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Abstract. Intersection graphs of disks and of line segments, respec-
tively, have been well studied, because of both, practical applications
and theoretically interesting properties of these graphs. Despite partial
results, the complexity status of the CLIQUE problem for these two graph
classes is still open.

Here, we consider the CLIQUE problem for intersection graphs of ellipses
which in a sense, interpolate between disc and ellipses, and show that it
is APX-hard in that case. Moreover, this holds even if for all ellipses,
the ratio of the larger over the smaller radius is some prescribed num-
ber. Furthermore, the reduction immediately carries over to intersection
graphs of triangles.

To our knowledge, this is the first hardness result for the CLIQUE problem
in intersection graphs of convex objects with finite description complex-
ity. We also describe a simple approximation algorithm for the case of
ellipses for which the ratio of radii is bounded.

1 Introduction

Let M be a collection of sets. The intersection graph of M is the abstract graph
G whose vertices are the sets in M, and two vertices are connected by an edge
if the corresponding sets intersect; formally,

V(G) =M and E(G) = {{M,N} CM: MNN #0}.

The family M is called a representation of the graph G.

Intersection graphs of various classes of geometric objects have been studied,
because of both, practical applications and interesting structural properties of
the graphs in question. Two prominent examples that have received a lot of
attention are intersection graphs of disks (see [15,6]) and of line segments (see
[14,11]), respectively.

For instance, intersection graphs of disks, disk graphs for short, arise naturally
when studying interference in networks of radio or mobile phone transmitters
[1].

Many of these graphs are hard to recognize. For example, recognizing unit
disk graphs is N'P-hard [7,10]. Recognizing general disk graphs might be even



harder. Only PSP ACE-membership is known [7]. On the other hand, disk con-
tact graphs can be recognized in linear time, since this class coincides with the
class of planar graphs [12].

One reason to study intersection graphs is the hope that they provide classes
of graphs for which optimization problems which are hard for general graphs
become tractable. As an example, CLIQUE is polynomially solvable in unit disk
graphs [5]. Since recognition is hard for many of these classes, usually the geo-
metric representation has to be provided in the input.

Even if a problem remains AP-hard in a certain graph class, using its struc-
ture might lead to better approximation algorithms or even allow a PTAS, such
as for INDEPENDENT SET and VERTEX COVER in the case of disk graphs [9].

In this article, we consider the CLIQUE problem, i.e., the problem of finding
a maximal complete subgraph. Its complexity status is unknown for both disk
graphs and intersection graphs of line segments.

We do not resolve either of these questions. We consider intersection graphs
of ellipses (which contain both of the above classes) and show that the CLIQUE
problem is APX-hard in that case. That is, unless P = NP, there is a con-
stant ¢ such that there is no approximation algorithm with ratio better than
c. Hence there is no PTAS. What is more, this is true even if all the ellipses
are required to be arbitrarily “round” (or circle-like) or arbitrarily “stretched”
(or segment-like). More precisely, given 1 < p < oo, let ELLIPSE,CLIQUE, re-
spectively ELLIPSE<,CLIQUE, be the CLIQUE problem in intersection graphs of
ellipses whose ratio of the larger over the smaller radius is exactly p, respectively
at most p.

Theorem 1 For every p > 1, the problem ELLIPSE,CLIQUE is APX -hard.

This theorem is proved in Section 2 by a reduction from MAX50CC2SAT,
which is the following optimization problem: Given a Boolean formula ¢ in
conjunctive normal form with at most two literals per clause and at most five
occurrences of every variable, find an assignment of truth values to the variables
that satisfies the maximum number of clauses. MAX50cC2SATis known to be
APX-hard [4].

We would like to stress that the inapproximability ratio in Theorem 1 is
independent of the parameter p, so it does not matter how close our ellipses are
to the “limit cases” p = 1 (corresponding to circles) or p = oo (corresponding to
segments, or to parabolas).

Furthermore, the reduction immediately carries over to intersection graphs
of triangles (they can even be made isosceles if desired).

Theorem 2 The problem TRIANGLECLIQUE is APX -hard.

We note that Theorems 1 and 2 strengthen a result of Kratochvil and Kubéna
[13], who proved that the CLIQUE problem is N'P-complete for intersection
graphs of general (compact) convex subsets of the plane. (In fact, they proved
a stronger result, namely that every co-planar graph has an (efficiently com-
putable) representation as the intersection graph of some family of convex sets



in the plane.) The interesting aspect here is that the proof of Kratochvil and
Kubéna relies in an essential way on the fact that the boundary of convex sets
has non-constant description complexity — in technical terms, that convex sets
have infinite VC' dimension. Ellipses and triangles, by contrast, have finite VC
dimension.

