
Chapter 2

SecondaryStructur ePrediction in
Proteins

Topics

� Modelling,LeastSquares,SingularValueDecomposition,BestBasis

� NearestNeighbours

� LinearProgramming

2.1 Intr oduction to Protein Biochemistry

Secondarystructurepredictionin proteinsis an essentialproblemof MolecularBiology. Compare
thisconcisegermanintroductioninto thesubjectof protein-structure[19] for moreintormation.

Hereis ashortsummaryof theknown facts:

Proteinsarebasicallychain-molecules,built up from 20 differentAmino Acids (AA, seetable2.1).
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32 CHAPTER2. SECONDARY STRUCTUREPREDICTIONIN PROTEINS

Full name 3-LetterAbbreviation 1-LetterAbbreviation Index
Alanin Ala A 1
Arginine Arg R 2
Asparagine Asn N 3
AsparticAcid Asp D 4
Cysteine Cys C 5
Glutamine Gln Q 6
GlutamicAcid Glu E 7
Glycine Gly G 8
Histidine His H 9
Isoleucin Iso I 10
Leucine Leu L 11
Lysine Lys K 12
Methionine Met M 13
Phenylalanine Phe F 14
Proline Pro P 15
Serine Ser S 16
Threonine Thr T 17
Tryptophan Trp W 18
Tyrosine Tyr Y 19
Valine Val V 20

(For thechemicalstructureof theAAs comparee.g. thesepagesof theIMB Jena[21] or of theFU
Berlin [22]).

Therearethreelevelsto look at theprotein-structure:

� The primary structure is the sequenceof aminoacidsin the chain– i.e. a one-dimensional
structure.Theprimarystructuresof nearly100.000proteins[20] areknown today.

� The secondarystructure is the resultof the folding of partsof the AA-chain. The two most
importantsecondarystructures[23] arethe � -helix, andthe

�

-strand.Thereexist someother
commonsecondarystructures,whichareof lesserimportancelike turnsetc.

� the tertiary structure is the real 3-dimensionalcon�guration of the proteinundergiven envi-
ronmentalconditions(solvent,pH andtemperature).Herearesomeexamples:Leghämoglobin
[24] is a proteinwith a high contentof � -helices,Concanavalin A [25] is a proteinwith high
contentof

�

-strands,andhereyoucan�nd somemoreprotein-structures[26].

The tertiary structuredecidesthe biochemicalfunction of the protein. If the tertiary structureis
changed,theproteinnormallyloosesits ability to performwhatever functionit has,sincethisfunction
dependsonthegeometricalshapeof theactivesitein theinteriorof themolecule(key-lock-principle).
Although nearly90,000primary structuresareknown nowadays(in Nov. 2000),only about1000
tertiarystructuresareknown.
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Finding theprimarystructureis easy,
�nding thesecondarystructureis dif�cult,
�nding thetertiarystructureis verydif�cult,
�nding thefunctionof aproteinis dif�cult.

Sincethe tertiary structureof a proteindependson interactionsbetweenaminoacidswhich arefar
from eachotherin theprimarystructure,thepredictionof thesestructuresis averydif�cult task.The
predictionof secondarystructuresis slightly easier, sincetheinteractionsbetweenneighbouringAAs
playabiggerrole. Especiallythepredictionof � -helicesshouldbepossible,sincethey dependmainly
on the interactionsbetweenamino-acids,which arenot morethan4 placesaway in the chainfrom
eachother. Thereasonfor this lies in thefact,thatan � -helix makesa ������� turn peraminoacid. So
3.6aminoacidsarea completeturn,andthe � -helicesarestabilizedby theinteractionsbetweennext
neighbours,i.e. betweendirectneighboursin theprimarystructure,andbetweennumber0 and3, and
0 and4, whicharenext neighbourstooafterthebuildup of the � -helix.
Someadditional information about the biochemicalstructure of � -helices:
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1. � -helix formationisacomplicatedprocessdependingonmany factors,notjusttheAA-sequence.
Sothepredictioncanonly beanapproximation!

2. In thePrimaryStructurethe � -helicesconsistof sequencesof approximately6..20amino-acids.

3. � -helicesarenormallylocatedneareachother(pairwise,parallel)in 3D

4. An � -helix makesa ����� � turnperaminoacid(So3.6aminoacidsareacompleteturn).

5. Typically thereare' two sides'of an � -helix, oneis calledhydrophobic(“waterfearing”), the
otherhydrophilic(“waterloving”). Sotypically thehydrophobicpartswill bein theinteriorof
thehelix, thehydrophilicpartswill beon theoutside,surroundedby water-molecules.

6. Only 10%of theaminoacidsof a proteinaregenerallypartof some� -helix, soour datawill
consistof sequenceswith batchesof 6..20“yes” interspersedbetweenlongerbatchesof “no”.
Hence.

�����������

appliedto position 	 shouldin mostcasesbevery similar to
���������
�

appliedto
position 	�� �

�

(Theactualpercentageof � -helicesdifferswidely from proteinto protein.)

A conciseintroductioninto thestructureof thepeptidebondscanbefoundherein theWWW [27].
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2.1.1 The mathematical formulation of the problem

Figure2.1: Thegeneralschemefor mathematicalmodelling

Given200,000examplesof known helicesandstrandsin proteins(we usetheseasthetraining set),
thegoalis to predict,mathematically, theexistenceandpositionof � -helicesin otherproteins(e.gin
thetestsetor in totally new proteins).
Example: �����

� � � � � � � � � �

�����

	 	 	 	 	 	 	 	 	 	

����� 
 
 
 � � � � � � 
 �����

whereh signi�es ahelix, x somethingelse.
This is aDecisionProblem: Wewantto �nd a function

���������
�

whichpredictse.g.
���

���
�����

�����

� if
���
�����

is partof ahelix whenever it occurrs
� if

���
�����

is never partof ahelix

Obviouslywearein trouble,whenthesequenceAADTG is partof ahelix-structurein onepartof the
protein,andpartof anon-helix-structurein anotherpartof theprotein.
Whenwe usea mathematicalfunctionfor

���������
�

it maynot alwaysreturn � or � : So
���������
�

maybe
for example0.918.

Solution: Weaddaparameter��� (normally ��������� �

�

andweconclude,that
���������
���

�
��� Yes- it is an � -helix.

���������
���

�
���

No - it' s notan � -helix.

Weusethefollowing de�nitions
TrainingSet: Thesubsetof the(known) datausedto computetheparametersof

���������
�

TestSet: Thesubsetof the(known) datausedto testthecomputed
���������
�

We'll make a sharpdivision betweentraining-andtestset,elsethetestsetbecomesalsoapartof the
trainingset.(Sowe shoulduseevery testsetonly once!)
Thequality of thepredictionis measuredby theperformanceon the testsetalone. Performanceon
thetrainingsetis only anindicationwhenit' s reallypoor.
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Wenow look atmathematicallydifferentapproachesto modelandto solve thisproblem:
Method Mathematical structure solved with
LinearLeastSquares

�
LinearFormula SVD

BestBasis
LearningMethods

�
DataStructure(multidimensionalsearchtrees) NearestNeighbours

LinearOptimization � LinearInequalities Simplex Algorithm
NeuralNetworks � Circuit

2.2 LeastSquares– SVD

Figure2.2: Theschemefor modellingwith LeastSquares/SingularValueDecomposition

Weshalluseaverysimpleandpeculiarmodelasa �rst approach:
We cut the sequenceof amino acidsin piecesusing a Sliding Window of width 5. We shall not
distinguishthe positionof the AAs inside the window, we'll only take into account,how often an
aminoacidappearsin it. We do this, sincewe wantour function

�

to have “inertia”, asthewindow
moves. That is, the functionat position 	 shouldnot be very differentfrom the functionat position
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	�� �

�

(This is motivatedby thepracticalobservation,thathelicesarenormally6 to 20 AAs long and
not interspersed.)Thena reasonableideafor

������� ���������

�

�	�
���

�

�
�����

�

�����

�

�	�����

is to
useas

���

,
���

,. . . thenumberof occurrencesof aminoacids
�

, � , . . . in thesliding window. These
numberschange,aswe move thewindow, but at mostthenumbersfor 2 AAs at a time (oneout,one
in) arechanged.
Whenweusethenamesof theAAs themselvesinsteadof

��� �������

we�nally getthefunctionde�nition:
������� � �

�

�

# of
�

s in thewindow
�

���

�

�

# of � s in thewindow
�

�

�����

���

�

�

# of � s in thewindow
�

Example: Given an AA-chain (primary structure)andits secondarystructure,whereh signi�es an
� -helix, x somethingelse:

Hereis asmallpartof anAA-chain (primarystructure): ���	�

�����
����� � � ���

���	�

with known secondarystructureand3 slidingwindows: �	���


 
 
 � � � ����� 


���	�

(Black= structureinformationaboutcentralAA ���	�


 
�
 � � � ��� � 


�	�	�

in eachslidingwindow) ���	�


 
 
 � � � � � � 


���	�

Thevalueof thefunctionshouldapproximate,whetherthecentalaminoacidin theslidingwindow is
partof an � -helix or not.
Oursimplemodelwould resultin thefollowing systemof equationsfor theabove example:
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(2.1)

To accountfor any constantbias,we addaconstant(
�

to eachof theabove equationsandget

�
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(2.2)

Obviously this problemis stronglyoverdetermined!(We have 21 parametersand typically 10000
equations.)Sothebestsolution,we canget,is abestapproximationin a leastsquares-sense.
UsingtheLeastSquaresapproachwe write:
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(Notethatwe have reorderedthevariables
�

�
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�
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�

�

They arenow in lexicographicalorder.)
+-,

measuresthe total errorof theapproximation.Our goal is to selecttheparameter
�

�

�

�

�

�������

Y
and (

�
sothatthiserroris minimized.

