linear map ∂ = ∂i : Ci(X) → Ci−1(X), called
the boundary map, given on basis elements F ∈ Xi by
∂F =

P
G⊆F,dimG=i−1 G. In other words, with respect to

the standard bases of Ci(X) and Ci−1(X), the boundary
map is given by the incidence (or inclusion) matrix between
i-faces and (i− 1)-faces.

Its dual map ∂∗i : Ci−1(X)→ Ci(X) is called the cobound-
ary map. Again, with respect to the standard bases, this
map is given by (the transpose of) the inclusion matrix. We
often drop the indices and just write ∂ or ∂∗. Thus, if S ⊆ Xi
is a subset of i-faces and we view it as an i-chain then the
boundary ∂S corresponds to the the set of all (i − 1)-faces
contained in an odd number of i-faces in S. Conversely, if we
think of S as an i-dimensional cochain then its coboundary
consists of all (i + 1)-faces that contain an odd number of
faces in S.

The crucial property of the boundary map is that ∂i−1 ◦
∂i = 0 (and consequently also ∂∗i ◦∂∗i−1 = 0), which is easily
verified. Equivalently, we have the following relation be-
tween the kernels and images of these maps:

Bi = Bi(X; F2) := im ∂i+1 ⊆ Zi = Zi(X; F2) := ker ∂i,

Bi = Bi(X; F2) := im ∂∗i ⊆ Zi = Zi(X; F2) := ker ∂∗i+1.

The elements of Zi, Bi, Z
i, and Bi are called i-cycles, i-

boundaries, i-cocycles, and i-coboundaries, respectively. By
the above inclusion relations, we can form the quotient vec-

tor spaces Hi(X) := Zi(X)
Bi(X)

and Hi(X) := Zi(X)

Bi(X)
, which are

called the i-th homology and the i-th cohomology group of



X, respectively.4 Thus, every i-cycle ζ ∈ Zi determines a
homology class [ζ] = ζ+Bi ∈ Hi, and likewise every cocycle
α ∈ Zi determines a cohomology class [α] ∈ Hi.

If X and Y are simplicial complexes, then a chain map
between them is a sequence of linear maps ϕi : Ci(X) →
Ci(Y ) with the additional property that these commute with
the respective boundary maps in X and Y , i.e., ϕi ◦ ∂Xi =
∂Yi ◦ ϕi−1. As before, we will often drop indices and write
ϕ(F ) instead of ϕi(F ). Thus, the chain map represents every
i-face F of X by a formal linear combination ϕ(F ) of i-faces
in Y such that ∂ϕ(F ) equals the sum of the collections ϕ(G),
where G ranges over all (i− 1)-faces in ∂(F ).

A chain map ϕ induces linear mappings ϕ∗ : Hi(X) →
Hi(Y ) and ϕ∗ : Hi(Y )→ Hi(X) in (co)homology by defin-
ing ϕ∗([ζ]) := [ϕi(ζ)] and f∗([α]) := [ϕi(α)], where ϕi :
Ci(Y )→ Ci(X) is the transpose of ϕi.

A simplicial map f between complexes X and Y defines
a chain map f] that maps an i-face F ∈ Xi to f(F ) if the
latter is also of dimension i, and to zero otherwise. How-
ever, not all chain maps are of this form. One necessary
condition is that a chain map induced by a simplicial map
necessarily maps every vertex of X to a unique vertex of
Y . Consequently, it maps the unique basis element ∅ of
C−1(X) to the corresponding basis element ∅ of C−1(Y )
(and not to zero). More generally, by a technique called
simplicial approximation, one can show that an arbitrary
continuous map f : |X| → |Y | between simplicial complexes
induces homomorphisms (linear maps) f∗ : Hi(X)→ Hi(Y )
and f∗ : Hi(Y ) → Hi(X) in (co)homology (note that the
direction of the map is reversed in cohomology). Further-
more, homotopic maps induce identical homomorphisms in
(co)homology.

On the level of chain maps, a chain homotopy P between
two chain maps ϕ,ψ from X to Y is a family of linear maps
(not chain maps) Pi : Ci(X)→ Ci+1(Y ) such that ψi−ϕi =
∂Yi+1Pi + Pi−1∂

X
i for all i. Chain homotopic chain maps

induce identical maps in (co)homology.
One fact we will need below as a black box is that the di-

rect sum H∗(X) =
L

iH
i(X) can be turned into a graded

ring, called the cohomology ring. That is, one can define a
bilinear multiplication Hi(X) × Hj(X) → Hi+j(X) called
the cup product, and the homomorphisms induced by con-
tinuous maps also respect this product.

Moreover, we will need that the everything said so far also
applies to complexes more general than simplicial complexes.
Specifically, we will need polytopal complexes, whose i-faces
are i-dimensional convex polytopes that meet in common
faces. The boundary matrix is still given by the incidences
between i-faces and (i−1)-faces and and all other definitions
carry over verbatim.

2.3 Deleted Products and Obstructions
Let X be a simplicial complex and |X| its underlying topo-

logical space. The (twofold) topological deleted product of X
is the space |X|2del := (|X| × |X|) \ {(x, x) : x ∈ |X|}, i.e.,
the twofold cartesian product with the “diagonal” removed.

