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Abstract

We prove an upper bound, tight up to a factor of 2, for
the number of vertices of level at most ¢ in an arrangement
of n halfspaces in R, for arbitrary n and d (in particular,
the dimension d is not considered constant). This partially
settles a conjecture of Eckhoff, Linhart, and Welzl.

Up to the factor of 2, the result generalizes McMullen’s
Upper Bound Theorem for convex polytopes (the case { =
0) and extends a theorem of Linhart for the case d < 4.
Moreover, the bound sharpens asymptotic estimates ob-
tained by Clarkson and Shor.

The proof is based on the h-matrix of the arrangement
(a generalization, introduced by Mulmuley, of the h-vector
of a convex polytope). We show that bounding appropri-
ate sums of entries of this matrix reduces to a lemma about
quadrupels of sets with certain intersection properties, and
we prove this lemma, up to a factor of 2, using tools from
multilinear algebra. This extends an approach of Alon and
Kalai, who used linear algebra methods for an alternative
proof of the classical Upper Bound Theorem. The bounds
for the entries of the h-matrix also imply bounds for the
number of i-dimensional faces, © > 0, at level at most {.

Furthermore, we discuss a connection with crossing
numbers of graphs that was one of the main motivations
for investigating exact bounds that are valid for arbitrary
dimensions.

1. Introduction

Levels in arrangements are fundamental objects in com-
putational geometry. Let A be a set of n closed affine half-
spaces in R?, which we can think of as the constraints of
a linear program. Then the level of a point z € R is de-
fined as the number of constraints that x violates, i.e., the
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number of halfspaces that it is not contained in. The hy-
perplanes bounding the halfspaces define a decomposition
of R% into convex polyhedral cells, or faces, of dimensions
i = 0,1,...,d. If we want to stress this decomposition,
we also speak of the arrangement A. Two points that lie in
the same face of the arrangement have the same level, so it
makes sense to speak of the level of a face. We will assume
throughout that the arrangement is simple, i.e., that any d of
the bounding hyperplanes intersect in exactly one point and
that no d + 1 of them have a point in common.

The definitions carry over verbatim to arrangements of
great hemispheres in the d-dimensional sphere S¢. In such
a spherical arrangement, the faces come in antipodal pairs,
and if a face F' has level ¢ and lies at the intersection of ¢
bounding great (d — 1)-spheres (in simple arrangements,
these are precisely the (d — i)-dimensional faces), then
the antipodal face —F has level n — ¢ — ¢. By homoge-
nization (i.e., by embedding R? as the affine hyperplane
{x441 = 1} into R*t1), an affine arrangement of n halfs-
paces in R? corresponds bijectively to an arrangement of n
hemispheres in S¢ together with an additional distinguished
“northern hemisphere” (which is not considered to be part
of the arrangement). The spherical viewpoint is more sym-
metric and elegant, but for certain key notions that are avail-
able in the affine case, such as the h-matrix induced by a
generic linear functional (see Section 2), suitable spherical
analogues are still missing.

Levels in arrangements and their complexity have been
studied extensively by discrete and computational geome-
ters (often in the polar dual setting of k-sets of finite point
sets, and also for arrangements of more general hypersur-
faces). Of particular interest is the question of the maxi-
mum complexity of a single level: For an arrangement A,
let vy (A) denote the number of vertices (i.e., 0-dimensional
faces) of the arrangement at level ¢. With this notation, the
precise question is this: What is the maximum of v,(.A)
over all arrangments A of n affine halfspaces in R (re-
spectively, of hemispheres in S?). Notice that the sum
Z?;Od ve(A) equals (%) for affine arrangements, respec-
tively twice that number for spherical arrangements, and



that in the latter case, vy = v,,_q—¢ for all £. Consequently,
() is a trivial upper bound for each v,. If we allow the
intersection of the halfspaces or hemispheres to be empty,
then this upper bound is tight: It is not hard to show that if
we apply Gale duality (see, e.g., [29], Chapter 5, for a def-
inition) to a polar-to-neighborly arrangement (see below),
then the resulting dual arrangement will have all vertices
at the middle level. The maximum complexity of a single
level becomes much more challenging to determine if we
require that NA # (; borrowing terminology from linear
programming, we call this the feasible case. In this case
the arrangement is the polar dual of a set P of n points in
affine d-space (in the infeasible case, we can think of the
dual as a “signed point set”), and vertices of level ¢ cor-
respond to so-called /-facets of the polar point set. In the
feasible case, the trivial upper bound (3) for the maximum
number of vertices at a single level is no longer tight, and
not even the asymptotics of this maximum is known, not
even for fixed dimension. The currently best bounds are
as follows: the maximum complexity of the ¢-level in the
plane is at most O(n~/£ + 1 [13] and at least n - VI
[40]. In higher dimensions, the best upper bounds are
O(n(€+1)3/2) in dimension 3 [36], O(n?(£+1)272/45) in
dimension 4 [30], and O(nl%/2](¢ 4- 1)14/21=¢4) in general
dimension d, where £4 = 1/(4d — 3)¢ [46, 1].

(< f)-Levels. The primary subject of this article is the
complexity of the (< £)-level of an arrangment, i.e., the
quantity v<y := Zi:o vg. This quantity is much better un-
derstood than the complexity of a single level, and for many
applications, bounds for the (< ¢)-level are sufficient. The
(< £)-level also arises naturally when studying a “relaxed
version” of linear programming, where a limited number of
constraints are allowed to be violated [11]. Clarkson and
Shor [12] showed that for every arrangement of 7 hemi-
spheres in d dimensions, and for 0 < ¢ < n — d,

ve(A) <2 (Mm) o (L s J) (6 -+ [ay2)) /2.