In matrix notationthesystemof equations2.2couldbewrittenas 0�13254 , with
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where � = # of equations,�
�

� �

�

numberof unknown parameters= thenumberof theAAs + 1,
andtypically ��� ������������� .

0 containsin everyrow theinformationof oneslidingwindow. 1 is thevectorof theunknown values
to becomputed(i.e. thenamesof theAAs in lexicographicalorderand ( �

�

and 4 is 1 or 0 depending
on whetherthecentralAA in thesliding window is partof an � -helix or not.
Wecouldalsowrite thisas �	�
�

�

	 	

0�1 . 4

	 	

�

andwe try to �nd the 1 whichminimizes ���
�

�

Comparetheinteractive exercise“Modelling”.

The needof weighting:

Observations:
Therearemuchfewer 1's than0's (sinceonly about10%of theAAs arein helices)
Hencethetrivial solution

���������
� �

� is correctin 90%of thecases,namelyfor all casesof “0” and
for nocaseof “1”.
But that is not a solutionwhich we want!!! We want for example:80%correct0's and80%correct
1's.
To compensatefor this,wehave to givemoreweightto therelatively rare“1”-cases:Sowe introduce
aweighting-function� :
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� numberof ones
numberof zeros

�

In this way, theerrorsdueto the zerosandthe errorsdueto the
onesareweightedequally.
E.g: Weweighthe“1”-cases9-fold comparedwith “0”-cases:�

�

�

�

�

�

���

�

�

�

(sinceonly theratio
�

�

�

�

matters).

2.2.1 Singular ValueDecompositionand Eigenvalue Decomposition

The Singular ValueDecomposition(SVD)

Thereis a well known algorithmto determinethesingularvaluesof a nonsquarematrix 0 , theSin-
gularValueDecomposition(SVD). A SVD of 0
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is:
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Sominimizing ���
� is equivalentto minimizing �

�

���

.�� � . Written out in components,this means
minimizing
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The actual calculation of the SVD

A desirable impr ovement to minimize the number of calculations In our kind of problemwe
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�

� � and ��� ���������
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To avoid matricesof size10000,it wouldbeniceif wecouldcalculate
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whenmoving theslidingwindow acrossthesequences:
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9*:

:

:

:

:

;

with

�

/	�������

@

��/ 0

#

/

�

�

/��������

@

�	/

67

7

7

8

�

/ �

�

/

,

...
�

/

D

9*:

:

:

;

�

�

/��������

@

67

7

7

8

�	/

�

/ �

�
/

�

/

,

...
��/

�

/

D

9*:

:

:

;

and

4

#

4

�

�

�
�

�

,

�����

�

@

�

�

67

7

7

8

� �

�

,

...
�

@

9*:

:

:

;

�

�

,

�

� �

,

,

�

�����

� �

,

@

�

�

/��������

@

�

,

/

�

In the next subsectionwe'll show a solutionto our problem,which requires0

#

0

�

4

#

0 and 4

#

4

alone(anddoesnotuse 0 or 4

���
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LeastsquaresusingEigenvalues

Wecanexpress�	� �

,

in thefollowing way:

�	�
�

,

�

� 0�1 . 40�

,

� �

0�1 . 4

� # �

0�1 . 4

�

� �

1

#

0

#

. 4

# � �

0�1 . 4

�

�

1

#

0

#

0�1 . 1

#

0

#

4 . 4

#

0�1 ��4

#

4

�

1

#

0

#

0

3 465 7

1 . � 1

#

0

#

4

3 465 7

� 4

#

4

3 495 7

, since1

#

0

#

4

�

4

#

0 1

< >

�

Usingtheeigenvaluedecompositionof 0

#

0 (notice,that 0

#

0 is symmetric!)wesee:
0

#

0

������� #

, where
�

is an orthonormal � % � -matrix, and
�

is a diagonalmatrix with
diagonal-entries(eigenvalues)� / and � �

�

�

, �

�����

�

�

D

, hence�	� �

�

1

#

����� #

1 . � 1

#

0

#

4

3 495 7

� 4

#

4

3 495 7

�

Applying againthede�nition
�

�

���

#

1 andhence1

���

�

, weget:

�	�
�

,

�

�

#

�

�

.
�

�

#

�

#

0

#

4 ��4

#

4

Now let
�

#

0

#

4

�

��� , then,since	 	 �

�

�

���

� , it holds:

� � �

,

�

�

#

�

�

.�


�

#

�

��4

#

4

�

D

�

/����

�

� /

�

,

/

.
�

�

/

�

/ �)4

,

/

�

Theminimumof thisequationis achievedfor theminimumof eachquadraticterm,i.e. thederivative
of eachtermwith respectto �

/

�

��� /

�

/
.

�

�

/

�

�

�

/

�

�

/

� /

The relation betweenthe SVD of 0 and the eigenvalue-decompositionof 0

#

0

Let 0

��� � !

#

beaSVD of 0 . Then 0

#

0

� ! �
#

�

#

� � !
#

� ! �
#

�"!
#

�

Since
�

#

�

is a diagonalmatrix, with diagonalentries .

,

/

, it' s obvious, that 0

#

0

�������
#

�

! �
#

�"!
#

. So we canconclude,that
�

#

� �
� �

and
� � !

. In otherwords: . /

���

� / , and
� ! ��� �

is theeigenvector/eigenvalue decompositionof 0

#

0 .
(Remark:0�0

#
��� �"!

#
! �

#
�

#

��� � �
#

�

#

�

so
� � ��� �

is theeigenvector/eigenvaluedecom-
positionof 0�0

#

. Thismeans,thatif wewouldneed
�

wewouldhaveto compute0 0

#

. Fortunately
this is normallynotneeded.)
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SVD: 0

��� �"! #

(*)
EV: 0

#

0

� ! �"! # !

is thesamefor SVD andEV - seeabove!
Inserting(*) for 0 leadsto

! � # �

#

� �"! # ��! � # ��! #

�

67

8

� � �

.. .
� �

D

9*:

;

�

67

8

.

,

�

�

. . .
� .

,

D

9*:

;

Comparetheinteractive exercise“SVD”.

2.2.2 Criteria for discarding singular values

After we solvedtheleastsquaresproblemswith SVD (or eigenvector/eigenvalue decomposition)we
canchoosehow many singularvalueswill beusedin thesolution.
This �e xibility allows usto solve two importantproblems:

� Singularproblems(thesemaybecausedby independentvariableswhich arein truth not inde-
pendent)and

� contributionsto thesolutionwhicharevery insigni�cant.

We have � � �

,

�

�

,

D

�

�

�

�����

���

,

@

and � 1 �

,

�

�

�

�

,

�

�

D

�

���

�����

�

�

�

,

�

Now, whathappens,whenwe
neglectasmallsingularvalue .

D

by setting�

D

�

� ?
� 1�� �

,

�

�

�

� �

,

�

�

D

;

�

�

���

�����

�

�

�

,

and �	�	� �

,

�

�

,

D

� �

,

D

�

�

�

�����

� �

,

@

�

Comparingthedecreasein thenormof theanswerwith theincreasein thenormof theerror, weget




� 1 �

,




���
�

,

�

� 1 �

,

.
� 1

�
�

,

���

�

�

,

.
�	�
�

,

�

�

���

�

�

�

,

�

,

D

�

�

.

,

D

�

�

�

D

When .

� is small theomissionof � �

�
���

�

�

will decrease� 1 � signi�cantly while increasing���
� by
little.
Henceit maybedesirableto ignorethecontributionsof � � for very small .

� – theomissionof such
valueswill bejusti�ed by thelargedecreaseof � 1 � andthesmall increasein �	� �

,

by �

,

�

�

Figure2.3: �

�

,

� vs. numberof SingularValuesused,compareFigure2.7
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Figure2.4: ���

,

� vs. numberof SingularValuesused,compareFigure2.7)

So, to simplify theproblemwe only want to take into accountthe ( largestsingularvalues,namely
.