The (twofold) combinatorial deleted product of X is the
polytopal cell complex X2

del := {σ× τ : σ, τ ∈ K,σ∩ τ = ∅}.
Thus, the cells of the deleted product are cartesian products
of vertex-disjoint simplices of X. The combinatorial deleted
product is a subspace of the topological one. The latter

4Thus, for the case i = 0 we work with what is sometimes
called reduced (co)homology.

deformation retracts onto the former, so the two spaces are
homotopy equivalent.

The topological deleted product comes with an obvious
action of the group Z2 that simply exchanges the order of
coordinates, (x, y) 7→ (y, x). This is inherited by the com-
binatorial deleted product. For the latter, the action maps
cells to cells, namely σ×τ 7→ τ×σ (some care has to be taken
regarding orientations, which we ignore here). The action
is free, i.e., it does not have any fixed-points. The homo-
topy equivalence between the topological and the combina-
torial deleted product can also be chosen to be equivariant.
Henceforth, we will not distinguish between the two deleted
products and simply write X2

del.
An embedding f : X ↪→ Rd induces a continuous map

f̃ : X2
del → Sd−1 by setting f̃(x, y) := f(x)−f(y)

‖f(x)−f(y)‖ . More-

over, this map is Z2-equivariant, i.e., f̃(y, x) = −f̃(x, y) for
all (x, y) ∈ X2

∆. Thus, the existence of an equivariant map
from X2

del to Sd−1 is a necessary condition for embeddability
of X into Rd. A celebrated theorem by Haefliger and Weber
[18, 49] asserts that for dimX ≤ (2d − 3)/3 (the so-called
metastable range), the existence of an equivariant map from
X2

del to Sd−1 is also a sufficient condition for X ↪→ Rd (out-
side the metastable range, this fails). We refer to [43] for a
modern overview, proof sketch, and extensions.

The van Kampen obstruction yields a necessary algebraic
conditions for the existence of equivariant maps. Several
equivalent definitions are known. Here, we choose a rather
abstract one that allows us to derive the necessary facts
quickly (for more details see, e.g.[22, 35]). It is important to
remark, however, that ultimately, the van Kampen obstruc-
tion boils down to a very concrete system of linear equations
given by the simplicial complex, see, e.g. [33] for an elemen-
tary exposition.

It is a basic fact that there is a (cellular) Z2-equivariant
map fromX2

del into the infinite-dimensional sphere S∞. More-
over, this map is unique up to Z2-equivariant homotopy. In
fact, both the map and the homotopy are easy to construct
inductively on successively higher skeleta of X2

del, using that
S∞ is contractible, i.e., that all its homotopy groups van-
ish. This Z2-map induces a unique map (up to homotopy)
between the quotient spaces X2

del/Z2 → RP∞, and hence
a unique homomorphism in cohomology H∗(RP∞; F2) →
H∗(X2

del/Z2; F2).
The Z2-cohomology ring of RP∞ is known to be isomor-

phic to the polynomial ring F2[x]. In particular, in each di-
mension d, the element xd is the unique nonzero element of
Hd(RP∞; F2). The image of this element under the above
homomorphism Hd(RP∞; F2)→ Hd(X2

del/Z2; F2) is called
the van Kampen obstruction (modulo 2) for embeddability
of X into Rd and denoted by odF2(X).

If X embeds into Rd then, as noted above, we get an
equivariant map from X2

del to Sd−1. Composing this with
the inclusion Sd−1 ↪→ S∞, we get a particular representa-
tive of the unique (up to homotopy) equivariant map from
X2

del into S∞. Thus on the level of cohomology, the induced
map H∗(RP∞; F2)→ H∗(X2

del/Z2; Z2) can be written as a
composition

H∗(RP∞; F2)→ H∗(RP d−1; F2)→ H∗(X2
del/Z2; Z2).

It is known that H∗(RP d−1; F2) is isomorphic to the quo-
tient F2[x]/(xd) and that the the map on the left is just the
quotient map F2[x]→ F2[x]/(xd), so the image of xd is zero.



But then also the image of xd under the composed map is
zero, i.e., odF2(X) = 0 ∈ H∗(X2

del/Z2; Z2).
A crucial observation that will be important later is that

the existence and uniqueness up to homotopy of a cellular
Z2-map can be mimicked on the level of chain maps, by
using that all homology groups of S∞ vanish.

Lemma 3. Let a ∈ F2 be arbitrary, and fix a cellular de-
composition of S∞ that is compatible with the Z2-action.
Then there is an Z2-equivariant chain map from X2

del to S∞

that maps ∅ ∈ C−1(X2
del) to a · ∅ ∈ C−1(S∞), and any two

such chain maps are Z2-equivariantly chain homotopic.

The proof is a very simple and rather standard inductive
argument and is omitted from this extended abstract. Since
the van Kampen obstruction is the pullback of a cohomology
class, it only depends on the chain homotopy class of the
map used for the pullback. Thus, we obtain the following
lemma (again, the (simple) details are omitted from this
extended abstract).

Lemma 4. If ψ is an equivariant chain map from K2
del to

X2
del such that ψ(∅) = 1 · ∅, and if odF2(K) 6= 0 for some d

then also odF2(X) 6= 0.