For fixed dimension d, and n — oo, this bound is asymptot-
ically tight, but it assumes its full strength only if n is large
compared to d. As one motivation for the study of exact
bounds that are valid for arbitrary n and d, we will discuss,
at the end of this introduction, an application of (< ¢)-levels
to crossing numbers of complete graphs for which we need
a bound in the case n = d + 4; for this choice of parame-
ters, for instance, the Clarkson-Shor estimate is larger than
the trivial bound.

The case ¢ = 0 is the only one for which we know exact
bounds that hold for all values of n and d. This is the con-
tent of McMullen’s [31] Upper Bound Theorem for convex
polytopes:

Theorem 1.1. For every arrangement A of n hemispheres
in d dimensions,

vo(A) < vo(Cr,.a),

where C, ; is a polar-to-cyclic arrangement of hemispheres;
i.e., the hemispheres are of the form {x € S% : g +
t;xy + t?wz + ... ,tfxd < 0} for n distinct real param-
eters t1,...,t, € R. Moreover, equality is attained iff A
is polar-to-neighborly, i.e., iff the intersection of any |d /2]
bounding great (d — 1)-spheres contains a vertex at level 0.

We remark that the notion of a polar-to-cyclic arrange-
ment without further specifications is only well-defined for
spherical arrangments; in the affine case, the arrangement
depends on the choice of the additional “northern hemi-
sphere”. For the 0-level, however, the exact choice is im-
material, as long as the “equator”, i.e., the boundary of the
northern hemisphere, does not intersect the 0-level.

The Upper Bound Theorem has been generalized in nu-
merous ways. Most of these generalizations take the po-
lar dual statement as their starting point: The number of
facets of a simplicial d-polytope with n vertices is maxi-
mized by the cyclic polytope C,, 4. The same upper bound
for the number of facets holds for other (d — 1)-dimensional
simplicial complexes on n vertices: For simplicial (d — 1)-
spheres [38], for Eulerian complexes (provided n is suf-
ficiently large) [23], and for several classes of simplicial
manifolds and pseudomanifolds [33, 20, 34]. Another far-
reaching extension is Kalai’s [22] so-called Strong Upper
Bound Theorem concerning subcomplexes of the boundary
complex of a simplicial polytope.

Most of these extensions have a topological or algebraic
flavor. Here, we consider the following, more geometric,
generalization concerning (< £)-levels:

Conjecture 1.2. Let A be an arrangement of n great hemi-
spheres in S¢. Then

v<i(A) <v<(Ch )

Sfor0 < ¢ < (n—d—1)/2. Equality holds iff A is polar-to-
neighborly.

This conjecture, which we refer to as Spherical Gener-
alized Upper Bound Conjecture (SGUBC) was proposed by
Eckhoff [14], Linhart [25], and Welzl [44], independently
of one another.

We remark that there are many polar-to-neighborly sim-
ple arrangements are that are not polar-to-cyclic (see [37]
for a construction of superexponentially many). How-
ever, for the complexity of the /-level, these differences do
not matter: If A is a polar-to-neighborly simple arrange-
ment of hemispheres in S¢, then v,(N) = ve(C;, 4) for
0 < ¢ < n — d. This follows from the fact that polar-to-
neighborliness is preserved under deletions, together with



a standard random sampling argument. The numbers of i-
dimensional faces at level ¢ in a polar-to-cyclic spherical
arrangement were computed explicitly by Andrzejak and
Welzl [4]. In particular,

9 (lJr(d/ﬂ 71) (n,E, [d/ﬂ)

[d/2]-1 [d/2]—1
for odd d,
ve(Crra) =
(05 | G s I G o [ ey
for even d.

The SGUBC is known to be true in dimension d = 2
[2, 35]; and in dimension 3 provided the intersection of the
hemispheres is nonempty [44]. The explicit upper bounds
aren({+ 1) and < 2 ((E;Q)n — 2(%3)) for dimensions 2
and 3, respectively.

As observed by Welzl, for arrangements of hemispheres,
the restriction ¢ < (n — d — 1)/2 is crucial if we are striv-
ing for exact bounds: For instance, in the case d = 2 and
k = 0, let v, denote the number of vertices at level £. In
the spherical case, vy = v,_o_¢. Thus, if n is even, then
20<(n—2)/2 = 2(5) + V(n—2)/2. Consequently, the bound
v<¢ < n(¢ 4+ 1) does not hold for ¢ = (n — 2)/2, else
we would get an linear upper bound of v(,_2)/2 < n for
the middle level, contradicting the known superlinear lower
bounds mentioned above.

The SGUBC is also related to the so-called Generalized
Lower Bound Theorem (which is part of a complete com-
binatorial characterization of the face numbers of simpli-
cial convex polytopes, the g-Theorem, conjectured by Mc-
Mullen and proved by Stanley [39] and by Billera and Lee
[7]). For instance, Welzl [44] showed that the SGUBC for
arrangements in S? is equivalent, by Gale duality, to the
GLBT for d-polytopes with d + 4 vertices.

In the present paper, we prove the following:

Theorem 1.3. Let A be an arrangement of n affine halfs-
paces in R%. Then

v<e(A) < 2-v<0(C, 4)

for 0 < £ < n — d (where C;‘;}d denotes a polar-to-cyclic
spherical arrangement as in the SGUBC).

We refer to Theorem 1.3 as 2AGUBT. A sharp version,
without the factor of 2, was conjectured by Linhart, who
proved it for d < 4; we refer to this sharp version as the
Affine Generalized Upper Bound Conjecture (AGUBC); it
is sharp for £ < [n/(d + 1)], because it is equivalent to
the SGUBC in that range. (This follows by taking the polar
dual of a cyclic polytope with respect to a center point of
the vertex set). Moreover, the AGUBC, if it is true, might
even be sharp for all ¢/ < (n — d)/2; for instance, this is
the case for d = 2, 3. At any rate, for every ¢, the AGUBC

implies the SGUBC up to a factor of 2, since we can always
capture at least half of the vertices of level < ¢ in a spherical
arrangement by a suitable “northern hemisphere”.