�

�

.

,
������� �

.

�

�

andwe wantto discard.

�

�

�

�������'�

.

D

�

(Note: .
/

�

�
� .

/ ) – Sohow shouldwe choose
( ?
Criteria:

1. .

�

�

� is 0.

2. .

�

�

�

�

� � numericalroundofferror.

3.
���

���

�

�

�

�

�

�

�
� � �

�

(Contributionof variable� � � is1000timessmallerthanthebiggestcontribution.)

4. �

�

�

���

�

is too large,basedon someknowledge,of what �	�
� and � 1 � represent.

2.2.3 A concreteexample

As anexampleweapplyourmathematicalmodelto theAA sequenceof theCytochromeC2Precursor.
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TheAA sequenceof theCytochromeC2precursor(135AAs of which48arepartof helices

Thematrix 0

�

0 , thevector 4

�

0 andthenumber4

�

4 derivedduringtheSingularValueDecompo-
sitionarethefollowing:

Figure2.5: Thematrix 0

#

0 , thevector 4

#

0 andthenumber4

#

4 derivedfrom thesequenceof the
CytochromeC2precursor

Theresultsof thesingularvaluedecompositionof thesedataare:

Figure2.6: Theresultof theSVD analysisfor theCytochromeC2precursor(singularvalues0 and
�

�����

�

���

;

��� discarded)
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Can �

�

� �

�������

� and "

�

. �

�

�

�

��� beinterpretedasanindication,that � is a stronghelix-former
(it contributesto thevalueof

�

+0.3652,every time it appears– recall:
�

(helix) = 1,
�

(not helix) =
0), while " is alike ahelix-breaker, sinceit reducesthevalueof

�

by 0.16,every time it appears?
What happens,if we discardsomesingularvalues?– We get the following for the quadraticvalue

�

�

,

� andthequadraticnormof theresidue���

,

� :

Figure2.7: Thesizeof �

�

,

� and ���

,

� dependingon thenumberof thesingularvalue

The largestof thesingularvalues,.
� , hasa valueof 440.4,so thevariable

!

� (the �rst eigenvector
of the transformationmatrix

!

) is an importantvariable. Likewise all the large componentsof
!

�

correspondto importantvariablesin ouroriginalbasis.Thesameholdsfor all otherbig .�/

�

So how canwe interpretour results,whenwe have the 19 smallestsingularvaluesdiscarded?I.e.
whenwehave thefollowing result:
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Figure2.8: Theresultof theSVD analysisfor theCytochromeC2precursor(19singularvalues
discarded)

Now the ”strongest”helixformerseemsto be K with a quitesmall valueof 0.137– so our analysis
didn't work well for thisveryshortAA sequence.
Comparetheinteractive exercise“SVD - aconcreteexample”.

2.3 Least squares– BestBasis

Comparetheinteractive exercises“BestBasis”and“Population”.

2.3.1 De�nition of “Best Basis”

In theprevioussectionwesolvedthefull leastsquaresproblemandretainedonly themostsigni�cant
contributionsto thesolution(by selectingthelargestsingularvalues).In this sectionwe will choose
which independentvariables(i.e. aminoacids)to keepin thesolution.This is anotherwayof getting
only themostsigni�cant contributionsto thesolution.
Our problemis to identify themostsigni�cant variables,i.e. the ( columnsof 0 which resultin a
minimal ��� � . (Rememberthesizeof 0 is � % �

�

with ��� ��������� and �

�

� � ). This problemof
�nding the'best' ( variablesis calledtheBestBasisProblem.
This is a really dif�cult problem,in fact it is NP-complete.Solving it by bruteforcewould require

�

� �

D

�

�

(

�

�

operations,sincewe have to checkall possibilitiesby �rst choosing( out of � rows then
solvingthecorrespondingleastsquaresproblemusinga Gaussianelimination,requiring

�

�

(

�

�

op-
erations.
Sowehave for

� (

�

D

�

�

(

�

�

D

�

�

(

�

10 5 �

�

� 125
�

�

�

��� a reasonablenumber,
21 10

���

�

�

��� 1000
���

�

�

��� ����� borderline,
40 20 �

��� ���

�

�

�

� �

� � 8000 2 �����

�

% ���

�

,

animpossiblenumberof calculations.
Consequently, it' s possibleto usethe bruteforce approachfor our problem,sincewe have �

�

� �

(20 AAs and (
�
). For ���5� � it quickly becomesimpossible.In suchcaseswe de�nitely have to use

approximatealgorithms.

StepwiseRegression

An approximationto BestBasisis stepwiseregression,amethodcomingfrom statistics.
Thistechniquestartswith anemptybasisandincludesoneindependentvariableatatime. Thevariable
addedis theonewhich,of all theremainingones,reducestheerrorby themost.Whenthebasishas

�

variables,we have to solve �
.

�

leastsquaresproblemsof size
�

� �

�

This normally requires
�

�
.

�

�	��
 �

�

� �

�

�
�

operations,i.e.
��
 �

�

� �

�

�

�

�
.

�

�

�

. Thetotal work for abasisof size ( is

�

;

�

�

�

�
�

�



�

�

� �

�

�

�

�
.

�

�

�

���

�

(

�

�

�

�
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Stepwiseregressioncanbecomputedbackwards,thatis startingwith all variablesin thebasisandat
eachstepremoving thevariablewhich increasestheerrortheleast.In thiscasethetotalcomplexity is

D

�

�

�

D

;

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

� . (

�

�

Thisprocesscanbeimprovedby usingalgorithmswhichcomputesolutionsto leastsquaresproblems
from previoussolutionswhich differ in only onebasisvariable.In this casethecompexities become

�

�

(

�

�

�

and
�

�

�

�

�

� . (

�

�

respectively.
This is not an optimal algorithm, it is, what is normally calleda greedyalgorithm: it choosesthe
optimalvariablefor eachindividual step,whichdoesnotguaranteeglobaloptimality.

Dif�culty of the problem

The bestbasisproblemis inherentlydif�cult, sinceit doesn't allow a “continuousapproximation”.
This is illustratedin thefollowing exampleof ourproblem 0�1 . 4

�

�

For a matrix 0 with
����� �

0

� �

� % � ( setthe �rst ( columns0*�

�����

0

� to randomvalues.Set 4

to be thesumof thesecolumns.Hencea perfectsolutionwith �	� �

�

� of the problemis given by
choosingthese�rst ( columns.
Now choosethenext (

.
� columns0

�

�

�

�����

0

,

�

;

� to berandomandchoosea randomvector � of
very smallerrors.As laststepsetthelastcolumnof 0 to be

�

,

�

;

�

�

�

�

0'/
.

4 ���

�

Choosingcolumns
( � � to � ( asasolutionwill give ��� � aserror, whichcouldbemadearbitrarily small- dependingon
thechoosingof � .
Sowe have got two completelydifferentsetsof solution-vectors,onewith errorzero,theotherwith
anarbitrarily smallerrorof �	� � . All othersubstantiallydifferentsolutionswill have very large �	�
�

�

sincethey will involve amissingor additionalrandomcolumn.
Conclusion: Thereis no guaranteethata selectionof columnswith a smallerrorwill be “close” to
theoptimal! Comparethesmallexampleshown in theFAQsof theonlineversion!

2.3.2 Formulation of the minimization-pr oblemusing “Best Basis”

Note: The techniquethat we will show here appliesto this and several other problems.
Let �

��


� �

�

�

, ���������

�

�
� bea setof columnindices,i.e. a subsetof



�

�

�

�������

�

� . Sincetheorderof
the �

/ is not relevant,we will usethenaturalorder �
/

�

�
/

�

� for 	

�

�

�����

(
.

� .
Let �

�

� �

�

�

, ������� �

�

�

� �

��� � , whenusingthe ( columns� �

�

�

, �������'�

�

� in theleastsquaresminimiza-
tion. Theproblemis to �nd thesubset���




�

�

�

�������

�

�

�

suchthat �

�

�

�

is minimized.
Let 	��




�

�

�

�������

�

� bea neighbourof �

�

Mathematicallywritten: 	

��


	 �

�

	

, ���������

	

�
�

<

�

�

�

���

	

	����

	

�

	

��� 	

	

�

�

�

i.e. thesets� and 	 containeachexactly oneelement,which isn't anelementof
theotherset. Since � and 	 aresetsof columnindices,this means,that thecorrespondingmatrices,
will containeachoneonly onerow, which is not containedin theothermatrix.
What's thesizeof theneighbouringset

�

�

�

���

	

�

�

�

�

	

�

(

�

�
.

(

�

, sinceeachof the ( columnscan

bereplacedbyoneof the �
.

( notusedcolumns.
Example: �

� �

, (

�

� , �

��


�

� �

�

�

�

�

����
�


�

�

�

�

��


�

� �

�

��


�

� �

�

��
 �	� �

��� and
	

�

�

�

�

	

�

Now wecande�ne a local optimum:

� is a localoptimum
� �! 

