
2nd Problem

Secondary Structure
Prediction in Proteins
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Secondary Structure Prediction in Proteins

� Modelling

� Least Squares

� Singular Value Decomposition

� Best Basis

� Nearest Neighbors

� Linear Programming
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Facts about Proteins

Proteins are chain molecules built from 20 different amino acids
(AA).

� Linear polymer of amino acids, linked together by peptide
bonds. Average size is around 200 amino acids, large prote-
ins can reach over 1000 amino acids.

� To a large extent, cells are made of proteins. Proteins deter-
mine shape and structure of a cell, and serve as the main
instruments of molecular recognition and catalysis.

� Proteins have a complex structure with four hierarchical le-
vels.
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Amino Acids

� Each amino acid contains an amine group (NH3) and a car-
boxy group (COOH) (shown in black in the diagram).

� Orange area: nonpolar and hydrophobic. All other are hydro-
philic (“water loving”)

� Green box: hydrophilic and polar.

� Magenta box: acidic (carboxy group in the side chain).

� Light blue box: basic (amine group in the side chain).
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Amino Acid Table
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Types of Protein Structure

� Primary Structure b= sequence of AAs
� Secondary Structure b= folding of parts of the AA chain
� Tertiary Structure b= real 3-D conformation
� Quaternary Structure b= 3-D arrangement of several domains
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Protein Folding

� The whole structure (primary to quaternary) is determined
by the primary sequence and their physico-chemical interac-
tions in the medium.

� Therefore, the folding of a protein is de� ned by the gene-
tic material itself, as the three-dimensional structure with the
minimal free energy.

� The structure of a protein determines its functionality.
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Protein Structure and Function

Tertiary Structure decides the biochemical function of a protein.
! change in 3-D structure usually results in a loss of function.

Knowing the 3-D structure of a protein is the key to understan-
ding its function and to protein engineering.

� Finding the primary structure is easy

� Finding the secondary structure is dif� cult

� Finding the tertiary structure is very dif� cult

� Finding the function of a protein is dif� cult
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Secondary Structure

Secondary structure consists of fold patterns (rough structure).
Most important: (i) � -helix (ii) � -strand

In contrast to the tertiary structure, short range interactions in
the AA chain are important for the secondary structure.
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More on � -helices

� -helices mainly depend on interactions in a 4 AA window.

Reason: � -helix performs a 100� turn per amino acid.
) full turn after 3:6 AAs.

Properties of � -helices:

� Not only the AA sequence determines � -helix formation

� � -helices consist of 6-20 AAs in the primary structure

� Only 10% of the AA chain of a protein belong to � -helices.
! data consists of batches of 6: : : 20 “yes”

interpersed between longer batches of “no”.
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Example: Cytochrome C2 Precursor
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General Scheme for Mathematical Modelling

t r aining dat a

t est dat a

new dat a

validat ion

model

pr edict ion

par amet er s

t echnique
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Modeling the Prediction Problem

Given: 200,000 examples of known helices and strands in pro-
teins as the training set

Goal: Predict, mathematically, the existence and position of � -
helices in other proteins (e.g. in test sets).

� � � R A A D T G G S D P � � �
j j j j j j j j j j

� � � x x x h h h h h h x � � �
(h = helix,x=other)

We use the following de� nitions:

Training Set: Subset of the given data used to � nd solution
Test Set: Subset of the given data used for testing
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Classi� cation or Secondary Structure

Decision Problem: Find predictor f (: : : ) (using the training
data) that predicts the structure,e.g.

f (AADTG) =
�

1 if AADTGis part of a helix whenever it occurs
0 if AADTGis never part of a helix

Problem: What if AADTG is part of helix- and of non-helix-
structure?

Solution: Add a threshold parameter c0 and conclude

f (: : : ) � c0 ! Yes - it is an � -helix.
f (: : : ) < c0 ! No - it is not an � -helix.

Wissenschaftliches Rechnen — Kernfach: Joachim M. Buhmann, (adapted from Gaston Gonnet's online lecture notes) 94/119

Methodological Overview

Approaches to address this problem:

Method Math. structure solved with
Linear Least Squares ! Linear Formula SVD

Best Basis
Learning Methods ! Data Structure Nearest Neighbours

(multidimensional
search trees)

Linear Optimization ! Linear Inequalities Simplex Algorithm
Neural Networks ! Circuit
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Least Squares: SVD

First simple approach: Use a sliding window to cut the AA
chain into pieces. Count the number of occurrences of each
AA in the window (“ Method of Types” ).

Reasons: (i) � rst order approximation neglects AA's position
within the window.
(ii)The predictor f should “smoothly” vary over the sequence.

Reasonable idea for f : hyperplane

f (x) = aA xA + aC xC + aD xD + � � � + aY xY

where xA := # of occurrences of AA A.
f should predict if the central AA belongs to an � -helix.