We remark that the remaining multiplicative gap in the
2AGUBT very much appears to be an artifact of the proof.
In an earlier version of this paper I claimed, in fact, to prove
the AGUBC without the factor of 2, but during the prepara-
tion of this final version it became clear that the proof of the
sharp version contained an error.

McMullen’s Upper Bound Theorem gives exact upper
bounds for the maximum number of i-dimensional faces of
the arrangement at level O, for all 0 < ¢ < d. It is natural
to extend the above generalizations to faces of intermediate
dimensions. For d < 4, Wesp [45] extended Linhart’s proof
of the AGUBT to faces of any dimension 7, 0 < ¢ < d.
Our method also gives bounds for the number of bounded
i-faces at level < ¢; by induction on the dimension, we also
obtain somewhat weaker bounds for the unbounded faces,
see Corollary 2.5.

The structure of this paper. In Section 2, we define and
study the h-matrix of a linear program. We state bounds
on suitable sums of entries of this matrix and show how
these imply bounds for the numbers v<, (or indeed faces of
any dimension). Moreover, we prove a lemma that reduces
these bounds to a problem about quadrupels of finite sets
with certain intersection properties. In Section 3, we state
our main result, Theorem 3.1, which provides exact upper
bounds, up to a factor of 2, for this extremal problem. The
proof of this theorem uses tools from multilinear algebra,
which are reviewed in Section 4, and the proof is given in
Section 5. The final Section 6 is devoted to open problems
and concluding remarks.

A connection to crossing numbers. The crossing num-
ber of a graph G is the minimum number cr(G) of cross-
ings in any drawing of G in the plane R? or on the 2-sphere
S? (where the vertices are represented as points and the
edges as Jordan arcs connecting the points). Determining
the crossing number of a given graph is an NP-hard prob-
lem [16], and even for some very basic classes of graphs it
is not known what their crossing number is (see Chapter 9
of [10] for a recent survey of crossing numbers and related
problems). Determining the crossing numbers of complete
graphs and of complete bipartite graphs, respectively, are
among the oldest problems in the area (in fact, the notion of
crossing number was invented by Turdn [41] when he posed
the latter question, also known as “Turan’s Brick Factory
Problem”). For complete graphs, it is conjectured [18] that
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Let us denote conjectured optimum by ¢(n). Observe that
c(n) ~ 2(%). There are constructions that achieve c(n)
crossings [19], but the best lower bound is cr(K,) >
(3/10+ 0(1))(7)- It is natural to ask if we can prove better
bounds for more restricted kinds of drawings. If we require
all edges to be straight-line segments, it is known [27] that
at least (3/8 + € + o(1))()}) crossings are necessary, for
some £ > 0 (the currently best bound is € ~ 107, [6]). On
the other hand, suppose we draw K, by placing n points
on the sphere S? and connecting any two by the shorter
geodesic arc between them. Let us define the spherical
geodesic crossing number cr( K, ) as the minimum number
of crossings that can be achieved through such a drawing.
The following is a another simple consequence of Gale du-
ality:

Proposition 1.4. ¢r(K,,) < ¢(n). Moreover, equality holds
iff the SGUBC holds for arrangements of n hemispheres in
Sn4,

2 The h-Matrix of a Linear Program

One of the central notions in McMullen’s proof of the
Upper Bound Theorem is the h-vector of a simple convex
polytope. The j-th entry of the h-vector counts the num-
ber of vertices of out-degree j if we orient the graph of the
polytope by a generic linear functional. Following Mulmu-
ley [32], we define in this section a generalization for higher
levels in arrangements.

Orientations induced by generic linear functionals. Let
A be an arrangement of n affine halfspaces in R?, and let
¢ be a linear functional R? — R. The pair (A, ) is called
a linear program. We will assume that ¢ is generic, i.e.,
that p(v) # (w) for any two vertices v # w (in fact, it
would be sufficient to assume that ¢ is not constant on any
edge). The functional ¢ defines an orientation on the graph
of the arrangement (we also consider the semiinfinite rays
as edges): we orient each edge in the direction in which ¢
increases.

Bases. By our assumption that the arrangement is sim-
ple, each vertex is the intersection of precisely d bound-
ing hyperplanes of halfspaces in A = {H;,...,H,}. We
will frequently identify the vertices with the corresponding
d-element subsets of the set [n] = {1,...,n} of indices,
which we call bases. Note that every vertex is incident to
precisely d pairs of edges: If v is defined by d bounding hy-
perplanes, then omitting any one of these hyperplanes, we
obtain an intersection of d — 1 hyperplanes, i.e., a line, that
passes through v. Of the two edges on this line that are inci-
dent to v, one is directed towards v and the other one away

from v. In this sense, every vertex of the arrangement has
in-degree and out-degree equal to d.

Out-labels and out-degrees. For our purposes, the fol-
lowing notions of in-degree and out-degree are more suit-
able: As we just saw, if a vertex corresponds to a set B of d
halfspaces, then each b € B corresponds to a pair of edges
incident to v. Exactly one of these two edges is contained in
the halfspace b; if this distinguished edge is directed away
from v, then we say that b is an out-label of v (or equiv-
alently, of B); otherwise it is an in-label. We denote the
set of out-labels by out(B) and define the out-degree of the
vertex as the cardinality | out(B)].

Conflicts and levels. Let v be a vertex of .4 and let B be
the corresponding basis. We define the set of conflicts of v
as cfi(B) := {c € [n] : v € H.}. Thus, the level of v is
precisely the number of its conflicts.