	

<

�

�

�

��"

�

�

�

�

�#�

�

	

� � �
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2.3.3 Algorithms for �nding local minima

We will �nd local optimaby startingat a randompoint � andgoing throughits neighbours.Two
generalstrategiesarepossible,EarlyAbort andSteepestDescent.

Early Abort

Algorithm:

���������
	���
����
����
�����
�������	�� 	��������!�#"

�$����%'&(��)*"

�������������+�

��
,�-��.�/�/'&(��)

��0

�213���4%5&6�7)8"

.�%-�21:9;�-�

�

��	

�������<"

�$���4�212"

��0
��0

�������������<"

%=.8"

0 �

"

� "

� is a local optimum.
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(Discrete)SteepestDescent

Algorithm:

����������	���
����
����
����,
�������	 � 	��!�����!� "

�$����%5& ��)*"

�

�

��	
�

� �

� �����

"

���

.
	

�

�

�

��	
�

�

�!0

�

�

�
	
�

� ���4%

�

	

���

"

%

0 �

� .�/�/5& ��)

�!0

�213���4%5&6�7)8"

.�%-�21:9;�

�����

/

�������'"

�$���4� 1*"

�

�

��	
�

� � �

� �
���

"

%=.8"

0 �

"

0 �

"

� "

� is a local optimum.
For both methods,the mostexpensive stepis the computationof �

�

�

�

. So an improvementcanbe
madeby avoiding computationsof pointsalreadydone.

Impr oved Version De�nition: A Path is asequenceof neighbours,whichendsat a local optimum.
Pathsaredirected.
With earlyabort,few neighboursarevisitedin the�rst steps.Thelaststephasto visit all neighbours,
i.e. is expensive. All thestepsof SD areequallyexpensive. Normally we expectto do fewer stepsin
SD,but thedifferencenormallyfavorsEA.
It is importantto keeptrack of pathsand their visited neighbours,because,if on a new path, we
moveontoanalreadyvisitedpoint,wecanstopfollowing thatpath,aswewill walk to thesamelocal
optimum.
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Impr oved SteepestDescentAlgorithm:

De�nition:

�

�����
������� ��� ���

� �
�����

�����

�

�����!����	

�

�����������	�!����
����

%

0 �

�����,�4%

��0�


1

��0

1��
�

�!0

����������	���
����
����
��

�

���!�,���7������"

.�%

�

�����
������� ���

�����

/ 	!�




�4%=.8"

�

������������� ��� ���

� �
���

"

�$����%5& ��)*"

�������������+�

%

0 �

��1 . /�/'& ��)

��0

� 1 ����%'&(��1�)8"

. %��21 9;�

�
���

/

.�%

�

������������� ���

�
���

/ 	!�




��%=.8"

� ������12"

� ���4�212"

��0 ��0

�������������<"

%7.#"

�

�����
������� ��1�� ���

� �
���

"

0 �

"

0 �

"

Remark:” 	!�




� ” is aMaple-commandwhichskipsto thenext iteration.Look it up in theMaple-help,
e.g.usingtheMaple-frontendof theonlineversion!

2.3.4 The Con�dence Inter val

Within eachbasisit is easyto orderthevariablesaccordingto their contribution. For eachvariable
we compute&

/

�

�

�

� �




��/

�

�

,

.
�

�

�

�

,

(where �9/ is the 	���� elementin the solutionvector � ). &

/

representsthenormincreasewhen � / is not used.Intuitively, the larger thenormincrease,the larger
theimportanceof �6/ �

Using &

/ wecanalsocomputea relative con�denceinterval for eachvariable(aminoacid).
Let

�

/ be the value of the variablecorrespondingto the column � / in the solution of �

�

�

�

. The
contribution of this variableto thereductionof thenormsquaredis quadratic,sincewe have a linear
leastsquaresproblem,i.e thenormis aquadraticfunctionin termsof the � / :

� � �

,

�5�

�
�

�

� � / �

��,

�

,

/

Its minimum is at
�

/

�

andat 0 (when �9/ is not used,i.e. �9/

�

� ) thenorm is �

�

� �




�9/

�

�

,

�

i.e. the
increaseis &

/

�

Since ��� �

,

�

�

,

��� �

when� /

� �

/

�

andwhen�9/

�

�

�

then ��� �

,

�

�

,

�

�

�

�

�

.
�

�

,

�

&

/

�

�

,

�

���




� /

�

�

by de�nition it holds:
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Sothenormof theresidues,whenwe allow � / to take arbitraryvalues,mustbe

� � �

,

�

�

�

�

�

,

�

�

� / .

�

/

�

/ �

,

&

/ (2.3)

�

�

�

�

�

,

���

� / .

�

/

���

�

�

�	�

,

(2.4)

Oncethat �9/ is divided by
���

�

�

�

thenthecontribution of �6/ to the residueerror is normalized,that is:
�

�

;

���

�

�

�

is 


�

�

�

�

�

distributed:
� /

� �

/�� �

�

�

���

�

�

�

for a67%con�dence,and �6/

�5�

/�� �

�

� �

���

�

�

�

for a 95%con�dence.

2.4 Final Observations for the LeastSquaresMethods

For theLS methodswe obtaina linearequationwhich shouldpredicttheexistenceof a helix. In this
sectionwe describehow to re�ne thispredictorfunctionandhow to validatethewholeprocess.

2.4.1 Re�ning the predictor function

We have a minor technicalproblem,sincewe wanteda functionwhich givesusa 1 if thereis a helix
anda0 if not:

���������
� �
� 1 if helix

0 if non-helix
�

But the resultof our function may be a valuebetween0 and1, so we have to de�ne a 'barrier' �
�

whichgivesusa decisionpossibilityfor helix/non-helix.
Example:

���

��� ����
 ���

�

2 �

�

�

�

���������
� �

�
�

"

helix
���������
� �

� �

"

non-helix
How shouldwedetermine�

�
? Wecouldset �

�
= ��� � , thiswouldbeequalto roundingthevalue.But

wecan't besurethatthis is optimal.A possibleapproachis to counttheFalsePositivesandtheFalse
Negatives. We have a FalsePositiveif our function

�������������

�
� predictsthat thereis a helix, but in

realitythere is no helix. And aFalseNegativeoccurredif
���������
���

�
�

predictsnohelix, but in reality
there is ahelix.

Figure2.9: FalsePositivesandFalseNegativesdependingon
�

�

We cannow choosea �
� sothata weightedsumof errorsis minimum. For thatwe sortall valuesof

���������
�

by descendingorder. Set �
�

to thetopvalue(this is equalto #(FalsePositives)= 0 and#(False
Negatives)= #(helices)andcalculatethenumberof FalsePositive andthenumberof FalseNegative,
multiply themwith theirweightingfactorandaddthemtogether.
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���

�������

�

�
	�����


�������������������

�

�����

���

���! �"

�#�%$&���

������'

�%�

�

�
���)(

�*�

���! �"

�#�%+*�

�  ���,'

�%�

�

Let now � � decreaseby thevalueof thesortedfunctionresults.Look for thesmallesterror, thenwe
have found � �

.

For moredetailscomparetheFAQ of theonlineversionof theselecture-notesplease!

Validation

Weusepart(half) of thedatato �t theparametersandthesecondpartto validatethemodel.
It is very tempting(andvery incorrect!) to concludethequality of themodelfrom the�tted data.In
particularit is recommendedthatthevalidatingdatabeusedonly once.I.e. do asmuchwork asyou
wantwith the�tting, but oncea modelis computed,usethevalidationdatato testit. This validation
datashouldnotbeusedagainfor validationpurposes!
Testingthemodelagainstthevalidationdatawill tell, how accurateour predictionsare. Remember
that50%(weighted)accuracy is achievedby randomchoices,soit is no accuracy at all!! In thecase
of helix predictionaweightedaccuracy of 75%is consideredgood.
Until now we lookedat functionsthatusedawindow sizelike

��� �

;

,�� �

;

�

� �

�

� �

�

� �	, � �5�

;

,

�

�

;

� �

�

�
�

�

� �

��,

(symmetric)
��� �

�

� �

�

� �	, ���5�

�
�

�

� �

�	,

(asymmetric)

Anotherideais to useWeightedFunctionslike

��� �

;

,�� �

;

�

� �

�

� �

�

� �	, � �

�

;

, �

;

,

�
�

;

�

�

;

� �
�
�

�

�
�
���

�

� � �

, �	,

�

�

,

/��

;

,

� /

�

/

Theproblemof thisapproachis thatit leadsto anonlinearleastsquaresminimiziation,whichis much
moredif�cult to solve.
A more conventionalapproachwould be to usesomenumericalpropertiesof the amino acidsto
weightthefunction.Possibilitiesare:

� Hydrophobicity:H(AA)