2.4 Small Nonembeddable Complexes
Every k-dimensional complex embeds into R2k+1. On the

other hand, there are k-dimensional complexes that do not
embed into R2k. The basic examples are Kk

t , the complete
k-dimensional simplicial complex on t vertices, and Kk

t,...,t,
the complete multipartite complex on k+1 classes V0, . . . , Vk
of t vertices each. By definition, the faces of Kk

t are all
subsets of vertices of cardinality at most k + 1 (in other
words, Kk

t is the k-dimensional skeleton of the simplex on t
vertices), and the faces of Kk

t,...,t are precisely the rainbow
sets F ⊆ V0 ∪ . . . ∪ Vk, where F is rainbow if |F ∩ Vi| ≤ 1
for all i.

It is a classical result of van Kampen [47] and Flores [13]
that the complexes Kk

2k+3 and Kk
3,...,3 do not embed into

R2k. This is proved by showing that the van Kampen ob-
structions of these complexes are nonzero.

These complexes are the direct generalizations of the non-
planar graphs K5 and K3,3. It is also known that these com-
plexes are minimally nonembeddable, i.e., if we remove from
their underlying topological space an arbitrarily small open
neighborhood of any point then the resulting space becomes
embeddable. However, in higher dimensions, there are not
just these two but in fact infinitely many minimally nonem-
beddable complexes [50, 46].

3. THE FORBIDDEN MINOR APPROACH
The fact that the complete multipartite complex Kk

3,...,3

does not embed into R2k immediately leads to a nontrivial

upper bound fk = O(nk+1−1/3k

) for embeddable complexes,
by the following Turán-type result.

Theorem (Erdős [12]). If a simplicial complex X on
n vertices does not contain Kk

t,...,t as a subcomplex then

fk(X) = O(nk+1−1/tk ).

We remark that in higher dimensions, this extremal result
is not known to be tight (see, e.g., the discussion in [16]). For
k ≥ 2, a probabilistic construction with alterations yields a

slightly smaller exponent of k + 1 − (k+1)t−k
tk+1−1

for the lower

bound. Even so, forbidden subhypergraph arguments work
well only for fairly dense complexes and are too weak to
obtain tight bounds in our context.

A natural approach is to use forbidden minors instead.
The challenge is to find a suitable notion of minors that, on
the one hand, preserves sufficient topological information
and, on the other hand, is sufficiently flexible so as to deal
with very sparse complexes.

In Section 4, we will briefly discuss some other notions of
minors and the difficulties that arise when trying to carry
out the above aproach. The notion of homological minors,
denoted by 4H , is designed so as to circumvent these diffi-
culties. As a first step, we will show that homological minors
satisfy the first requirement.

Theorem 5. If K4HX and o2k
F2(K) 6=0 then o2k

F2(X) 6=0.

In other words: if there is a good reason for the nonembed-
dability of the minor K (nonvanishing of its van Kampen
obstruction modulo 2) then X is nonembeddable for the the
same reason.5

Next, we propose the following generalization of Mader’s
theorem.6

Conjecture 6. For every k, t ≥ 1, there is a constant
C = C(k, t) with the following property: If X is a simplicial
complex with fk(X) ≥ C · fk−1(X) then Kk

t 4H X.

We have not yet been able to verify Conjecture 2 in full
generality, but we can show that it holds for almost all com-
plexes.

Theorem 7. For every k, t, there exists a constant C =
C(k, t) such that Pr[Kk

t 4H Xk(n, p)] → 1 as n → ∞ for
p ≥ C/n .

The proof actually shows that with high probability, X =
Xk(n,C/n) contains a Kk

t -minor even after moderate alter-
ations, i.e., if we remove εnk many k-faces from X. This is
of particular interest since random complexes X2(n, p) with
small alterations (and p ≈ 1/

√
n) show that an analogue of

Conjecture 6 fails for topological minors of simplicial com-
plexes, see Section 4.

Moreover, as remarked above, the proof only uses certain
quasirandomness or expansion properties of X and hence
applies to a much broader class of complexes, which do not
necessarily have a complete (k − 1)-skeleton. We consider
this as positive evidence that Conjecture 6, the notion of
homological minors, and the overall approach proposed here
are reasonable and promising.

Remark 1. In sparse (constant average degree) expand-
ing graphs on n vertices, one can find not just constant-size
complete minors, but much larger ones of size

p
n/ logn, see

e.g. [24]. The crucial fact that makes this possible is that
such a graph has very small diameter O(logn) and that this

5There is an analogous result for the integer van Kampen
obstruction, which characerizes embeddability if k 6= 2.
6The case t = 2k + 3 would be sufficient for the embed-
dability problem, but this special case seems to pose the
same difficulties as the general one, so the restriction ap-
pears distracting rather than helpful. Moreover, there are
other applications of homological minors that require larger
complete minors. We also remark that up to a change in the
constant, it does not matter whether one excludes complete
or complete multipartite minors.



remains the case even if a moderate number of vertices are
deleted. In higher dimensions, the picture is more compli-
cated, and the higher-dimensional analogue of the diameter
in an expanding complex need not be logarithmic, see [39].