Definition 2.1 (h-Matrix). For 0 < j < dand 0 < ¢ <
n — d, we define h; (A, ) as the number of vertices of
out-degree j and level £. We will often suppress A and ¢
from the notation and simply write /; ¢.

The h-vector of a convex polytope is independent of the
choice of the linear objective function ¢. Mulmuley [32]
showed that the same is true for the numbers h; (A, ¢),
0 < j < d, provided the ¢-level of the arrangement is
bounded. In general, however, the entries of the A-matrix
depend on ¢.

Feasibility and boundedness. We say that the linear pro-
gram (A, @) is feasible if the intersection N.A of all half-
spaces is nonempty. Of course, this is independent of the
objective function ¢, and we will also sometimes speak of
feasibility or infeasibility of an arrangement.

We say the linear program (A, ) is bounded if there
exists some vertex of out-degree 0 (but we do not require
that that vertex be of level 0).

If the program is both feasible and bounded, then there
exists a unique vertex v of both in-degree and level 0. We
call this vertex (and sometimes the corresponding basis) the
optimum of the LP, denoted by opt (A, ¢).

LP-duality. We will use linear programming duality as
a blackbox (see, for instance, [17]). If (A, ) is a linear
program with n constraints in dimension d, then its dual
(A, ¢)* is a linear program with n constraints in dimension
n—d. The halfspaces of the dual program are labeled by the
same set [n] of indices. The dual of a generic LP is again
generic, and passing to complimentary index sets gives a
one-to-one correspondence between the bases of the primal
and bases of the dual program, B < B* := [n] \ B. Under
this correspondence, we have the following properties:



Lemma 2.2. Let (A*, ©*) be the dual of (A, ). (Beware
that both A* and ©* depend on both A and ¢.)

1. For B € ([Z]), ©(B) = —*(B*) (the minus sign
is only there because we want to have both the primal
and the dual to be problems of maximizing a linear
function).

2. Conflicts and out-labels are dual to each other,

cfl(B) = out(B*) and out(B) = cfi(B").

Corollary 2.3. For0 < j<dand0</{<n —d,
hje(A; o) = he i (A 0)").

Because of this duality and because of the difficulty of
the determining the complexity of a single level in a fixed
dimension (respectively, because the latter is too large if we
allow infeasible linear programs), we cannot expect to prove
exact upper bounds for a single entry of the h-matrix or for
the sum of entries in a single row or column.

Theorem 2.4. For every generic d-dimensional linear pro-
gram A with n constraints,

J . .
n—d—Ll+j\[(d—j+{
. < E .
hsise <2 Z-_1< { )< d—1 )

Lemma 2.6 below reduces Theorem 2.4 to a problem
concerning quadrupels of sets with certain cardinality and
intersection properties. Up to the factor of 2, the family
B(j,d, ¢, n) provides an extremal example for the latter.

Proof of Theorem 1.3 from Theorem 2.4. Given the ar-
rangement A, we can choose any generic ¢ and get

v<r(A) = heaz),<e(A @) +ho oty (A —p).
By applying the bounds for the A-matrix, we conclude
Ld/2] d d
1 n—[51=0\[([5]+¢
_ < 2 2
2““(“4)—2( i )(dz‘

i=0
L95+]

B
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A routine computation shows that is the desired bound (we
have to compare the results of our computations with the
numbers v<¢(C*(n, d)), quoted in Section 1). O

Higher-dimensional faces. Given a linear program
(A, @), let f denote the number of r-dimensional faces
F at level £ of the arrangement A4 that are bounded in the
direction of ¢ (i.e., that have a finite p-maximum, which
will be attained a vertex), and let f[ denote the number
of r-dimensional faces that are bounded both in the direc-
tion of ¢ and of —y (by genericity, these are precisely the
r-faces that are bounded in the usual sense). A double-
counting argument (charging every face to its “sink”, i.e.,
its (p-maximal vertex) [32] yields

=Yy (2 s @

§=0 s=0

This can be used to derive

Jlo <2 f2,(Ch )

Since the unbounded faces correspond to faces of a (d — 1)-
dimensional arrangement (in the “hyperplane at infinity”),
induction on the dimension yields:

Corollary 2.5. f2,(A) <230 f£,5(Cr 4)-

The following lemma translates the problem of finding
bounds for the numbers h<; <, into a problem in extremal
set theory:

Lemma 2.6. Consider a generic d-dimensional linear pro-
gram (A, @) with n constraints. Let vy, ...,v; be the ver-
tices of out-degree at most j and level at most ¥, listed in
the order of increasing value of . For each vertex v,., let
B, be the corresponding basis, and let A, = out(v,.) and
C, = cfl(v,.) be the sets of labels of outgoing edges and
of conflicts of the vertex, respectively. Then the following
properties hold:

1. Foreveryr, A, C By, C. C B, = [n]\ B, B, N
Br = (Z), Ar| < j) | r| =d, r| < E: and ‘Br| =
n —d.

2. For1 <r<s<it,

A, 0 (BANC)#0 or (B \A) N Cy#0.

In Theorem 3.1 below, we will prove that if
(A, B,,C,,B,)!_, is any family of quadrupels of finite
sets with the above properties, then the number ¢ of quadru-
pels satisfies the bound ¢ < 23°7_ ("~4-FH) (4 Ith).
This implies Theorem 2.4.

3 Quadrupels of Sets

By Lemma 2.6, the following theorem implies the de-
sired bound for the numbers h<; <.