Note: The xA change as the sliding window moves (at most by
2 at a time).
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Example

Given an AA chain with secondary structure

. . . RAADTGGSDP. . .

. . . xxxhhhhhhx. . .

. . . xxxhhhhhhx. . .

. . . xxxhhhhhhx. . .
(black =̂ structure info about central AA; green =̂ know secondary structure; red=̂ sliding window)

Resulting (strongly over-determined!) system of equati-
ons:

aR + 2aA + aD + aT + k0 = 0
2aA + aD + aT + aG + k0 = 1
aA + aD + aT + 2aG + k0 = 1

etc.
where k0 accounts for a constant bias.
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The Least-Squares Approach

Problem: Over-determined system is given with 21parameters
and usually 10000equations.

Approach: Find best (in the least-squares sense) approxima-
tion by minimizing the total error

S2 := (2aA + aD + aR + aT + k0 � 0)2 +

(2aA + aD + aG + aT + k0 � 1)2 +

(aA + aD + 2aG + aT + k0 � 1)2 + : : :
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Matrix notation: Find argminxkA x � bk , with

A =

0

B
B
B
@

2 0 1 : : : 1
2 0 1 : : : 1
1 0 1 : : : 1
... ... ... : : : ...

1

C
C
C
A

2 Rm � n ;

x =

0

B
B
B
B
B
B
B
@

aA

aC

aD
...

aY

k0

1

C
C
C
C
C
C
C
A

; b =

0

B
B
B
B
B
@

0
1
1
...
...

1

C
C
C
C
C
A

m = # of equations, n = 21 = # of unknown parameters,
m � n
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The Need of Weighting

Observations: Much fewer 1's than 0's in b (only about 10% of
the AAs are in helices). Trivial solution f (: : : ) = 0 is correct
in 90% of the cases.

Wanted: 80% correct for the 0's and 80% correct for 1's

Solution: Compensate by giving the 1-cases more weight,i.e.

S2 := w0(aR + 2aA + aD + aT + k0 � 0)2 +

w1(2aA + aD + aT + aG + k0 � 1)2 +

w1(aA + aD + 2aG + aT + k0 � 1)2 + : : :

where w = # w1s
# w0s

= number of ones
number of zeros: () equally distributed errors)

Example: Weigh “1”-cases 9-fold versus “0”-cases with w1 = 5; w0 = 5
9 .
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Singular Value Decomposition (SVD)

Wellknown algorithm to determine the singular values of a

nonsquare matrix A 2 Rm � n

A = U � V T:

Graphical view:

A = U S
VT
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U and V are orthogonal m � m resp. n � n-matrices, i.e.

U U T = I 2 Rm � m ;

V V T = I 2 Rn � n ;

) kU k = kV k = 1:

� is a “diagonal” m � n-Matrix; with singular values � i in the
diagonal, and � 1 � � 2 � � � � � � n � 0:

Residual:

kr k = kA x � bk =





 U � V T x � b






 =











� V T x| {z }

z
� U T b| {z }

c












:

The last equality is true, since we have multiplied by U � 1 =
U T ; and




 U T




 = kU k = 1, since U is orthogonal.
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Singular Value Decomposition (SVD) II

Minimizing kr k is equivalent to minimizing k� � z � ck. Hence
minimize (with z := V T x and x = V z, c = U T b)
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B
B
B
B
B
B
@

� 1 0
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0 � n
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... . . . ...
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1

C
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:

We now choose zk so that kr k is minimal, i.e.,

zk =
ck

� k
for k = 1: : : n

when � k > 0:
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Minimizing the # of Calculations

Goal: Avoid matrices of size � 10000 by calculating with
A T A 2 Rn � n ; bT A 2 R1� n ; and bT b 2 R.

Observation: A T A , bT A and bT b can be calculated in the
following easy way, when moving the sliding window across the
sequences:

Let RAA DT be a window of AAs at position i ; and A i be a
vector such that

A i � x , aR + aA + aA + aD + aT + k0;

i.e. A i = (2; 0; 1; : : : ; 0; 1) (lexicographical order). A i is the i t h

row of the matrix A :
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Iterative Algorithm

Let bi be 1 if the AA at position i is part of an � -helix, 0 if the
AA at position i is not part of an � -helix.