4. MINORS OF SIMPLICIAL COMPLEXES

4.1 Topological Minors
From a topological point of view, the most natural and

straightforward choice to define minors of simplicial com-
plexes may be to generalize topological minors. Already for
this, there are several possibilities in higher dimensions. For
the most restrictive definition, we say that a simplicial com-
plex K is a subdivision minor of X, denoted K 4SD X, if X
contains a subcomplex that is isomorphic to a subdivision
of K. For the most general one, we say K is a topologi-
cal minor of X if |X| contains a subspace (not necessarily a
subcomplex) homeomorphic to |K|. These notions obviously
preserve embeddability: if K topologically embeds into X
and X into Rd then K embeds into Rd.

However, even the most permissive notion of topological
minors fails when it comes to the existence of large complete
minors in 2-complexes. One can show that a 2-dimensional
complex X contains a subspace homeomorphic to S2 iff it
contains a subcomplex homeomorphic to S2, in fact, a subdi-
vision of K2

4 (the boundary of a tetrahedron). Brown, Erdős
and Sós [6] showed that there are 2-dimensional complexes

on n vertices with as many as Ω(n5/2) triangles that do not
contain a subcomplex homeomorphic to the 2-sphere S2, i.e.,
that do not contain K2

4 as a topological minor.7 Thus, the
analogue of Conjecture 2 fails for topological minors.

4.2 Contractions and Nevo’s Minors
Another very natural attempt is to extend the combina-

torial definition of minors and to allow arbitrary deletions
and arbitrary contractions of faces of a simplicial complex.
Here, the most naive notion of a contraction would be to
identify two vertices along a common edge. In the course of
such a contraction of u with v, for every face F = G ∪ {v}
in X with u 6∈ G, we remove F and replace it by the face
F′ = G ∪ {u}. If F ′ is already present in X, we just retain
one copy (that is, we do not keep “multiple faces”, as in edge
contractions in simple graphs).

Unfortunately, simple examples show that the first desired
property fails, i.e., we can have K 4DC X, and X embeds
into Rd, but odF2(K) 6= 0. For instance, consider the complex
Y on the left-hand side of Figure 1, which is homeomorphic
to a triangle with a small open hole punched in its center.
By contracting the edge uv, we obtain the complex Y ′ on

u
v

u = v

Figure 1: Closing a hole by contracting an edge.

7A simple alternative proof of this is due to Linial (personal

communication) and uses a random complex X2(n, cn−1/2)
with small alterations

the right, which is a subdivided triangle. Now consider the
complete 2-complex K2

7 on seven vertices. If we replace one
of the triangles of K2

7 with the complex Y , we obtain a
complex X that is homeomorphic to K2

7 with a small hole
in one of the triangles. It is known (and easy to see) that X
embeds into R4. However, if we contract the edge uv in X,
we obtain a complex X ′ that is homeomorphic to K2

7 , hence
o4
F2(X ′) 6= 0 and X ′ does not embed into R4. Thus, a notion

of minors based on arbitrary contractions is unsuitable for
embeddability questions.

One way around this difficulty was suggested by Nevo [38],
who introduced a notion of admissible contractions and a
corresponding notion of minors. The idea is that a contrac-
tion as in the example closes a “higher-dimensional hole” in
the complex because the edge uv is incident to a missing tri-
angle (a triangle whose boundary belongs to the complex but
the triangle itself doesn’t). Identifying the two endpoints of
an edge uv is an admissible contraction only if the edge is
not contained in any missing triangle (in higher dimensions,
one also has to exclude missing faces of other dimensions, see
[38] for the details). Nevo showed that the corresponding no-
tion of deletion-and-admissible-contraction minors does pre-
serve embeddability information, i.e., if K 4Nevo X and if
odF2(K) 6= 0 then odF2(X) 6= 0.

However, it seems difficult to prove a variant of Conjec-
ture 2 for this notion of minors. To illustrate the difficulty,
consider the random complex X2(n,C/n). Then the prob-
ability that a given edge uv is incident to a certain number
t of triangles equals

`
n−2
t

´
pt(1 − p)n−2−t ≈ Cte−C/t! for

small t and n → ∞. Thus, the triangle-degree of a given
edge is roughly Poisson distributed. Since the 1-skeleton is
complete, it follows that with high probability, every edge is
indicent to many missing triangles, and it is not clear how
to delete edges (and their incident triangles) in a controlled
manner so as to obtain edges that are admissible to contract.

4.3 Homological Minors
In order to circumvent the difficulties pointed out above,

we propose the notion of homological minors.8

To motivate the definition, let us rephrase definition of
subdivision minors slightly differently.We have K 4sd X iff,
for every face F ∈ K, there is a subcomplex YF ⊆ X that is
isomorphic to a subdivision of F and such that YF ∩ YG =
YF∩G for all F,G ∈ K. To define homological minors K 4H

X, we relax this in two ways: First, we drop the requirement
that an i-face F ∈ K be represented by a subcomplex YF ⊆
X that is a combintorial i-dimensional ball (isomorphic to
a subdivided i-simplex). Instead, we allow more general i-
dimensional chains. Second, we relax the conditions on how
the YF may intersect.