Theorem 3.1. Let j, k, £, m be integers such that0 < j < k
and 0 < ¢ < m. Suppose that (A, B,,Cy,D;.), 1 <r <t
are quadrupels of finite sets with the following properties:

1. Forallr, A, C B,,C, CD,, C,ND, =0,
‘Br| = ki, ‘CT| S g, (ll’ld |Dr| = m.

Arl <5

2. For1 <r<s<t,

(Ar N (Ds\Cs)) U ((Br\Ar) N Cs) #0. - (3)

Then the number t of quadrupels satisfies

I (m— 45\ (k—j+1
I CO I

=0

Remarks 3.2. 1. The theorem is completely symmetric
inA«— C,B < D,j < [ k < m, by reversing
the ordering among the quadrupels, » < ¢t — r + 1.
In the geometric setting, this symmetry corresponds to
LP-duality.

2. In the case ¢ = 0, the second part of the intersection
condition (3) is trivially false for all r, s. Moreover,
in the bound (4), all summands with ¢ < j are zero.
Therefore, we obtain the following assertion about set
pairs: Let (A,, D,.)._, be a family of pairs of sets with
|Ar| < 34, |Dy| = m,and A. N D, = for all r. If
A, N Dg # () wheneverr < s, thent < 2- (j';m). This
bound holds without the factor of 2 and is known as
the Set-Pair Lemma or the skew version of Bollobds’s
Theorem. It was conjectured by Bollobds, who proved
it, by purely combinatorial means, under the stronger,
symmetric condition that A, N Dy # () for all r # s
[9]. The skew version was first proved by Frankl [15],
using exterior algebra methods introduced by Lovész
[26].

3. The same method was independently invented by
Kalai [21], who used it, among other things, to
prove that the upper bound in (4), without the factor
of 2, holds for the number of k-element sets in a
j-collapsible simplicial complex of dimenson less
than j + m on a ground set of m + k elements.
However, there does not seem to be a direct way
of deriving Theorem 3.1 from Kalai’s result. Re-
call that a simplicial complex is j-collapsible if it
can be reduced to the empty complex by a finite
sequence of elementary j-collapses. An elementary
j-collapse means removing from K an interval of
faces [F,M] := {S ¢ K: F C S C M}, where
M is an inclusion-maximal face of K and F' is a
free face, i.e., M is the unique inclusion-maximal
face containing F'. Consider the following sequence
of quadrupels (A4,B\ A,C,D \ C) of subsets of

{1,...,6} (where we right 236, for instance, in-
stead of {2,3,6}): (2,13,0,456), (2,14,3,56),
(3,14, 0,256), (3,24,1,56), (3,15,4,26),
(4,15,0,236), (4,25,1, 36), (4,16,5,23),
(5,16,0,234), (5,26,1,34).  These quadrupels
satisfy the assumptions of Theorem 4 with j = ¢ =1
and K = m = 3. However, for every element a of
the ground set {1,...,6}, the union of the sets B
containing a has cardinality at least 5. Thus, there is
no 1-collapsible complex of dimension less than 4 that
contains all the sets B.

4. Alon and Kalai [3] reproved the skew version of Bol-
lobds Theorem and used it to prove the Upper Bound
Theorem for convex polytopes. Our proof is inspired
by their approach and by Kalai’s paper [21]. For vari-
ants and further applications of the Set-Pair Lemma,
see the surveys by Tuza [42, 43].

Example 3.3 (A Combinatorial Lower Bound). We define

[m + k]

B(j,k,¢,m):={B € ( I

) IB -t < ).
For B € B(j,k,¢,m),let A =B Nm-{+j],D =
[m+Ek\B,andC=DnN[m—L+j+1,...,m+k]. We
have (A N (D'\C")) U ((B\A) N C") # () whenever B #
B’, so the quadrupels (A, B, C, B) satisfy the conditions of
Theorem 3.1 for any ordering; in other words, they provide
a lower bound example, for the sharp version without the
factor of 2, even in the symmetric (i.e., non-skew) case.

4 Algebraic Background

In this section, we briefly review the basic algebraic facts
that we will require for the proof of Theorem 3.1. For an
extensive introduction to (multi)linear-algebraic methods in
combinatorics, we refer the reader to the notes by Babai and
Frankl [5]. For a detailed treatment of multilinear algebra,
see also [28].

Let F' be an arbitrary field. All linear-algebraic notions
(vector spaces, (multi)linear maps, algebras, etc.) will be
with respect to this ground field. It will be convenient to
choose F' to be of characteristic 2, which will allow us to
disregard signs in our computations.

Exterior Algebra. An algebra is a vector space L over
that is additionally equipped with a map (or “product”) L x
L — L, denoted by (z,y) — =z -y, that is bilinear and
associative.

Let V' be n-dimensional vector space over F'. We denote
its exterior algebra by AV = @;_, AFV (where \°V =
F and A\'V = V) and the exterior or wedge product on
AV by A. Wehavev Av =0forallv € V = A'W. In



characteristic 2, this implies commutativity: t Ay =y A x
forall z,y € AV.

The elements of the form v1 A ... Avg, v; € V, lin-
early span A\*V. More precisely, we have the follow-
ing: If {v1,...,v,} is an ordered family of vectors in V'
and if S = {i1 < ... < ix} C [n], then we define
vs = v A ... A v;, (with the convention that vy = 1).
If {v1,...,v,} is a basis of V, then {vg : S € ([Z])}
is a basis of A"V, which implies dim A*V = (}) and
dim AV =2".If S, T C [n], then we have

vsuT if S n T = @,
vg N =
0 otherwise,

If f:V — W is a linear map between vector spaces,
then there is a linear map A f : AV — AW that extends f
(i.e., Af(v) = f(v) forall v € V) and that satisfies A f(x A
y) = Af(z) A Af(y). This map respects the direct sum
decomposition, i.e., Af = @, A*f with A*f : APV —
AFW . If f has the matrix representation A = [a;;] in bases
{v;}7_, and {w;};", of V and W, respectively, then A* f
has the matrix representation [det Agr] in the bases {ws}
and {vp}, where S and T range over all k-element subsets
of [m] and of [n], respectively, and Agr = [aijlics, jer-

Scalar and Left Interior Products. Suppose that V
is a finite-dimensional vector space that is additionally
equipped with a scalar product, i.e.,amap (, ) : V xV —
F, that is bilinear and symmetric, i.e., (v,w) = (w,v)
for all v,w € V. We assume that the scalar product is
non-singular in the sense that if a vector v € V satisfies
(v,w) = 0forallw € V, then v = 0. In fact, we will make
the stronger assumption that there exists an orthonormal ba-
sis {e1,...,e,} of V with respect to the scalar product (we
have to assume this because the Gram-Schmidt process can
break down over general fields; it works provided the char-
acteristic is # 2 and all the field elements of the form (v, v),
v € V, are squares).