� MolecularWeight/ Size:W(AA)

� Charge: C(AA)

�

�����

��� �

;

, � �

;

�

� �

�

� �

�

� ��, � �

�.-0/21

;

,43

� �

;

, �

�
�.-�561

;

,87

� �

;

, �

�
��-

�

1

;

,

�

� �

;

, �

�

�����

� �
-�/�1

,
3

� �	, �

�
�
-0561

,
7

� ��, �

�
�
-

�

1

,

�

� �	,��

In this casewe would have 15 � 's asunknowns (for 3 propertiesandwindow size= 5) anda linear
leastsquaresproblem.
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2.5 Linear Classi�cation/Discrimination

The previous sectionsshow methodsto constructa linear function which makesthe prediction. In
matrix notation,for the datamatrix 0 we computea vector 1 anda value � � suchthat 0 / 1 � � �

is an � -helix, and 0,/ 1 � � is no � -helix, where 0,/ is the 	 th row of 0 andcorrespondsto the 	 th
observation.
Theproblemcanbetreatedin a differentway, andinsteadof approximatinghow closethevaluesof

0'/ 1 areto 0 or 1, wecouldminimizethetotalnumberof errorsmadein theprediction.Thatis, given
0 and 4 �nd a vector 1 anda value � � sothat thenumberof timesthat 0)/ 1 � � � when 4�/

�

� and
thenumberof timesthat 0 / 1 � � when 4 /

�

� is minimized.
Thecaseswhen 0 /�1 � � � and 4�/

�

� arecalledfalsepositivesandthecaseswhen 0$/�1 � � when
4�/

�

� arecalledfalsenegatives.In thesetermswe wantto �nd 1 and � �
whichminimizethesumof

falsepositivesandfalsenegatives.
It is often thecasethatwe want to weight thepositivesandthenegatives,if their numbersarevery
different(e.g. 10 positivesversus1000negatives). It is commonto weight the falsesin sucha way
thatthetotalweightof thepositivesis thesameasthetotalweightof thenegatives.
For exampleif � is thenumberof observationsthen 4

#

4 is thenumberof positivesand � . 4

#

4 is
thenumberof negatives.

�������

�

�

�

D

���

�

4

#

4

�
.

4

#

4

will weighthepositivesasmuchasthenegatives.
Theproblemaspresentedis very dif�cult, it is NP-hardeven for integer matrices0 . Sowe do not
expectto solve it exactly, wewill behappy with anapproximation(whichis whatweweredoingwith
SVD andBestBasis.).
In statisticsthis problemis resolved in a particularway andit is calledFisher's linear discriminant
[29], [30].
The view usedfor Fisher's linear discriminantis to maximizethe distancebetweenthe averagesof
thepositivesandof thenegativesrelative to thevarianceof thewholesample.
Thamainproblemwith theleastsquaresmethodsis thatthey try to approximateall positivesto 1 and
all negativesto 0. This is in principleagoodgoalbut fails in two cases:

� apointwhich is correctlyclassi�edbut whosevalueis way too large(any changeis useless)or

� apointwhich is incorrectlyclassi�edandwhosevalueis hopelesslyfar from �
�

�

(****Bild hier***)
All thenegativesareapproximatedto 0. All thepositivesareapproximatedto 1.
Somearrows areshown to indicatewhatLS triesto achieve, i.e. movethepointsin theright direction
(thelongerthearrow, thelargerthe“pressure”to move thepoint).
It is clearthattheeffort to movethepointsmarked(a) is useless.It is alsoclearthatthepointsmarked
with (b) arehopelessto move, they aretoo far away.

An excellentstrategy to improveaclassi�cation(obtainedin any way) is to identify theseoutliers(the
(a)sandthe(b)sandredotheclassi�cationwithout them.
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Thisgivesanalgorithmfor improvementor re�nementwhichhasthefollowing steps:

Algorithm: Re�ne linear classi�cation

0.
�����

���

�

�

�

initial classi�cation

do

1. Selectall thepointsfor which
	

0�1 . � �

	

���

2. For thesepoints(pointscloseto thedecision,notoutliers)compute	 , suchthat
	 	

0

�

.

�

� 4 .

�

�

	 	

is minimal.

3. Explore 1 ���

� for positive � to seeif theweightednumberof falsesdecreases.Replace1�� 1 �

�

� .

od;

4. If thereis no improvement,breakoutof theloop.

The main ideaof step2. is to �nd a directionwhich will move the positives to the right and the
negativesto theleft:
( � ��/

.
� for positivesand � �9/ � � for negatives.)

This will tendto producea minor rearrangementof thepointsaround�
� , hopefullywith animprove-

ment.
Thealgorithmcanbetried with many valuesof

�

or by choosing
�

sothata particularfractionof the
datapointsareselected.Thisgivessomevariationto therunningof there�nement.

2.6 Learning Methods - NearestNeighbours(NN)

2.6.1 Mathematical formulation of the problem

Figure2.10:Schemefor Modellingwith NearestNeighbours
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The generalidea

Themainideaof this methodis to storeall datapointsof known helicesandnon-helices.For a new
datapoint we searchin this databasefor theclosestdatapoints,called“nearestneighbours”,andwe
decideaccordingto thevaluesof theseneighbours.GeneralAlgorithm:

1. Describeeachdatapoint
���

�����

���
by amappingof the � -dimensionalvectorof numericalval-

ues(coordinates)to thevalue(s)to predict:

� �

� �

� � �

�

� �

, ������� �

� �

D

�

� � �

...
...

�

@

� �

�

@

�

�

�

@

, ���������

�

@�D

�

� �

@

Figure2.11:Datapointsandtheir values�

2. This mappingis viewed asa function in � -dimensionalspace,which is only de�ned for the
pointsfor whichwe have data.

3. Wede�ne adistancefunctionbetweenpoints
�

/ and
�

� by:

	

�

�
/

�

�

�

�����

���

�

� / �
.

�

�

�

�

,

�

�����

�
�

D

�

� /

D

.
�

�

D

�

,

with �

�

� � for (

�

�

�����

�

�

The �

� normalizethedistances.Thegoal of this normalizationis to have pointsequallydis-
tributedin all dimensions.

4. Westoreeverypoint in anappropriatedatastructure(anNN-tree).

5. For every new point to predictwe �nd the nearestneighboursandinterpolatethe resultfrom
their values.

Application to Helix Prediction

� What is thedimensionwe areworking with? Thedimensiondependson thewindow sizewe
use.(Wecouldusehydrophobicity, size/weight,charge,

�����

peraminoacidasdescribedabove.)
�

3

�
�

� � + �
�

� �

�

�
�

� ������� �

3

��� � � + ��� � �

�

��� � �

3 465 7

D

; dimensionaldatapoint

�
yes/no

In ourdiscussedexamplewe have �

�

� �

�
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� Distancebetweenpoints 1 and � :

	

�

1

�

�

�����

���

���

� .�� �

�

,

�

�����

�
�

D

���

D

.��

D

�

,

� /�� �

Weusetheformulawe discussedfor thecon�denceintervals in section2.3.4.

� /

� 


�

�

�

���

�

,

�

�

�

�

�

�

(SeeNormalizingDimensionin section2.6.4 for moreinformation!)

� Thesolutionmethodswhichwe will discusshereare:

– Sequentialsearch

– RangeSearchingwith
� QuadTrees
� k-d Trees(k-dimensionaltrees)

2.6.2 Searching and Data structuresfor NN problems

SequentialSearch

Westorethepoint in anarrayandgo throughtestingeveryentryif it is aneighbour. Complexity:
(# pointsin trainingset)

�

(# pointsin testset)
� � �

�

�

�

� �

2 �

�

2

� �

�

,

�

This techniqueis out of the questionfor our amountof data. Therearebetterdatastructuresthan
sequentialsearchaswe're goingto see.

RangeSearching

Givena setof pointsin theplane,it is naturalto askwhich of thosepointsfall within somespeci�ed
area.”List all citieswithin 50 milesof Princeton”is a questionof this typewhich couldreasonably
beaskedif a setof pointscorrespondingto thecitiesof theU.S.wereavailable.Whenthegeometric
shapeis restrictedtobearectangle,theissuereadilyextendsto non-geometricproblems.Forexample,
”list all thosepeoplebetween21 and25 with incomebetween$60'000and$100'000” askswhich
”points” from a�le of dataonpeoplefall within acertainrectanglein theage-incomeplane.Extension
to morethantwo dimensionsis immediate.If wewantto list all starswithin 50 light-yearsof thesun,
we have a three-dimensionalproblem,andif we want therich youngpeopleof theparagraphabove
to be tall andfemaleaswell, we have a four-dimensionalproblem. In fact, the dimensionof such
problemscangetveryhigh. In general,weassumethatwehaveasetof recordswith certainattributes
thattake valuesfrom someorderedsets.Findingall recordsin a databasethatsatisfyspeci�edrange
restrictionson a speci�ed setof attributesis calledrange searching, andis a dif�cult andimportant
problemin practicalapplications.