Definition 1. Let K and X be simplicial complexes. K is
a homological minor of X, denoted K 4H X, if

0. there is a chain map ϕ from K to X such that

8We mention that there is a line of research that studies
generalizations of minors to matroids and related structures,
see, for instance [14] or [19]. These notions are somewhat
related to the notion of homological minors, since the start-
ing point for both is the linear algebra setting of cycles and
cocycles (for a graph, simplicial complex, or matroid). How-
ever, matroid minors seem to ignore the interactions beween
boundary maps of various dimension and thus seem to have
no direct bearing on embeddability and related questions.



1. ϕ(∅) = 1 · ∅; equivalently, for every vertex v on K, its
image ϕ(v) is set of vertices of odd cardinality.

2. ϕ preserves disjoint vertex supports: if F and G are
vertex-disjoint simplices, then every simplex in ϕ(F )
is vertex-disjoint from all simplices occurring in ϕ(G).

We remark that apart from the disjointness Condition 2,
the definition boils down to linear algebra (which is the rea-
son why chains are easier to handle than disks): Condition
0 (being a chain map) amounts to a homogeoneous system
of linear equations, and Condition 1 to one inhomogeneous
linear equation. As an immediate consequence of the defini-
tion, we obtain the following:

Observation 8. If ϕ is a chain map witnessing K 4H

X then by Property 2, ϕ induces a equivariant chain mapeϕ between the deleted products K2
del and X2

del, defined by
“tensoring”, i.e., eϕ(F ×G) =

P
A,B A×B, where A ranges

over the simplices in ϕ(F ) and B ranges over the simplices
in ϕ(G). Moreover, by Property 1, eϕ(∅) = 1 · ∅, i.e., eϕ maps
the empty face of K2

del to that of X2
del.

Theorem 5 is a direct consequence of the preceding obser-
vation and Lemma 4.

Remark 2. In this extended abstract, we restrict ourselves
to coefficients in the field F2, but the definitions carry over
verbatim to arbitrary coefficient rings, with finite fields be-
ing most convenient to work with. In particular, the meth-
ods extend to Tverberg-type questions (where we are in-
terested in p-fold covered image points instead of twofold
ones), for which Fp is the appropriate choice of coefficients.
One can also define a notion of minors based directly on
the existence of chain maps between deleted products as in
Lemma 4. These extensions and modifications will be dis-
cussed in the full version of this paper.

Remark 3. One can show that a minor in Nevo’s sense is
also a homological minor (the argument is implicit in [38]).
However, homological minors are strictly more general. For
instance, one can show that an arbitrary homology k-cycle
X (considered as a simplicial complex) contains Kk

k+2 as a

homological minor but Kk
k+2 4Nevo X if and only if X is

a piecewise linear k-sphere. A particularly simple example
that shows that the two notions differ already for graphs
(for which Nevo’s minors are just usual graph minors) was
pointed our by Nevo (personal communication): The “claw”
K1

1,3 contains K1
3 (the boundary of a triangle) as a homo-

logical minor but not as a graph minor.

5. HIGHER-DIMENSIONAL EXPANSION
For graphs of arbitrary density, edge expansion can be

defined as follows.

Definition 2. Let G = (V,E) be a graph, and let ε > 0.
We say that G is ε-edge expanding if for every S ⊆ V ,

|E(S, V \ S)|
|E| ≥ ε · min{|S|, |V \ S|}

|V | , (1)

where E(S, V \S) is the set of edges across the cut (S, V \S),
i.e., with one endpoint in S and the other one in V \ S.

(For graphs with bounded degrees, (1) is easily seen to be
equivalent, up to a change in the constant ε, to the more
ususal condition that |E(S, V \ S)| ≥ ε|S| whenever |S| ≤
|V |/2.) In order to generalize this to higher dimensions, we
rephrase everything in terms of cochains.

Since we are working over F2, there is a 1-1 correspon-
dence between subsets S ⊆ V and 0-cochains (i.e., functions
α : V → F2), by identifying S with its characteristic func-
tion 1S , and the set E(S, V \S) of edges corresponds to the
1-cochain ∂∗α. The constant 0-cochains 0 and 1 are pre-
cisely the coboundaries of the two possible (−1)-dimensional
cochains, and they correspond to the trivial cuts with S = ∅
and S = V , respectively. Adding the constant 0-dimensional
cochain 1 to a 0-cochain α = 1S is the same as exchanging
the two sides S and V \ S of the corresponding cut.

In general, let X be a simplicial complex. We equip the
vector space α ∈ Ci(X) ∼= FXi

2 with the Hamming norm,
i.e., we define |α| to be the number of 1’s that appear in the
vector α, or equivalently, the number of i-faces in that are
mapped to 1 by α. Then we normalize by the number of all

i-faces and define ‖α‖ := |α|
fi(X)

.

In the case of 0-cochains, we defined expansion by bound-
ing the norm ‖∂∗α‖ of the coboundary from below in terms
of min{‖α‖, ‖1 + α‖}. In general, the right measure is the
normalized distance of α from the space Bi of coboundaries
(the trivial kernel of ∂∗). That is, we define

‖[α]‖ := min{‖α+ ∂∗β‖ : β ∈ Ci−1}.

We remark that the definitions of ‖α‖ and of ‖[α]‖ depend
on the ambient complex (if also α ∈ Ci(Y ) for some Y ⊆ X,
then the norms may be different with respect to Y ).