Moreover, if the ratio of radii is bounded, ellipses also have a finite transversal
number. That is, for every p > 1, there is a number 7(p) € N such that, for every
family C of pairwise intersecting ellipses which ratio of radii at most p, there is
some set S of at most 7(p) points which pierce C in the sense that every L € C
contains some point p € S. In Section 3, we exploit this to give an approximation
algorithm for ELLIPSE<,CLIQUE.

Theorem 3 For every 1 < p < oo, the problem ELLIPSE<,CLIQUE can be ap-
prozimated within a factor of min{9p2, 7(p)/2}. (this also applies when we con-
sider ellipses with their interiors). For DISKCLIQUE, the approximation factor
can be improved to 2.

2 Reduction from MAXx50cc2SAT to ELLIPSE,CLIQUE

We first recall some facts about ellipses. An ellipse is an affine transformation
of the unit circle. That is,

70
E—R{OJK—FOL, (1)
where K is the unit circle centered at the origin, R is an orthogonal 2 x 2 matrix,

r,s are positive real numbers, and a € R? (the center of E). Then E can also
be written as the zero set of a quadratic bivariate polynomial,

E=EAa)={zcR?*: (z—a)TA(x —a) =1}, (2)
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where “T” denotes the transpose, and A = R I/OT 1/032] R” is a positive

definite symmetric 2 x 2-matrix (observe that R = R~!). Thus, A has positive
real eigenvalues A = 1/r2, = 1/s% in other words, 1/v/X and 1/,/i are the
radii of E.

For computational purposes, we will assume that in instances of ELLIPSE, CLIQUE,
the ellipses are specified as in (2) with rational coefficients a € Q2 and 4 € Q?*2.

For the reduction to be polynomial, we also need to ensure that the num-
bers involved stay polynomial in size. In fact, we will describe a construction
involving small algebraic numbers. To complete the reduction, we invoke certain
perturbation arguments, which we sketch at the end of this section.

We now start with the description of the reduction. Fix p > 1 and suppose
we are given a formula ¢ in the variables x1,...,z,. We begin by introducing
ellipses representing the variables and their negations, respectively, in Section
2.1. In Section 2.2, we prove the existence of suitable ellipses which will represent
the clauses. In Section 2.3, we combine these building blocks to prove Theorem
1.



2.1 Ellipses Representing the Literals

We introduce ellipses representing the variables and their negations, respectively.
We start out with two auxiliary concentric circles C; and Cy of radius r (to be
chosen presently) and 1, respectively, with common center c.

Let L be an ellipse with radii 7 — 1 and p(r — 1). We place congruent copies
Lq,..., Ly, of L along the outer circle C7 such that their centers lie on C7 and
form the vertices of a regular 2n-gon (with numbering in counterclockwise order),
and such that, for each L;, the main axis corresponding to the radius r — 1 is
perpendicular to the circle C;. Thus, each ellipse L; touches the inner auxiliary
circle Cy in a point p;.

Fig. 1. Rosette of literalipses.

By choosing r sufficiently large, we may assume that these ellipses pairwise
intersect, except for pairs L;, L;1, of antipodal ellipses, which are disjoint (see
Figure 1 for an example with n = 4). One can prove that r = O(n?) is sufficient.

For a literal &, let L(£) be the ellipse L;, if € is a variable x;, and L1, if £
is a negated variable —x;. These ellipses will be called the literalipses.

2.2 Ellipses Representing the Clauses

The second building block of our reduction are ellipses which avoid two pre-
scribed literalipses but intersect all others. These are used to represent the
clauses of ¢, as will be described in Section 2.3.

Lemma 1. Let p > 1. For any two literalipses L(§) and L(w), there is a clause
ellipse E = E(&,w) whose ratio of radii is p and which intersects all literal disks
except L(§) and L(w). Moreover, all these clause ellipses intersect one another.



Note that the lemma also holds if only one literalipse needs to be avoided.
The proof of Lemma 1 is based on the upcoming, rather technical, Lemma 2,
which is proved in the Appendix. We begin by introducing some notation.