Starting with a 0-matrix for A T A , a 0-vector for bT A and bT b =
0 we compute for j = 1 to m :

A T A + A T
j � A j � ! A T A

bT A + bj � A j � ! bT A

bT b + b2
j � ! bT b
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The � rst update procedure is correct, since

�
A T A

�
i k =

mX

j = 1

Aj i Aj k =
mX

j = 1

0

B
B
B
@

aj 1

aj 2
...

aj n

1

C
C
C
A

�
�

aj 1 aj 2 � � � aj n
�

=
mX

j = 1

A T
j � A j

A similar calculation yields the other two update equations:

bT b =
�

b1 b2 � � � bm
�
�

0

B
B
B
@

b1

b2
...

bm

1

C
C
C
A

= b2
1+ b2

2+ � � �+ b2
m =

mX

j = 1

b2
j :
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bT A =
�

b1 b2 � � � bm
�

�

0

B
B
B
@

a11 a12 a13 � � � a1n

a21 a22 a23 � � � a2n
... ... ... . . . ...

am 1 am 2 am 3 � � � am n

1

C
C
C
A

=
mX

j = 1

bj (aj 1; aj 2; : : : ; aj n ) =
mX

j = 1

bj A j

Strategy: derive a solution to the problem which only requires
A T A ; bT A and bT b alone (and does not use A or b):
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Least Squares Using Eigenvalues

We can express the residual kr k2 := kA x � bk2 by

kr k2 = (A x � b)T (A x � b)

= (xT A T � bT )(A x � b)

= xT A T A x � xT A T b � bT A x + bT b

= xT A T A| {z } x � 2xT A T b| {z } + b T b| {z } ;

since xT A T b = bT A x 2R.

It holds: A T A = W � W T , where W is an orthonormal n � n-
matrix, and � is a diagonal matrix with diagonal-entries (eigen-
values) � i and � 1 � � 2 � � � � � � n , hence

kr k = xT W � W T x� 2xT A T b| {z } + b T b| {z } :
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Least Squares Using Eigenvalues II

Applying again the de� nition z := W T x and x = Wz , we get:

kr k2 = zT � z� 2zT W T A T b + bT b

Now let W T A T b = : d, then, since dim (d) = n, it holds:

kr k2 = zT � z � 2zT d + bT b

=
nX

i = 1

�
� i z2

i � 2di zi + b2
i

�

Minimize each quadratic term w.r.t. zi such that

2� i zi � 2di = 0 ) zi = di
� i
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SVD of A and Eigenvalue-Decomposition of
A TA

Let A = U � V T be a SVD of A . Then

A T A = V � T U T U � V T = V � T � V T :

Since � T � is a diagonal matrix, with diagonal entries � 2
i :

A T A = W � W T = V � T � V T

) � T � = � ; and W = V :

In other words: � i =
p

� i , and (V ; � ) is the eigenvec-
tor/eigenvalue decomposition of A T A .
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SV D : A = U � V T (� )
EV : A T A = V � V T

V is the same for SVD and EV!

Inserting (*) for A leads to

V � T U T U � V T = V � T � V T

) diag(� 1; : : : ; � n ) = diag(� 2
1; : : : ; � 2

n ):

Compare the interactive exercise “SVD”

ht t p: / / l i nneus20. et hz. ch: 8093/ w3r / SVD. j sp.
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Discarding Singular Values

Reasons for discarding:

1. Insigni� cant contributions to the solution and

2. singular problems.

We have kr k2 = c2
n + 1 + � � � + c2

m and kxk2 = kzk2 =
P n

k= 1( ck
� k

)2:

Effect of neglecting a small singular value � n :

set zn := 0  x0; r 0 with new vector

kx0k2 = kz0k2 =
n � 1X

k= 1

(
ck

� k
)2 and new residual

kr 0k2 = c2
n + c2

n + 1 + � � � + c2
m
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� kxk2

� kr k2 =
kxk2 � kx0k2

kr 0k2 � kr k2 =
( cn

� n
)2

c2
n

=
1

� 2
n

=
1

� n

When � k is small the omission of zk = ck
� k

will decrease kxk
signi� cantly while increasing kr k by little.
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Effect of Neglecting SVs

Ignoring the contributions of zk for very small � k can be desira-
ble.

Justi� cation: kxk largely decreases at the expense of only a
small increase in kr k2 by c2

k :

kxk2 vs. singular values kr k2 vs. singular values
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Criteria for Neglecting SVs

Simplify the problem by only taking into account the k largest
singular values (� 1; � 2; : : : ; � k )

Criteria for Choosing k:

1. � k+ 1 is 0.

2. � k+ 1 < 0+ numerical roundoff error.

3.
� 2

k+ 1
� 2

1
< � � 1

1000: (Contribution of variable k + 1 is � � 1000

times smaller than the biggest contribution.)

4. 1
� 2

k+ 1
is too large, based on some knowledge, of what kr k and

kxk represent.
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Example: Secondary Structure Prediction for
Cytochrome C2 Precursor

A T A , bT A and bT b derived during SVD.
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Example (continued):SVD Results

Results of the SVD analysis with all SVs. Are E/G helix former/breaker?
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Example (continued): Effect of Discarding SVs

Size of kxk2 and kr k2 as a function of the # of SVs
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Example (continued):SVD with Discarded SVs

Results of the SVD analysis with 19 discarded SVs
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