The scalar product on V' can be extended to one on AV,
which we will denote by the same symbol, in such a way
that {eg} is an orthonormal basis, where .S ranges over all
subsets of [n]. We define the left interior product AV x
AV — AV as follows: For z,y € AV, x Ly is uniquely
determined by the requirement that

(xLy,z) =({y,z \x)

for all z € AV. (Thus, left interior multiplication by x is
the adjoint of wedge multiplication by x on the right.) For
subsets R, S C [n], it follows that

ies\R if R§S7
e eg =
oS 0 if RZS;

in fact, we could use this as a definition of the left interior
product, extending it to general elements by bilinearity.

We will need the following facts concerning the be-
haviour of wedge and left interior products. Again, working
in characteristic 2 allows us to ignore signs. These proper-
ties are easily established for basis elements eg and then
follow by linearity for general elements.

Lemma 4.1.
YL 2.

1. Forallz,y,z € \V,zL(yLz) = (x A

2. LetveV =A\V,andleta,b e \V. Then

vie(anb)=(vLa)Ab+aA (vLb).

3. From the previous, it follows by induction that for
Viy...,0n € Vand S C[n],

est(anb) = Z(BXLG)/\(BY\_()),

XY

where the summation runs over all ordered partitions
(X,Y) of S (i.e., ordered pairs (X, Y)with X NY =
fand X UY = S).

4. For any partition S = X U 'Y, we have

esNaANb=xex NaANey Ab.

Tensor Products If U and V' are vector spaces, then U ®
V denotes their tensor product. If {u;} and {v;} are bases
of U and of V, respectively, then {u; ®@v; } is basis of URV .
Consequently, dim(U ® V) =dim U - dim V.

If U and V are both algebras, then the tensor product
inherits a multiplication and also becomes an algebra: Gen-
erators are multiplied by the rule (u ® v) - (v ® V') =
(u-u")® (v-v") and this is extended to general elements by
bilinearity. Here, we abuse notation and denote the products
inU, V,and U ® V by the same symbol. If the factors U
and V each carry several multiplicative structures (for in-
stance, if they are exterior algebras, for which we have both
the wedge product and the left interior product), we will
specify which multiplication is meant in each factor.

Iff:U — Xandg:V — Y are linear maps, they
induce a linearmap f ® g : U ® V — X ® Y such that
(f ® g)(u ®v) = f(u) ® g(v) holds on generators. If
A = [a;;] and B = [by,] are matrix representations of f
and g with respect to bases {uw;}, {x;}, {vx}, and {y,} of
U, V, X, and Y, respectively then f ® g is represented
by the matrix A ® B := [a;;bx] with respect to the bases
{u; ® v} and {z; ® y¢}.



5 The Proof of the Main Theorem

Throughout this section, we consider a fixed system
(A, By, Cy,D,)t_, of set quadrupels that satisfy the as-
sumptions of Theorem 3.1 with parameters j, k, ¢, m. We
want to show that t < 2 - |B(j, k, £, m)]| (as defined in Ex-
ample 3.3). The general strategy the proof is encapsulated
in the following lemma (which is implicit in [15]).

Lemma 5.1. Let A be an algebra over a field F. Assume
that we are given vectors Ti,...,%y,Y1,---,Ys € N such
that .y, # 0for 1 < r < tand x,ys = 0for1 <r <
s < t. Then the vectors x1, . ..,z are linearly independent
(analogously, so are the vectors y,). In particular, if all
vectors x, lie in some linear subspace > C A, then t <
dim 3.

To prove this, assume that we have a nontrivial linear
dependence ) «,x,’s, and multiply the equation by s,
where s = max{r : a, # 0}, to get a contradiction.

The ground field F'. We fix a ground field F' of charac-
teristic 2. We choose F’ such that it contains infinitely many
elements that are mutually algebraically independent over
the field IF'5 with two elements, i.e., that do not satisfy any
nonzero polynomial with coefficients in IF5. For instance,
we can take F' to be the field of rational functions in count-
ably many variables x1, zs, T3, ... over Fo.

The algebra A and the subspace 3. The choices for A
and o are rather natural in light of the bound that we wish
to achieve.

Let U and W be vector spaces over F' of dimensions
m — £+ jand k — j + ¢, respectively. We take

A= A\Ue AW

and ‘
J
S=P(ANve \W).
i=0
Thus, dim ¥ = |B(j, k, £, m)|.

The vectors x,- and y,.. Both the construction of suitable
vectors z,, € X, y,. € A associated with our set quadru-
pels and the proof of the desired properties are somewhat
involved. For this reason, we present them in stages, as fol-
lows: First, we consider the special case that j — |A,| =
¢ — |C,| for all ». While this is a very restrictive assump-
tion, the basic idea of the proof works in its simplest and
most transparent form in this case. Next, we show how to
modify the embedding so that it works for the case that ei-
ther j — |A,| > £ —|Cy| forall r or j — |A,| < £ —|C}]
for all r. Since for each index r, one of these inequalities is

satisfied, this proof also works in the general case, but only
yields a bound that is twice as large as desired.