Quad Trees

Quadtreesin ( dimensionssplit thesearchingspacein �

�

subspacesat eachnode.That is, for each
internalnode,the point storedat thenodesplits the remainingdatapointsaccordingto all possible
subspaces.
A Quadtreefor (

�

� is identicalto abinarysearchtree.
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A Quadtreefor (

�

� splits the2D-spacein four subspacesat eachinternalnode.Thefour descen-
dantsareusuallycalledNorth-East(NE), North-West(NW), South-East(SE)andSouth-West(SW).
Thedatapoint in thenodeis exactly in themiddleof thispartition.CompareFigure�g:Prob2-16!
Example:

Figure2.12:Exampleof a QuadTreedatastructure

QuadTreesarenot practicalfor our problem:TheQuadtreesfor � dimensionshave internalnodes
with �

D

descendants.Hencethesetreesaretotally impracticalfor large �

�

( -d Trees( ( -dimensionaltr ees)

Thegeneralizationfrom binarysearchtreesto ( -d treesis quitestraightforward: simplycyclethrough
the dimensionswhile going down the tree, i.e. for the root usethe �rst dimensionfor the decision
aboutthesubtrees,for thesecondlevel usetheseconddimensionetc.– CompareFig. 2.13!
In a randomsituation,theresultingtreeshave thesamecharacteristicsasbinarysearchtrees.

Figure2.13:An exampleof a ( -d treewith (

�

�

� Alternatinglysplit vertically (left is left point)
andhorizontally(left is lowerpoint)

For very high dimensions,say20 – 40, the ( -d algorithmhasto bemodi�ed to beuseful. If we used
it asde�ned, cycling over all thedimensions(remember:20 – 40) we will normallyexhaustthetree
beforeweevenhave testedsomeof thedimensions.
The solutionto this problemis baseduponusinga linear combinationof dimensionsat eachlevel
(insteadof usinga singleone).More precisely, at every nodein thetreewewill storea vector � (the
normalvectorof ahyperplane)anda thresholdvalue �

�
.
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Figure2.14:A nodeof a ( -d tree

Whenwe arrive at the nodewith coordinates1 , we computethe inner product �

�

1 andgo left or
right dependingon �

�

1 vs. � � �

� �

�

� � �

, ��,

�

�����

� �

D

�

D

3 495 7

��� �

� �

�

� � - left
�

� �
- right

This leadsto thefollowing datastructure:

Figure2.15:Examplewith hyperplanesandresultingdatastructure

A hyperplanein � dimensionsis de�ned by anequation� �

�

� � �

, ��,

�

�����

� �

D

�

D

�

�
�

What is a good �
� ? Goodmeansthatwe geta balancedtree.Soa good �

� will beone,which splits
thenodes1 into subtreesasequallyaspossible,i.e. in subtreesof thesamesize.

Figure2.16:A goodchoiceof ahyperplane.(Remember, that � is thenormalvectorof the
hyperplane.i.e perpendicularto theplane!)
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Figure2.17:A badchoiceof ahyperplane.

Whatis a goodhyperplane?A goodhyperplaneis one,for which the ��1 arespreadapartasmuchas
possible.This hasa formal de�nition: We can�nd �

�

sothat ��1 (for thesetof coordinates1 in our
subtree)haslargestvariance.
This is arelatively well known problemin statistics.Thelargestvarianceis obtainedwith an � , which
is theeigenvectorwith thelargesteigenvalueof thecovariancematrixof 1

�

Thecovariancematrix is de�ned by

� �
�

� �

� /

�

���
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���
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Oncethe � -vectoris known, computing�
� is equivalentto �nding themedianof �

�

1

�

whichcanbe
donein lineartime in thenumberof 1 -values.
Thecompletealgorithmis describedrecursively.

Building NN trees

For asetof pointswedescribehow to build therootnodeof thesubtreeandhow to split thepointsin
two subsets.

1. Computethecovariancematrixof all points.
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2. Computetheeigenvector(called � ) with thelargesteigenvalue.Noticethat
	

�

	

�

�

�

3. Computethemedianof �
1 andcall it � � �

4. Split all pointsin two sets( �
1

�

� � or ��1

�

� �

���

5. Build thetwo descendantsrecursively.

Comparetheinteractive exercise“k-d-Tree”.

The Cost of Building an NN tree

Wewill assumethatthetreehas� datapointsandthateachpointhas� dimensions.
Thealgorithmis recursive andhasthefollowing complexity for every rootof asubtreeof size � :

� �

�

�

� �

�

�

�

,

(for building thecovariancematrix)
� �

� (for computingtheeigenvaluesandeigenvectors)
� �

�

� (for �nding themedianof �
1

�

� � )
� �

� �

�

@

,

�

(for building two subtrees- left andright - recursively)
� �

�

�

�

� � �

,

�

"

�

�

�

�

� �

�

�

,

�

�

� �

"

�

�

�

�

�

2.6.3 Searching the NN-tr ee

Given a point (by its � -dimensionalcoordinates),call it
�
�

we normally want to �nd the ( nearest
neighbours.( ( is typically between1 and10.)
We�rst describeafunction,whichreturnsasetof neighbours,whicharenot fartherthan � awayfrom
thesearchedpoint.

Figure2.18:ThefunctionNNSearch
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Searching the ( nearestneighbours
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Concluding a value from its neighbours

This is usuallycalled“the interpolationphase”.We have severalchoicesbasedon ( (thenumberof
closestpoints,takeninto account)andthetypeof problem:

1. Searchfor k = 1 points(theclosestpoint)
� returnits value

2. Majority (in decisionproblems)
Searchfor (,� � next neighboursandmake amajoritydecisionin thefollowing way:

�

�����

(��

�

valuesare”yes” � no
(��

� �����

� (��

�

valuesare”yes” � donotknow
� (��

� �����

( valuesare”yes”
�

yes

3. Interpolation(in numericalproblems)

Searchfor ( neighboursandreturnthe averageof the ( neighbouringvalues(or a weighted
averageof the ( neighbouringvalues,whereyouweightthesevaluesless,whenthey arefarther
away from 1 )

2.6.4 Practial considerations

Bucketing

This ' technique'canbeusedto complementall treemethods.Bucketingis particularlyuseful,when
thework (or space)neededfor eachinternalnodeis verylarge. In thiscase,everytimethatasubtreeis
smallerthanacertainthreshold� , thesubtreeis notbuilt. Insteadall thevaluesarestoredin abucket.
Thebucket is just anarrayof the leaf nodes.Any searchin a bucket hasto bedoneby searchingall
therecordsin thebucket, i.e. never morethan �

�
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Figure2.19:A subtreewith buckets(bucketsize�

� �

, otherwisetheright two bucketswouldbe
one!)

For thenearestneighbourtrees,we usuallychoose�

�

�

�

sothat the � �
�
-matricesarenot singular.

(A � �
�
-matrixof dimension�<%)� with fewer than � data-pointswill besingular.)

Normalizing dimensions

Whenwe have dimensionswhich representdifferentmagnitudes(andfor differentscales),the dis-
tanceshave to be weightedto make senseandbe consistent.Insteadof weightingthedistanceswe
cannormalizeeachdimensionso that the individual variablesappearto be distributed as 


�

�

�

�

�

.

This is doneby using
�

�

�
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�
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�
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�

�

�

�

Using random dir ections

An alternative to computingthe � �
�
-matrix andthe eigenvalue/eigenvector decompositionis to try

several randomvectors� andchoosetheonefor which �
1 hasthe largestvariance.This is only an
approximation,but it is mucheasierto code.
I.e.:

��0 �

�

�!0

���
�

�

� ���;����	���
 ���!���������7��
�	

� � �

�

�,�7�,�
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� ��
,� �����
�

�������

0 �

"

�

�

If weuse ( trials, thesewill cost
� �

( �)�

�

asopposedto
� �

�

,
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� �
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2.6.5 NN tr eesusedfor clustering

TheNN treeis anidealstructurefor clusteringandclusteranalysis.If usedfor clustering,thefollow-
ing shouldbeconsidered

1. Only meaningfuldimensionsshouldbekept. Uselessdimensions(dimensionsappearingto be
random)will scattertheclustersandmake their recognitionmoredif�cult. It is dif�cult to give
criteriato selectautomaticallygood/baddimensionsfor clustering.If a histogramof all points
perdimensionis computed,agooddimensionfor clusteringwill show like

Figure2.20:A gooddimensionfor clustering

A baddimensionfor clusteringwill show like

Figure2.21:A baddimensionfor clustering

2. Thesplit (selectionof �
�
) shouldbedoneata largegap,notnecessarilyat thecentre.

Figure2.22:A goodsplit at thelargestgap

This could(badly!) unbalancethetrees,but it is theright criterion. Optimally onemayselect
the largestgapsuchthat theratio of nodeson eachsideof thetreeis not morethan (

�

� with
e.g. (

� � �

Theclusterswill begivenby pointsin entiresubtrees.Additonalcriteriaarenecessaryto select
theseclusters(e.g.maximumdistancebetweentwo pointsin thesubtreesetc.)