Now we are ready to define higher-dimensional expansion,
which we refer to as face expansion or cohomological expan-
sion. For our proof we will also need a coarse version of it
that only applies to large cochains.

Definition 3. Let ε > 0. We say that a finite simplicial
complex X has i-dimensional face expansion ε or that it is
ε-expanding in dimension i if

‖∂∗α‖ ≥ ε · ‖[α]‖ (2)

holds for all α ∈ Ci−1(X). If we only require (2) for all
α ∈ Ci−1(X) with ‖α‖ ≥ δ for some δ then we say that X is
coarsely (ε, δ)-expanding in dimension i. We also call ε the
expansion factor and δ the coarseness.

Note that in the definition, we shifted the notation from
i-chains to (i− 1)-chains compared to the preceding discus-
sion so that expansion in dimension i captures properties of
the i-dimensional faces of X. The basic observation in this
context (see [15, 27, 36]) is that the complete complex Kk

n

is a face expander in all dimensions:

Proposition 9. The complete complex Kk
n has i-dimen-

sional face expansion 1 for all i ∈ {0, 1, . . . , k}.

Well-known Chernoff-type concentration bounds easily im-
ply the following:

Lemma 10. Let X = Xk(n,C/n), where C > 0 is a suf-
ficiently large constant. Then, X is 1-expanding in every
dimension i ≤ k − 1, and asymptotically almost surely X is
coarsely expanding in dimension k with expansion facor 1/2
and coarseness Ω(1/C).



This is as an analogue of the fact that the random graph
G(n,C/n) has a giant component of size Ω(n) and that this
component is edge expanding. The (straightforward) proof
of this lemma is omitted here.

6. PARTITIONS AND COLORFUL HOMO-
LOGICAL MINORS AND COMINORS

Let K and X be simplicial complexes of dimension k.
Consider a graded linear map ϕ : C∗(K) → C∗(X), i.e.,
a family of linear maps ϕi : Ci(K) → Ci(X). We can iden-
tify each ϕi with a matrix of dimension fi(X)× fi(K) over
F2, and by writing the entries of the matrices in a row (in
some specified order), we can view ϕ as a vector over F2

of length
P
i fi(X)fi(K). The entries of this vector are in-

dexed by pairs of faces (A,F ) ∈ K ×X of equal dimension
dimA = dimF , and the entry of ϕ in position (A,F ) equals
the coefficient with which F appears in the chain ϕ(A).

Condition 0 in the definition of homological minors, the
property of being a chain map, simply amounts to a number
of homogeneous linear conditions on the entries of ϕ, with
the coefficients of the linear equations given by the boundary
matrices of K and X.

Condition 1, ϕ(∅) = ∅ is also a linear condition, albeit
an imhomogeneous one: it simply says that a fixed entry
of ϕ (w.l.o.g. the first entry) equals 1. Only Condition 2,
disjointness of vertex supports, is not linear. However, we
can enforce it as follows.

6.1 Partitions and Colorful Chain Maps
Suppose that K has t vertices, w.l.o.g. K0 = {1, . . . , t} =:

[t]. Fix a partition of the vertices of X into t parts or color
classes, in other words, a map P : X0 → [t]. We restrict our
attention to colorful simplices of X, i.e., faces F ∈ X that
contain at most one vertex of each color.

For a given A ∈ K, let us say that a simplex F ∈ X is
A-colored if F contains precisely one vertex of each color
i ∈ A (such a simplex is necessarily of the same dimension
as A), and let X[A] denote the set of A-colored simplices
in X (strictly speaking, X[A] depends on the partition P,
but we suppress this from the notation). Let us say that
a graded map ϕ : C∗(K) → C∗(X) is color-faithful if, for
every A ∈ K, the chain ϕ(A) is supported on the A-colored
simplices X[A], i.e., every simplex F ∈ X that appears with
a nonzero coefficient in the chain ϕ(A) is A-colored. Such
a ϕ trivially preserves vertex-disjoinness, since for vertex-
disjoint A,B ∈ K, any F ∈ X[A] and G ∈ X[B] are vertex-
disjoint as well.

From now on, we only consider color-faithful graded linear
maps ϕ : C∗(K) → C∗(X). As before, we can identify such
a map with a vector over F2, whose entries are indexed
by pairs (A,F ), where A ∈ K and F is now required to
be A-colored. Thus, the length of ϕ equals

P
A∈K |X[A]|.

Condition 0 of being a chain map means that ϕ is a solution
to a homogeneous system of linear equations,

Mϕ = 0. (3)

Here, M is called the enhanced boundary matrix of X and
defined as follows. The columns of M are indexed by pairs
(A,F ) ∈ K × X with F ∈ X[A] as above, and the rows of
M are indexed by pairs (G, i), where G is a colorful face of
X of dimension at most (k − 1), G is B-colored for some
B ∈ K, and i ∈ [t] \B is a color that does not appear in G.

The entry of M in row (G, i) and column (A,F ) equals 1 if
either A = B ∪ {i} and G ⊆ F (i.e., if G is a facet of F and
i is the color of the unique vertex of F missing from G) or if
G = F . Otherwise, the entry of M at that position is zero.