5.1 The Case j — |A,| =£— |C,|

Proposition 5.2. Let (A,,B,,C,,D,), 1 < r < t, be
quadrupels of finite sets that satisfy the assumptions of The-
orem 3.1. Assume furthermore that j — |A,| = £ — |C,
holds for all r. Thent < |B(j,k, £, m)|.

Note that the additional assumption implies (in fact, is
equivalent to) |A,| + |D, \ Cr| = m — ¢ + j and | B, \
Al +|C| = k — j + £ for all r. Furthermore, under the
assumption, |A,| < j implies |C,| < ¢, and vice versa, so
we only have to explicitly assume one of these.

Generic vectors. Let g be a positive integer, and let V
be a g-dimensional vector space over F' with a fixed basis
e1,...,eq. We call vectors vy,...,v, € V generic if their
coordinates with respect to the basis {e,,} are algebraically
independent over [Fo, ie., v, = 22:1 §uvey, with alge-
braically independent ,,,,.

Lemma 5.3. Ifvy,...,v, € V are generic, then vg # 0
for every S € ([Z]).

Proof. If X denotes the ¢ x n-matrix [{,,,] of coordinates,
then vs = (det X[g)5)e[q, With the notation for minors as
in Section 4. This determinant is a sum of distinct mono-
mials of degree ¢ in the £,,’s and therefore does not van-
ish. O

Proof of Proposition 5.2. We work with the algebra A and
the subspace ¥ as defined above. Without loss of generality,
assume that all sets are subsets of [n], for some suitable
integer n. Let uy,...,u, € U and wy,...,w, € W be

such that ug # 0 and wr # 0 for every S € (mlné]ﬂ) and

n] . . .
every T' € (,, 1", ,); for instance, by the preceding lemma,
we can choose the u’s and w’s generically.

For each r, we define

Ty 1= UA, @ WB,\A,, Yr = up,\c, @ Wc,-

We claim that the vectors z,. and v, satisfy the assumptions
of Lemma 5.1; the proposition then follows. We have

Ty Ys = (ua, Aup,\c,) ® (Wp,\a, Nwe,).

For r < s, the intersection condition (A, N (D;\Cs)) U
((B-\A4,) N Cs) # 0 implies that at least one of the two
wedge products vanishes, and hence so does their tensor
product. For r = s, we have u 4, AUp.\C, = UA, U (D\C,)
and wp \a, N we, = WA, )uC,. BY genericity and
by assumption on the cardinalities, neither of these wedge



products vanishes, and hence neither does their tensor prod-
uct. This proves the claim and hence the proposition. Note
that the additional assumption on the cardinalities was just
needed to ensure that z,. - y,- # 0. O

5.2 The Case |A.|+ |D.\Cr|>m —£+j

Lemma 5.4. Assume that (A, B,.,C,,D,), 1 <r <t,are
quadrupels of finite sets that satisfy the assumptions of The-
orem 3.1, and that all these sets are subsets of [n), for some
suitable integer n. Let ey, . . ., e, be the standard basis for
F", and consider the algebra NF™ @ \F™ with the multi-
plication induced by exterior multiplication in each factor.
Then, for1 <r < s <t,

(Y ern®epar) (Y. es®epns)=0. (5

RCA, SCD\C,

Proof. We have

Z €rR ®ep.\R = Z (eX\_eAT)@)(eX/\eBT\AT)
RCA, XCln]

and

Z 6S®GDS\S: Z (ey\_eps\cs)®(ey/\ecs).
SCDAC, YC[n]

Therefore, the product on the left-hand side of (5) equals

Z(ex L 6,47‘)/\(63/ L eDs\Cs)®(€X/\6BT\AT)/\(€Y/\€CS)~
XY

Here, the sum ranges over all ordered pairs X, Y of subsets
of [n]. However, if X N'Y # (), then the wedge product
on the right-hand side of the summand vanishes. Therefore,
we may restrict our attention to pairs (X, Y") of disjoint sets.
By grouping terms according to Z = X U Y and by using
linearity on the left-hand side of the tensor product, we get
the sum

Z (Z(ex Lea,) A (ey LeDS\CS))®eZ/\€BT\AT/\€CS~
Z XY

(+)

Here, the inner sum (x) ranges over all ordered parti-
tions (X,Y) of Z. Therefore, by Lemma 4.1, it equals
ez (ea, Nep,\c,). Consequently, the whole sum equals

Z ezL(ea, Nepc,) ®ez Nepa, Nec,.
ZC[n)

In this sum, each summand equals

(ez ®ez)o ((ea, Nepac,) @ (epa, Aec,)),

where o is induced by left interior multiplication in the left
factor of the tensor product and exterior multiplication in
the right factor. Therefore, each summand vanishes, since
(ea, Nepac,) ® (ep,\a, Nec,) = 0. Hence, the whole
sum vanishes, which is what we wanted to prove. O

Since Equation (5) is preserved under projections, we
also have:

Corollary 5.5. Let U, W be vector spaces over F, each
of dimension at most n,and let ui,...,u, € U and
Wi,y ..., Wy, € W. Then

( Z ug @ wp\r) - ( Z us ® wp,\s) = 0.

RCA, SCD\Cs
forl1 <r<s<t.

Lemma 5.6. Let U and W be vector spaces over F' of di-
mensions p and q, respectively. Assume that uy,...,u, €
U and wn,...,w, € W are such that the vectors v, =
uy, +w, €V =U®W are generic. Assume furthermore
that A C B, C' C D are subsets of [n], that B and D are
disjoint and that |B U D| = p + q. If |A| + |[D\C| > p,
then

(ZuR@wB\R)'( Z us @ wp\g) # 0.