Comparetheinteractive exercise“Index”.
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2.7 Linear Programming (LP)

Linear programming, sometimescalled linear optimization, solves the following problem: For �

independentvariables
�

�

��������� �

D

maximizethefunction

�

�

� �

�

� � �

, � ,

�

�����

� � (

�

(

�

� 1 (2.5)

subjectto theconstraints

0�1

�

4 (2.6)

0 is an ��% � -matrix,
�

and 1 are � -dimensionalvectors, 4 is a � -dimensionalvector. Thereis
no particularsigni�cance in the numberof constraints� beinglessthan,equalor greaterthanthe
numberof unknowns �

�

2.7.1 Notation/Terminology

Objective function — Thefunctionthatwearetrying to maximize,i.e. � , compareequation(2.5).

Feasiblevector — A setof values
�

�

�������'� �

D

thatsatis�estheconstraints(2.6).

Optimal feasiblevector — The feasiblevectorthatmaximizestheobjective function. An optimal
feasiblevectorcanfail to exist for two differentreasons:

1. Thereareno feasiblevectors,i.e. thegivenconstraintsareincompatible,or

2. There is no maximum, i.e. thereis a direction in N spacewhereone or more of the
variablescanbetakento in�nity while still satisfyingtheconstraints,giving anunbounded
valuefor theobjective function.

Constraint — a linearinequality 0)/ 1

�

��/ , where 0 / is a row of matrix 0 in (2.6).

Eachconstraint(if readasanequation)de�nesa hyperplane,which dividesthesolution-space
into a feasibleandanunfeasibleregion.

Simplex — theintersectionof all feasibleregions.(This is aconvex region.)

Slackvariable — an auxiliary variable,usedto modify the solutionof the LP problem. It hasno
meaningotherwise.

Simplexalgorithm — The�rst algorithm(heuristic)to solve LP-problems.(Dantzig,1947- com-
pare[31])

Feasibility problem — The problemof determining,if a feasiblesimplex (and hencea solution)
exists.

Optimization problem — Theproblemof determiningthebestcornerof an existing feasiblesim-
plex.

Whyis linear programmingsoimportant?
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1. Becauseoneis often interestedin additive (linear) limitations or boundsimposedby manor
nature: minimum nutritional requirement,maximumaffordablecost,maximumon available
labor or capital, minimum tolerablelevel of voter approval, etc. Hencewe have in general
inequalities,andhenceequation(2.6).

2. Becausethefunctionthatonewantsto optimizemaybelinear, or elsemayat leastbeapproxi-
matedby a linearfunction- sincethatis theproblemthatlinearprogrammingcansolve. Hence
equation(2.5).

Example

Hereis aspeci�c exampleof aproblemin linearprogramming:

women's shoe men's shoe available
productiontime [ � ] 20 10 8000
machinetime [ � ] 4 5 2000
leatherusage[ 	 �

,

] 6 15 4500
netincome[ � �

�

] 16 32 -

Wechoosethefollowing unknowns:
�

� = quantityof producedwomen's shoes
��,

= quantityof producedmen's shoes
Themathematicalproblemlookslike this:

�
�

�

.
� �

�

�
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� �
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In thenotation,whichwehave introduced,thiscorrespondsto:

�

�

�

���

�

�

�

� �

67

7

7

7

8

. � � . ���

.

�

.

�

. � . �

�

� �

� �

9*:

:

:

:

;

�

�

67

7

7

7

8

.

�

�����

. � �����

.

� �

���

�

�

9*:

:

:

:

;

Theanswerturnsout to be
�

�

�

�

�

� ,
��, �

� ��� .

2.7.2 FundamentalTheorem of Linear Optimization

Imaginethatwe startwith a full � -dimensionalspaceof candidatevectors.Thenwe carve away the
regionsthatareeliminatedby eachimposedconstraint.Sincetheconstraintsarelinear, theboundaries
introducedby this processarehyperplanes.Whenall theconstraintsareimposed,eitherwe areleft
with somefeasibleregion or elsethereareno feasiblevectors.Sincethe feasibleregion is bounded
by hyperplanes,it is geometricallya convex polyhedronor simplex. If thereis a feasibleregion, can
theoptimal feasiblevectorbesomewherein its interior, away from theboundaries?No, becausethe
objective function is linear. This meansthat it alwayshasa nonzerogradientvector. This, in turn,
meansthat we could alwaysincreasethe objective function by runningup the gradientuntil we hit
a boundarywall. The boundaryof any geometricalregion hasonelessdimensionthanits interior.
Therefore,wecannow runupthegradientprojectedontotheboundarywall until wereachanedgeof
a wall. We canrun up thatedge,andsoon,down throughwhatever numberof dimensions,until we
�nally arrive at a point, a vertex of theoriginal simplex. Sincethis point hasall � of its coordinates
de�ned, it mustbethesolutionof � simultaneousequalitiesdrawn from theoriginalsetof inequalities
(2.6). Pointswhich arefeasiblevectorsandwhich satisfy � of theoriginal constraintsasequalities,
aretermedfeasiblebasicvectors.Thesimplex method,�rst publishedby Dantzigin 1948,is a way
of organizingthecomputationof vectorsinsidethesimplex sothat

1. aseriesof combinationsis tried for which theobjective functionincreasesat eachstep,and

2. theoptimalfeasiblevectoris reachedafteranumberof iterationsthatis almostalwaysnolarger
than

�
 �� �

�

�

�

�

.

Thesimplex methodis known to “loop” for certainpathologicalproblems.But this is not commonin
practice.
A bettermethodboththeoretically(asit alwaysterminatesin apolynomialnumberof stepsin � and

� ) andin practice(asit is numericallymorestable)wasinventedby NarendranKarmakarin 1984
[32] [33]
Remark:
Somealgorithmsde�ne all unknownsto be

�

�

�

Othersallow positive or negative values.Thesetwo
modesareequivalent.

� Wecanalwaysadd
�

/

�

� constraintsto convert thesecondinto the�rst one.

� We candoublethenumberof theunknowns andtransformevery
�

into
�

�
.

�

D

�

where
�

� is
thepositive valueand

�

D

is thenegative one,andhenceconvert the�rst modeinto thesecond.
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2.7.3 The SimplexMethod

Context is now:

�

0

��

�

�

�

�

�

/

�

� assumed

Exampleproblem:
� �

�

�

�

� � �

�

�

. � � �

�

�

� �

� �

�

�

max

Introduceadditionalvariables�

�

�

�

�

�

� :

� .

� �

.

�

�

�

�
� .

� �

. �

�

. � .
�

�

.
�

Useanannotatedtable:
�

� .
�

� �

� �

.

�

� �

� �

. �

�
.

� �

�

.
�

� � �

� �

x

y

1

1

u = 0

x = 0

y = 0

w = 0

v = 0
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General idea:
Interchangea columnvariablewith a row variable. Repeatthis until all coef�cients of the column
variablesin

�

(bottomrow) arenonpositive.
Choiceof the column variable:

�

mustnotdecrease
�

bottomelementmustbe
�

� .
Choiceof the row variable:
Stayin thefeasibleregion.

�

� . �

� �

� �

.

�

� �

� �

. �

� . � �

�

. �

� � �

� �

�

� .

� �

.

�

�

�

� � .

� �

. �

�

. � . �

�

. �

�

� �

� �

Replace
�

or � . � say
�

(keep�

�

� )

.

� �

.

�

" �

<

�

�

�

.

� �

. �

" �

� �

���

�

.
�

�

.
�

" �

� �

Maximumvaluesatisfyingall constraintsis
� �

�

. � replaceby �

� �

.
� �

�
� �

�
� .

�

� �

� �

.

�

.
�

� � �

. �

�
.

� �

�

.

�

.
� �

.
�

� �

�

� .

� �

.

�

.
� � �

�

� .

� �

. �

�
. � .

�

�

.

�

.
� � �

�
� �

� �

Replace� (keep�

�

� )

� .

� �

.

�

"

�
�

�

�

� .

� �

. �

"

�
� �

. � .
�

�

.

� "

�

�

.
�

Maximumis �

�

�
. � replaceby �

�

�

�

�

�
.

�

�

�
� �

�
� .

�

,

�

.

�

�

�

�

.

�

.

,

�

�

�

�

�

. �

�

�

�

�

�

�

.

�

�

�

.

,

�

.

� � �

�

,

�

�
.

�

�

� .
�

�

.

�

.

,

�

� �

�

�

� .
�

�

. �

�

�

� �

�

�

� .
�

�

.