Consider an ellipse L and two points a,b on L. By (a,b)r, we denote the

open arc of L that lies to the right of the oriented line ab through a and b.

(a,b)r.

Lemma 2. Consider a circle K with center c, and four points a,b,a’,b' in coun-
terclockwise order on K such that the arcs (a,b)x and (a’,b') g are of the same
length and disjoint. Let p be the point where the lines ab and a'b’ intersect, and
let ¢ be the line through p and ¢ (if ab and a'b’ are parallel, we take £ to be that
line through ¢ which is parallel to both of them).

-

Then, if q is any point on € such that the segment [p,q| intersects K twice,
there is a unique ellipse E through the five points a,b,a’,b’', and q. Moreover,
if we move q away from p towards infinity on £, the ratio of radii of E grows
monotonically and tends to oco.

Furthermore, the arcs (a,b)g and (a’,b')g are completely contained in the
interior of K, and the arcs (b,a’')g and (W', a)g are contained in the intersection



of the open half-planes to the left ofa—>b and to the left ofcﬁ. On the other hand,
the arcs (bya’)x and (b',a)k of K are contained in the interior of E.

Proof (Proof of Lemma 1, using Lemma 2.). Suppose L(§) = L; and L(w) = L.
Let DPi—1, Piy Pi+1, Pj—1,Pj, and Pj+1 be the points at which Lifl, Li, Li+1, Ljfl,
Lj,and L;1, respectively, touch the inner circle Cy. Let a; be the midpoint of the
arc (p;—1,pi)c, and let b; be the midpoint of the arc (p;, pi+1)c,. The points a;
and b; are defined analogously. Finally, let ¢’ be the midpoint of the arc (b;, a;)c, -
(See Figure 2.) Counsider the point g = ¢’ + t(¢' — ¢) for a parameter ¢ > 0. Let

/

Fig. 2. Detail of the rosette.

E be the ellipse through a;, b;, a;, b;, and ¢ whose existence is guaranteed by the
preceding lemma. By the containment properties asserted above, E avoids L;
and L; but intersects all Ly, I # 4, j. Moreover, the ratio of radii of E depends
continuously on the parameter ¢ and tends to infinity with ¢. Thus, since we
have ratio 1 for ¢ = 0, we can achieve any prescribed ratio. Therefore, F is as
advertised.

It is easy to see that all clause ellipses intersect each other since all of them
contain point c.

2.3 The Reduction

We are now ready to complete the reduction: Fix p > 1.
Given a MAX50cc2SATformula ¢ with n variables and m clauses, we con-
struct a collection £ = L(¢) of 14n + 3m ellipses, as follows.



1. For each variable z that occurs in ¢, we take 7 copies of the ellipse L(z) and
7 copies of the ellipse L(—x). These literalipses are arranged into a rosette
as described in Section 2.1. We stress that the auxiliary circles Cy and C}
are not part of L.

2. For each clause k = £ Vw of ¢, we take the three ellipses E(—¢§, w), E(—§,w)
and E(£, ~w) according to Lemma 1. If a clause contains only a single literal
&, take clause ellipse E(—€). If there are several clauses k1, . . ., k; that require
an ellipse F in this fashion, we take the corresponding number of copies
E.,,...,E, of E.

It remains to verify that we have indeed reduced MAX50CC2SAT to the
problem ELLIPSE,CLIQUE. This is established by the following:

Lemma 3. Let ¢ be an instance of MAX50CC2SAT with n variables and m
clauses, and let L be the corresponding ELLIPSE,CLIQUE instance just defined.
L contains a clique of size Tn + k if and only if there is an assignment of truth
values to the variables of ¢ that satisfies k clauses of .

Proof. We first show how to find a corresponding clique for a given assignment.
Fix an assignment A of truth values. For each literal £ that is made TRUE by
A, take all 7 copies of L(£). These form a clique. Moreover, a clause £ Vw of ¢ is
satisfied by the assignment if and only if one of the following three cases occurs:

1. ¢ = TRUE and w = TRUE
2. £ = TRUE and w = FALSE
3. £ = FALSE and w = TRUE

In the first case, we have already taken 7 copies of L(£) and of L(w), respectively.
Thus, we can enlarge our clique by one element by adding the ellipse E(—¢, —w)
(to be more precise: by adding that copy of it which we have taken into £ on
account of the clause ¢ V w). We cannot, however, add either of the ellipses
E(¢,~w) or E(—¢,w), which avoid £ and w, respectively. The other two cases are
treated analogously. Altogether, the clique thus constructed contains 7n literal
disks (7 for each satisfied literal) and k clause ellipses (one for each satisfied
clause).