RCA SCD\C

Proof. Without loss of generality, let V' = FP'9 with
standard basis eq,...,e,44 and let U and W be the sub-
spaces spanned by {e1,...,ep} and {ept1,...,€p1q}, re-
spectively. Let v, = Zﬁi‘i &uey, where X = [¢,,] is a
(p+ ¢) x n-matrix whose entries are algebraically indepen-
dent over IF'5. We have

( Z ugp @ wp\g) - ( Z us ® wp\s)

RCA SCD\C

- ¥

PCAU(D\C)

up ® W(BUD)\P-

In the sum on the right-hand side, all terms with |P| # p
vanish trivially. Thus, we are left with

Z up ® W(BUD)\p-

PCAU (D\CO)
|P|=p

Moreover, for |[P| = p and |Q| = ¢, we have up =
det Xip) prepp) and wg = det Xip 11, p1g|QClpt1,..ptal-
Expanding these determinants (recall that we work in char-
acteristic 2), we see that the sum we wish to evaluate equals



A €lp] @ €[p+1,...,p+q]- where

.....

p+q

)‘:Z E: H‘Euﬂ(u)HgﬂT
AU(D\C) o:[p]—P, —+1
PE( P ) T:p+1,..., pfl]ﬂ(B U D)\P w=p
p+q

= Z H 5/1.77(/1,) )

m:pt+ql-BUD =1
=([PHCAU(D\C)
and the sums run over all bijective maps o, 7, m with the
specified domains and ranges. Thus, ) is the sum of distinct
monomials in the £,,,,’s and therefore nonzero. O

Proposition 5.7. Let (A, B,,Cr,D;), 1 < r < t, be
quadrupels of finite sets that satisfy the assumptions of The-
orem 3.1. Assume furthermore that either |A,.|+|D,\C,| >
m — L+ j forallr or|A;| + |D\Cr| <m — £+ jforall
r. Then

J .
t < |B(j, k, t,m)| Z(m £+‘7>(kkj_j€).

Proof. We consider the case that |A,|+|D,\C\.| > m—{+j
holds for all r. (Otherwise |A,| 4+ |D,\C;| < m — ¢+ j for
all r, hence | B, \ A,| + |C\| > k — j + £ for all r, and the
result follows symmetrically.)

We let V = F**™ with standard basis e1, ..., exim
and define U and W be the span of {e1,...,em—_rs4;} and
{€m—t+j+1s---,€ktm}, respectively. Let v1,...,v, € V
be generic, and let w; and w; the projections of v; onto U
and W, respectively, 1 < ¢ < n. For 1 < r < t, we define
Tr = D opca, UR ®Wparad yr == 3 ccp o, Us ®
wp,\s- By Corollary 5.5 and Lemma 5.6, these vectors sat-
isfy the assumptions of Lemma 5.1 with A and X as before,
and the bound follows. O

Proof of Theorem 3.1. The Main Theorem 3.1 follows im-
mediately from Proposition 5.7, since from any sequence
of quadrupels, we can always extract a sequence of at least
half the length that satisfies the additional conditions on the
cardinalities. O

6 Concluding Remarks

The most obvious open problem is get rid of the factor
of 2 in Theorem 3.1 (and consequently in Theorems 1.3 and
2.4, and in Corollary 2.5).

A second problem is to prove geometric lower bounds
for the numbers v<, in the range [n/(d + 1)] < ¢ <
(n —d —1)/2. In order to show that the AGUBC (with-
out the factor of 2) is sharp, i.e., that v</(A) = v<.(C;, ;)
can be achieved for some affine arrangement .4, we have
to answer the following question: Is there a neighborly d-
polytope on n vertices whose vertex set is ¢-centered around

some point 0 € R?? Here, a set S of n points in R is
(¢ + 1)-centered around some point o € R? if every affine
hyperplane through o contains at least £ points of .S on either
side (in each of the two open halfspaces).

Another intriguing question is how to define a good ana-
logue of the h-matrix for the spherical case. One conceiv-
able approach is the following: If the (< #)-level of an affine
arrangement A is bounded, then based on Equation 2 one
can show that the numbers h; (A, ¢), 0 < j < d and
k </, can be expressed as linear combinations of the num-
bers f,, of r-dimensional faces at level m, 0 < r < d,
m < {in a way that is independent of ¢ (see [32]). In par-
ticular, the (< £)-portion of the h-matrix is independent of
. It is tempting to use the resulting formulas to define the
h-matrix for the spherical case. However, there are simple
examples for which this definition yields negative entries,
so most likely the entries of this hA-matrix no longer have a
combinatorial interpretation. For this reason, it seems ques-
tionable if this is a promising definition.

The definitions of levels and of the A-matrix find their
most natural setting in the context of oriented matroids (or
equivalently, by the Folkman-Lawrence representation the-
orem, of pseudo-hemisphere arrangements). We refer the
reader to the book [8] as a general reference for oriented
matroids. The original Upper Bound Theorem also holds
for oriented matroids. In fact, the O-level of an oriented ma-
troid forms a simplicial sphere, so the Upper Bound Theo-
rem holds by Stanley’s results. Moreover, for the particular
case of oriented matroids, a more elementary proof is avail-
able (essentially McMullen’s original proof can be suitably
generalized, see Kleinschmidt and Onn [24]). Our methods
immediately carry over to so-called Euclidean oriented ma-
troids and yield an analogue of the 2AGUBT in that case. It
would be interesting to find a way to extend the 2AGUBT to
the non-Euclidean case, or even better, to prove the AGUBC
or the SGUBC for general oriented matroids.

Acknowledgements. I am indebted to Gil Kalai and Emo
Welzl for helpful comments and discussions.
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