For a fixed K and a random partition of the vertices of
X, the existence of a nonzero solution to (3) is almost triv-
ial if fk(X) ≥ C · fk−1(X) for a sufficiently large constant
C, by counting variables and constraints. However, we are
looking for a solution ϕ of (3) that also satisfies one addi-
tional inhomogeneous condition ϕ(∅) = ∅, i.e., for a vector
ϕ ∈ kerM whose entry in the first position equals 1. Be-
cause of this inhomogeneity, the simple dimension counting
argument breaks down.

6.2 Cominors
When does there exist a solution ϕ ∈ kerM with first

coordinate equal to 1? It does not exist if and only if the
row vector (1, 0, . . . , 0) lies in the row space of M i.e., if there
is a row vector α such that αM = (1, 0, . . . , 0). We call any
such row vector α a cominor.

Let us take a closer look at what it means. The entries of
α are indexed by the same pairs (G, i) as the rows of M , i.e.,
G is a colorful face of X of dimension dim(G) < k, and i ∈ [t]
is a color that does not appear in G. The conditions for α to
be a cominor are as follows: first of all,

Pt
i=1 α(∅, i) = 1 (all

calculations are modulo 2). Secondly, for every nonempty
colorful face F of X,X

i∈[t]\P

α(F, i) +
X

G⊂F,|G|=|F |−1

α(G,P(F \G)) = 0

if dimF < k and X
G⊂F,|G|=|F |−1

α(G,P(F \G) = 0

if dimF = k. Equivalently, we can view α as a collection
{αA} of dim(A)-dimensional cochains on the subcomplexes9

X[A], one for each simplex A ∈ K, by setting αA(F ) :=
α(F, i), where F is face of X that is B-colored for the unique
facet B ⊂ A with {i} = A \ B, i.e., i is the unique color of
A that does not appear in F .

Thus, in the case K = Kk
t , for each i ∈ [t], we have

a (−1)-dimensional cochain αi on the 0-dimensional com-

plexes X[i]. For each pair {i, j} ∈
`

[t]
2

´
, we have a 0-cochain

on X[{i, j}], etc. The condition of being a cominor trans-
lates to the requirement that

Pt
i=1 α{i}(∅) = 1, and for

A ∈ Kk
t and F ∈ X[A],

∂∗αA(F ) =
X

i∈[t]\A

αA∪i(F ) (4)

if 0 ≤ dimA < k and

∂∗αA = 0 (5)

if dimA = k. Thus, in the latter case, αA is a cocycle on
X[A] (note that αA need not be a cocycle when considered
as a chain in X).

In order to show the existence of a Kk
t minor, we will

assume there is a cominor and derive a contradiction. For
this, we use face expansion.

9Here, we abuse notation and think of X[A] as the subcom-
plex consisting of all A-colored simplices and their faces.



6.3 Minors in Expanding Complexes
We are now ready to prove Theorem 7. The first step is

the following lemma.

Lemma 11. Let X be a k-dimensional simplicial complex
with a given t-partition of the vertices, and assume that α
is a Kk

t -cominor with respect to that partition. Then we
may modify α, while preserving the cominor conditions, and
achieve that for every A ∈ Kk

t , the cochain αA is cohomo-
logically minimal, i.e. ‖αA‖ = ‖[αA]‖, in the subcomplex
X[A].

Proof. We prove this top-down. Let i ≤ k and C ∈`
[t]
i+1

´
. Then the component αC of the cominor is an (i− 1)-

dimensional cochain on X[C]. Let β be an arbitrary (i− 1)-
dimensional coboundary on X[C]. It suffices to show that
we can modify α to obtain a new cominor α′ such that α′C =
αC + β and that α′A = αA for all A ⊆ [t] with |A| ≥ i + 1
and A 6= C. (If we can prove this then we can make all αA
cohomologically minimal in a top-down fashion, since our
next modification never interferes with any of the previous
ones in the same or higher dimensions.)

Let γ be an (i − 2)-dimensional cochain on X[C] with
∂∗γC = βC . For every “facet” B ∈

`
C
i

´
of C, define α′B :=

αB + γ|X[B] (each X[B] is a subcomplex of X[C], so the
restriction of γ is defined). Moreover, define α′C := αC + β,
and set α′A := αA for every A ⊆ [t] that is not equal to C
or a facet of C. We claim that the resulting α′ is still a
cominor.

Consider a subset A ⊆ [t]. If A = C then ∂∗α′C = ∂∗(αC+
β) = ∂∗αC , and α′S = αS for all proper supersets S ⊃ C.
Therefore, whichever of the two cominor relations (4) and
(5) applies, it is preserved.

Next, suppose that A is a facet of C and let F ∈ X[A].
We have ∂∗α′A(F ) = ∂∗αA(F ) + β(F ). On the other hand,
there is a unique i ∈ [t] \A such that A ∪ i = C. For this i,
we have α′A∪i(F ) = α′C(F ) = αC(F ) + β(F ). For all other
j ∈ [t] \ A, A ∪ j is neither equal to C nor to a facet of C,
hence α′A∪j(F ) = αA∪j(F ) for all these other j. Summing
up, we see that relation (4) is preserved since we simply add
β(F ) once on either side of the equation.