Conversely, let C be a clique of size 7Tn + k, £k > 0. We may assume that
for every variable z, C contains 7 copies of L(x) or 7 copies L(—z). For suppose
there is a variable z such that C does not contain a copy of either L(z) or L(—x).
Let xi,...,x} and k7 ,..., k, be the clauses of ¢ in which x, respectively —z,
occur. We have a + b < 5. Each /Q;'_ yields two clause ellipses in £ that avoid
L(z), and one which avoids L(—z). Similarly, each r; yields two ellipses which
avoid L(z), and one which avoids L(—z). Therefore, C(C £) contains at most
3(a + b) = 15 clause ellipses which avoid either L(x) or L(—x). Thus, for some
& € {x,~x}, L(&) is avoided by at most 15/2 ellipses from C, hence in fact by at
most 7. But then, if we remove these ellipses from C and replace them by the 7
copies of L(¢), we do not decrease |C|.

Therefore, w.l.0.g., C contains 7n literalipses. Then, C induces a truth value
assignment in the obvious fashion: Set variable z to TRUE if C contains (all 7
copies of) L(x), and to FALSE otherwise.



The remaining k elements of C are clause ellipses. Consider such an ellipse F.
There must be a clause x that caused E = E,(§,w) to be included into the
ELLIPSE,CLIQUE instance. Call s the witness clause of E (k could be ={ V —w,
—¢ Vw, or £V -w). Now, E avoids L({) and L(w), hence C must contain all
copies of L(—¢) and all copies of L(—w). Therefore, the assignment induced by C
satisfies the witness clause x of E. Since this holds for all clause ellipses in C, the
assignment satisfies at least k clauses of ¢ (one for each clause ellipse contained
in C).

From the above lemma, it is easy to obtain AP X-hardness.

Corollary 4 Let ¢ be an instance of MAX50CC2SAT consisting of n variables,
m clauses and let L be the corresponding instance of ELLIPSE,CLIQUE. Let OPT
be the maximum number of satisfied clauses of @ by any assignment of the vari-
ables and let OPT' be the size of a mazimum clique in L, and let € > 0 and
v > 0 be constants. Then

OPT > (1—¢)m = OPT' > Tn+ (1 —¢)m
OPT < (1—e—y)m = OPT' <Tn+(1—€e—~y)m.

Proof. This follows immediately from Lemma 3. We just have to replace k by
(1 —e)m or (1 — € — v)m respectively.

In a promise problem of MAX50CC2SAT, we are promised that either at
least (1 — €)m clauses or at most (1 — ¢ — v)m clauses are satisfiable, and we
are to find out, which of the two cases holds. This problem is N P-hard for
sufficiently small values of € > 0 and v > 0 (see [4]). Therefore, Lemma 4
implies that the promise problem for ELLIPSE,CLIQUE, where we are promised
that the maximum clique is either of size at least Tn + (1 — ¢)m or at most
™+ (1 —e—)m, is NP-hard as well, for sufficiently small values of € > 0 and
« > 0. Thus, ELLIPSE,CLIQUE cannot be approximated with a ratio of

m+ (1—¢€)m S 14 ym
m+(1—e—vy)m m+(1—e—vy)m

7Y v

+ =1+ ,

™+ 5n(l —e—7) 14+10(1 —e—7)
where we have used that m/5 < n < 2m. We let § := m. Since
0 > 0, we have shown that ELLIPSE,CLIQUE cannot be approximated by any
polynomial-time approximation algorithm with an approximation ratio of 14 4.
This proves Theorem 1.

Remark 1. The construction of the rosette and Lemma 1 immediately carry
over to intersection graphs of triangles (they can even be made isosceles, if
desired). The following figure sketches a rosette of literal triangles and a triangle
T =T(T;,Tj) avoiding two given literal triangles T; and 7.
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Fig. 3. A rosette of triangles and an avoiding triangle.

2.4 Perturbations

The reduction produces two kinds of ellipses. The ellipses representing the vari-
ables are defined by equation (1), where the entries of @ and R are of the form
k- sin(2r/n - i) and k - cos(2n/n - i) for i € {0,...n — 1} and k > 1 integer.
Furthermore, we have r = ps with integer s.