�

�

�

�
.

,

�

�
�

� � �

Replace� (keep
�

�

� )
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,

�

� . �

�

.

�

"

� �

�

.

,

�

� . �

�

. �

"

�

�

�

,

�

�

� . �

�

.

� "

� � �

Maximumis �

� �

. � replaceby �

�

�

.

�

�

�

�

�

�

� �

�

�

� . �

�

,

.

�

,

� �

. �

� �

� �

. �

.

�

,

�

,

�

�

.

�

.

�

,

.

�

,

.

� � �

�

�

,

�

.

�

,

� .

� �

. �

�

.

� �

. �

.

�

,

�

�

�

,

� . �

�

.

�

.

�

,

�

.

�

,

� �

� � �

... STOP
Solution:

� �

�
�

� � � � �

Comparetheinteractive exercise“Simplex Method”.

2.7.4 Solving the 'helix problem' with the simplexalgorithm

LP canbeusedfor two goals:
� Optimizea linearfunctionunderconstraints
� Determinefeasibility.

In our applicationwe aremostly interestedin determiningfeasibility. We want thesolutionto beat
the centreof the simplex ratherthanat onecorner. (At onecorner, thereareat least � inequalities
which aresatis�edexactly, thatis too closeto theboundaryfor a decisionproblem.)But it is easyto
extendLP to �nd thecentreof a feasibility region - compareFig. 2.24.
In eachinequalitywe addanew variable

+�� �

� , calledtheslackof theinequality:

� ����� �

�

�

+ �

� �

+��

helix
...

� ���$" �

�

� � � �
.

+��

no helix

Theslackvariablemustbepositive, sowe mustaddanadditionalinequality:
+�� �

�

�

Our functional
is well de�ned now, andwe wantto maximizetheslack:

�

�

1

� +��
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Figure2.24:Theeffectof globalslack

2.7.5 Inconsistentdata

What,if thereis no feasiblesolution?Thismayhappenbecauseof

� inconsistentdata

� or ��� �

�

i.e. toomany constraints.

Thereis only oneway to solve this problem:Wehave to sacri�ce someinequalities.

Usingslackvariables

This canbe donewith slackvariablesagain. Let's call them  /

�

We will add(or subtract) / to the
inequalitieswhich areinconsistent.(Whena problemis inconsistent,mostpackageswill returnthe
inequalitieswhicharebeingused,andhencecontaintheinconsistency.)
Thepenaltyfor  �/ is re�ectedby a largecostin thefunctional,say . ���

�

�

or by afunctionalwith only
.

 /

�

For example,supposethatinequalities1 and2 belongto anunfeasibleset.Thenwewrite:

� ����� �

�

�

+

�! �

�

�

 �

�

�

� ���$" �

�

� �
.

 

,

� �

 

,��

�

�

�

1

�

.
 �

.
 

,

The penalties �/ can also be usedfor re�ecting the con�dence that we have in the training data.
Supposethatwe have two (couldbemore)classesof data:

class1: � ����� �

�

�

+

�! �

�

� verygooddata�����

class2: � �#�$" �

�

� �
.

 

,

� � moredoubtfuldata�����

If we canquantifya relationbetweentheerrorsof theclasses,e.g. oneerror in class1 is equivalent
to twice the error in class2, thenwe canimplementthis notion by setting �

�

�

�

.
� for the slack

variablesin class1 and �

�

�

�

.

�

, for theslackvariablesin class2.

Alter native method

Anotheralternative is to assumethat thedatacontainedsomeerrors,andwe wantto eliminatethese
errors.

The problemof �nding the minimum numberof constraintsto remove to �nd a solution, is very
dif�cult (NP complete).A greedyheuristicdoesquitewell in general:

� Assignall �

�

�

�

.
�
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� Computeasolution.

� Eliminatetheconstraintwhichhasthelargestvalueof  /

�

� Repeatuntil a feasiblesolutionwith all  /

�

� is found.

2.7.6 Prediction

Oncethatwehave foundasolutionto theLP problem,thedecisionfunctionusedfor predictionis:

� �

�

� � �

, � ,

�

�����

�

� (helix)�����

� � (non-helix)
Usinginstead � �

�

� � �

, � ,

�

�����

�

� ������

� � � doesnothelp,

unlessweuseadditionaldata.(If it would help,thentherewouldbeabetterlinearformula,foundby
theLP.)

2.7.7 Comparisonof Linear Programming with LeastSquares

In LS all theinformationis used:Everydata-point“pushes”thesolutionin onedirection.

In LP only asubsetof all data-pointsis used:

� Somearejust ignoredbecausethey satisfytheconstraints.
� Someareincompatibleanddiscarded.
� Theunusedones(bothof theabove) play norole for theanswer.

Thereis agoodanalogybetween(LS, LP) and(mean,median):Givenasetof values,themeanis the
valuewhich satis�estheconditionof minimizing thesumof squaresof its distanceto eachpoint in
theset. Themediansatis�esthepropertyof beinga valuefor which half of thevaluesarelessand
half of thevaluesaregreater.

2.8 Neural Networks (NNet)
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Figure2.25:Modellingwith NeuralNetworks

Thebackgroundof NeuralNetworkscomesfrom theideato simulatethebrain.Themainobjectsare
cells.A cell looksschematicallylike this:

Figure2.26:Neuralcell

A network of suchnodesis constructed,whereoutputsbecomeinputs,andin theendoneparticular
outputis chosenasthe“answer”. (No cyclesthrough.)
Wewill use:

� logicaloperationsOR,AND, NOT,

� signalsbetween0 and1,

� or-threshold,

� inverter,

� multipliers.

Constructinga network to answera trainingsetis verydif�cult! It is NP - complete.

Sowhy is it attractive to useNNets?
The attractivenessis to create(�nd) a very small andef�cient machineto solve the problem. The
rationalebeingthatif it is verysmallandcorrectonthetrainingset,it mustcapturetheessenceof the
problem.(Occam's “Razorprinciple” – asolutionshouldbeaseasyaspossible!)
Theprocessto createa neuralnetis highly heuristic.It consistsof two steps,which mayberepeated
many timesto createdifferentnets:

1. Build a randomnet

2. “Train” this neton thetrainingset.

2.8.1 Building a starting RandomNet
� chooserandomlytypeof node

� chooserandomlyparametersof node

� chooserandomlynumberof inputs( ( )
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� connectto ( randomlychoseninputsandoutputs1 until netis larger(
�

% ) thandesired

� run thetrainingsetover thenet

� choosetheoutput(or thecomplement)whichever makesfewermistakes

� remove all nodeswhichdo notcontribute(arenotancestors)of theoutput

2.8.2 Training the Network

Many, many methodsarepossibleandused.In general,the ideais to run theneton thetrainingset,
andevery time it givesa right answerleave it asit is or “reinforce” thepath.
Every time, it makesa mistake, “punish” it. Thereareseveralwaysto incrementallymodify thenet
to “reinforce” or “punish” it:

� changethresholds(parameters)

� add/ deleteconnections

� add/ deletenodeswith their connections

Thechangescanbedoneafter

� acarefulanalysisof thesuccessful/unsuccessful paths,

� Alternatively a numberof randomchangescanbetried,until oneis successful.(Normallythis
is much faster.)

Sometimesthegoalis to �x everymistakeaswegoalong,sometimesthegoalis to changethresholds
in a veryminorway with eachdatapoint.

2.8.3 PostProcessing

A postanalysisof thenetis alsouseful:

� Runover thetrainingsetandlook for edgesor nodes,whichwerenever used;remove them.

� Oncethat several netshave beenbuilt and trained,we may try to combinethemto produce
betterresults.Thismaybedonejust by straightadditionof thetwo netsor by splitting thenets
andcombiningtheirparts.This is like geneticalgorithms.(Take fromeveryone, whatis good.)

A network canbeef�ciently implementedasaprogramor evenimplementedashardware.

Theoreticalresultsshow, thatto �nd thecorrect(best)network with thetopology
*********Bild hier ************
i.e. a two level or-and-threshold,is alreadyNP-complete. In all likelihood this meansthat if the
trainingis perfect,it will take morethanpolynomialtime to �nd thecorrectnet.

1Thechoiceof net-lookandkind of inputsis usuallyproblemspeci�c
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2.9 Referencesand Further Reading

Linear programming, Simplex-Methods:
H. R. SCHWARZ, NumerischeMathematik, B.G.Teubner, Stuttgart,Chapters2, 1.4
W. H. PRESS ET AL., Numerical recipesin C: theartof scienti�c computing,CambridgeUniversity
Press, 1992,Chapter10.8

RangeSearching:
ROBERT SEDGEWICK, Algorithms, AddisonWesley, 1988,Chapters26,28

2.9.1 Online Material

DISguiSE– aprogramfor SSP[34]
GeneralinformationaboutDISguiSE[35]
Thepolypeptidechain[64]
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