If A ⊆ C and |A| = i − 1 then there are precisely two
superfaces B ⊂ A of size |B| = i that are facets of C. On
each of these two facets, αB is modified by adding γ. On
all other B, αB is unchanged. Thus, in the cominor relation
(4) for A, we add β(F ) exactly twice to the right-hand side
and make no changes on the left-hand side, so the relation
is preserved.

For all other A, neither αA nor the cochains αA∪i are
affected. This shows that the modified α′ is a cominor, which
completes the proof of the lemma.

Proposition 12. Suppose that X is a simplicial complex
on n vertices, and suppose that we have a partition X0 =
V1 ∪ . . . Vt of the vertices of X into t classes (colors) such
that the following properties hold:

1. The partition is an equipartition of the complex (of
the vertices as well as of the higher-dimensional faces).

That is, we assume that all |Vi| are equal to 1+o(1)
t

n,

and that for each dimension i < t and each A ∈
`

[t]
i+1

´
,

we have fi(X[A]) = (1 + o(1))
`
i+1
t

´i+1 · fi(X).

(This is the behavior we get with high probability when
we t-color the vertices uniformly at random.)

2. For 1 ≤ i ≤ k and A ∈
`

[t]
i+1

´
, the complex X[A] is

coarsely face expanding in dimension i with face expan-

sion at least εi > 0 and coarseness δi <
i!ε1ε2···εi−1

(i+1)iti
.

Then there is no Kk
t -cominor for this partition, i.e., X has

a colorful homological minor.

Proof. Assume that α is a cominor for the partition. By
the preceding lemma, we may assume that every component
αA is cohomologically minimal.

Since
P
i αi(∅) = 1, we must have αi(∅) = 1 for some

i, say α1(∅) = 1. For each v ∈ V1, we have ∂∗α1(v) = 1 =P
i∈[t]\{1} α{1,i}(v). It follows that there is some i such that

for at least 1/t of the vertices in V1, we have α1i(v) = 1, say
i = 2. It follows that |α12| ≥ |V1|/t = |V1 ∪ V2|/2t, hence
‖α12‖ = ‖[α12]‖ ≥ 1

2t
in X[12]. Here, we use that α12 is

cohomologically minimal and that |V1| = |V2|.
We assume that δ0 < 1/2t and that X[12] is coarsely

expanding. Thus, ‖∂∗α12‖ ≥ ε0/2t in X[12]. Thus, ∂∗α12

is supported by a fraction of at least ε1/2t of the edges of
X[12]. By the cominor relation, there must be an index j
such that α12j is supported by a fraction of at least ε1

2t2
of

the edges in X[12], say j = 3.
By the equipartition property and since α123 is minimal,

we get ‖[α123]‖ ≥ ε1
2t2
· 4
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(1+o(1)) in X[123]. If δ2 <

2ε1
9t2

then

coarse expansion of X[123] implies that ‖∂∗α123‖ ≥ 2ε1ε2
9t2

in
X[123].

Inductively, we get, for every i ≤ k, a set A ∈
`
t
i+1

´
such

that

‖[αA]‖ ≥ i!ε1ε2 · · · εi−1

(i+ 1)iti
> δi

and

‖∂∗αA‖ ≥
i!ε1ε2 · · · εi
(i+ 1)iti

in X[A]. For i = k, this is a contradiction, since in this case,
we should have ∂∗αA = 0.

Proof of Theorem 7. Let X = Xk[n,C/n], where C
is a constant to be determined. Fix any partition (coloring)
of the vertices of X into t parts of equal size, say [n] =

V1 ∪ . . . ∪ Vt with Vi = { (i−1)n
t

+ 1, . . . , in
t
}, 1 ≤ i ≤ t.

Observe that for this coloring each face ofKk
t , the complex

X[A] is isomorphic to Xk(n′, C′/n′) where n′ = k+1
t
n and

C′ = k+1
t
C. It follows easily that asymptotically almost

surely the coloring yields an equipartition of X in the sense
of Proposition 12.

Moreover, by Lemma 10 the necessary expansion proper-
ties hold asymptotically almost surely provided

k + 1

t
C = C′ >

8(k + 1) ln(2)(k + 1)ktk

k!
.

This proves the theorem.

Remark 4. There is a strong formal similarity between
the pigeonholing argument in the proof of Proposition 12
and the combinatorial part of Gromov’s proof of the Filling-
Contraction Inequality in [15, Section 2.4]. On the other
hand, the underlying topological arguments that lead to
these combinatorial problems seem to be different, at least
at first sight. It would be interesting to understand this
connection better.



7. CONCLUDING REMARKS
We have introduced a new notion of minors and used it

to prove the asymptotically tight threshold for embeddabil-
ity of random k-complexes. The same methods can also be
used to obtain analogous results for various Tverberg-type
problems. This will be discussed in the full version of this
paper.

Moreover, we hope that the approach presented here will
also be useful for the corresponding extremal problems. This
is work in progress.
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[1] M. Ajtai, V. Chvátal, M. Newborn, and E. Szemerédi.
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[12] P. Erdős. On extremal problems of graphs and generalized
graphs. Israel J. Math., 2:183–190, 1964.
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