The literalipses are defined by five points. Four of them are described by
trigonometric expressions similar to the entries of R and one point is of the form
(t,0) where t is the root of a polynomial in p, ¢, and n.

Note that the reduction is stable in the sense that ellipses which intersect
do this in such a way that some circle of radius polynomial in 1/n fits into the
intersection. Conversely, if a pair of ellipses is not to intersect, their distance



from each other is of the same form. Note that any dependence on p is allowed,
since p is considered to be a constant.

Thus one can argue that one can approximate all numbers involved by poly-
nomial precision without changing the intersection pattern of the ellipses.

We also note that we actually construct a multiset of ellipses (in other words,
the ellipses have nonnegative integer weights). In order to obtain a set of ellipses
in which no element occurs more than once, we have to invoke perturbation
arguments as above a second time.

3 An Approximation Algorithm for Ellipses of Bounded
Ratio

In this section, we consider ellipses with their interiors (the resulting intersection
graphs are slightly more general than those of ellipses without interiors). Suppose
p = 1, and let ELLIPSEZ JCLIQUE be the CLIQUE problem for intersection graphs
of (< p)-ellipses with interiors. We outline an approximation algorithm for this
problem, with approximation ratio depending on p:

Lemma 4. Let C be a clique of (< p)-ellipses. Then there is a point p that is
contained in at least |C|/(9p?) ellipses from C.

Proof. This is an adaptation of the proof of Lemma 4.1 of [3]. Let r be the
smallest radius of all ellipses in C, and pick L € C which has r as its smaller
radius. Furthermore, consider the ellipse 3L obtained from L by scaling by a
factor of 3. We claim that, for every ellipse F € C,
1
area(E N 3L) > 9—p2area(3L). (3)

To see why (3) holds, consider an ellipse E € C and an arbitrary point p in
the intersection of L and the boundary of E. Out of E, we construct an ellipse
F by applying a dilation at point p such that the largest radius of F' has length
r.

Since the largest radius of E has as least length r, F' is smaller than FE.
Because E is convex and p € F, F is even contained in E. Note that F' is also
contained in 3L since all points within distance at most 2r from L are contained
in 3L and therefore, every cycle with radius r which touches L is completely

contained in 3L. Hence, F' is contained in 3L.
We therefore obtain (3) by

1
02
The second inequality holds because the largest radius of L is at most pr and

the shortest radius of F' is at least r/p.
Using (3), one can conclude that in the average, a point p € 3L is contained

> pecarea(E N 3L) o IC]

area(3L) ~ 9p?

1
area(E N 3L) > area(F') > —area(L) > Warea(SL).
p

in




ellipses. Thus, there is a point that is contained in at least as many ellipses.

E/

Fig. 4. An area argument for ellipses of bounded ratio.

Having Lemma 4 at our disposal, there is as easy 9p?-approximation algo-
rithm for ELLIPSEZ ,CLIQUE:

Algorithm 1. Given ¢, compute the arrangement A induced by £ and for
every cell ¢, compute the number n. of ellipses which contain ¢. (For a family
of n ellipses, the arrangement can be computed, for instance, by a randomized
incremental algorithm with expected runtime of O(n logn+v), where v = O(n?)
is the number of vertices of the arrangement, or deterministically with slightly
super-quadratic runtime, see [16].) Output the maximum max, n.

Here is an approach for further improvement of the approximation ratio: The
proof of Lemma 4 shows that every family C of pairwise intersecting ellipses has
the following property: Every subfamily £ C C of cardinality greater than 27p2,
contains 3 distinct ellipses L1, Lo, L3 whose intersection Ly N Ly N Lg is non-
empty (by (3), there is an ellipse L € £ such that some point p € 3L is covered
by at least 3 ellipses from L). By the (p,q)-Theorem [2], for every p, there is
some finite number 7(p), called the transversal number, such that every clique
C of (< p)-ellipses can be pierced by some set of at most 7(p) points (i.e., every
L € C contains at least one of the points). This suggests the following variant of
Algorithm 1.

Algorithm 2. Compute the arrangement induced by £ as above. For every
pair {c, ¢’} of cells (there are at most O(n?)), let Ly} be the set of ellipses
in £ which contain ¢, or ¢/, or both. The intersection graph of Ly, .y is the
complement of a bipartite graph on at most n nodes, so we can find a maximum
clique in time O(n?). Output the maximum for all pairs.

The approximation ratio of this algorithm is at least as good as that of the
first one, and it is also at most 7(p)/2. In general, the bounds for 7(p) implied by
the (p, ¢)-Theorem, are quite large, but in some cases, better bounds are known.
For instance, for disks, the transversal number is 7(1) = 4 (see [8]), so we have a



2-approximation in that case (then again, we don’t know whether the problem
is hard for disks).

4 Discussion

Looking back, the reduction described in Section 2.3 in fact proves AP X-hardness
for the CLIQUE problem in a more general context.

For n € N, consider the following graph G,: V(G,,) contains 7 vertices
v}, ..., v! for everyintegeri € {1,...,n} U{—1,...,—n} and 5 vertices wi{j, . ,wij
for every pair of such integers. Furthermore, all edges are present in F(G,,) except
for those connecting vertices v¢ and v®;, and except for those edges connecting
ws ; to v and oY, respectively, 1 < a,b < 7,1 < ¢ <5.

By taking suitable induced subgraphs of G,, (depending on the formula ),
our reduction immediately yields the following generalization of Theorem 1.

Theorem 5 Let K be a class of sets such that for every n, the graph G, has
a representation (of description size polynomial in n) as a K-intersection graph
(i.e., as intersection graph of some subset of K). Then the CLIQUE problem is
APX-hard in K-intersection graphs.
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Appendix

Proof (Proof of Lemma 2). W.l.o.g., K is the unit circle centered at ¢ = 0 ¢
is the z-axis, and, for suitable real parameters r,s,t, a = (s,v/1—s?), ¥/ =
(s,—vV1—=52),b=(r,v/1—-72),d = (r,—vV1—1r2), and ¢ = (¢,0).

There is a unique conic E through the five points a,b,a’,b’, q. Moreover, by
the symmetry of these points w.r.t. the z-axis, F is of the form

E={(z,y): Mz —m)* + py* =1} (4)

for suitable real parameters A, p, and m. Here, m is the z-coordinate of the
center of E. Moreover, F is an ellipse if A and p have the same sign. Then, the

radii of F are 1/4/|\| and 1/4/|u|, respectively.
By assumption, a, b, q € E, which yields the three equations

AMr—m)P+pl—r?)=1, Ms—m)?+pu(l-s)=1, At-m)? =1 (5

Using Maple™, solving these for A, p and m yields

1—s+st?—r+rt? 1 f(r,s,t)
m = m(r,s,t) = —— = -4 ’
2 rs—st+1—rt 2 g(r, s,t)

—st+1—rt)? t)?

A= Ar,s,t) =4 (rs —st+1-rt) BYEIGLL)

(2trs —st2 4+ 2t —ri2 —s—1r)2 " " h(r,s,t)2’

po= p(r,s,t)
_ 4r2t2 — 2125t + 1282 4+ 3st?r — rt — rt3 + rs — 2rs?t + s22 — st — st + t2
B (2trs — st2 + 2t —rt?2 — s —r)?
st

h(r,s,t)?



Let us consider the zeros and singularities of these functions: For given r and s,

f(r,s,t)=0<te{-1,+1},

rs+1
,5,t) =01t = ,
g(rs ) r+s
1242 24/(1 —7r2)(1 — 52
h(r,s,t)=0&t=— 2rs £2y/(1 - ) = 5 (double zero),
2 r+s
rs+1
) t)=0&t — .
i(r, s, t) E{r,s,r_i_s}

By symmetry, we may assume that the point p lies to the left of K, i.e. that
r < —|s|. Fix such r and s. Straightforward calculations show that ¢t = s is largest
among the roots of g(r,s,t), h(r,s,t), and i(r, s, t). Therefore, on the interval
s <t < 00, A(r,s,t) and p(r,s,t) are continuous functions of ¢ that do not
change signs. Since pu(r,s,1) = A(r,s,1) = 1, we see that \(r,s,t), u(r,s,t) >0
for t € (s,00), hence E is an ellipse in that range of ¢. Note also that the ratio
w(r,s,t)/A(r,s,t) —— 0o as t — oo, and that it grows monotonically for

t>max{(rs+1)/(r+s),(2+2rs+ 2+ (1 —r2)(1 —s2))/(2(r + s))},

in particular for ¢ > 1.

For the claimed containment properties, it suffices to observe that K and F
have no points of intersection except a,b,a’,b’, and that there are no points of
intersection of F and ab except a and b, and analogously for a'b’.



