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Abstract

Machine recgnition of hand-printedJapanesecharac-
ters hasbeenan areaof greatinterestfor manyyears. The
major problemwith this classificationtaskis thehuge num-
ber of different characters. Applying standad "state-of-
the-art” techniques,sut asthe SVM,to multi-classprob-
lemsofthiskindimposesevere problemspothof a concep-
tualandatedhnicalnature: (i) sepaatingoneclassfromall
others maybe an unnecessariljhard problem; (ii) solving
thesesubpoblemscan imposeunacceptablyhigh compu-
tational costs. In this paper a new appmac to Japanese
character recanition is presentecthat successfullyover-
comestheseshortcomings.lt is basedon a pairwise cou-
pling procedue for probabilistic two-classkernel classi-
fiers. Experimentakesultsfor Hiraganarecaynition effec-
tivelydemonstatethatour methodattainsan excellentevel
of predictionaccuracy while imposingvery low computa-
tional costs.

1. Intr oduction

Offline machinerecognitionof hand-printedlapaneser
Chinesecharacterss one of the mostimportantclassifica-
tion problemswith averylargenumberof differentclasses.
Problemsof this kind requireusto put specialemphasi®n
themulti-classaspecbf deriving classificatiorrules: simul-
taneouslyestimatinga large numberof classboundariess
usuallya muchhardertaskthansolving standardwo-class
problems.

The usualway of handlingmulti-classproblemsis the
following: a problemwith ¢ classesis treatedas a col-
lection of ¢ "one-against-all-othersSubproblemstogether
with someprinciple of combiningthe ¢ outputs. This ap-
proach,however, bearstwo main disadwantages:(i) sepa-
rating one classfrom all othersmay be an unnecessarily
hardproblemthat often requiresusto apply very complex
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classificatiormodels.For highly complex modelsit is often
difficult to avoid overfitting phenomenan orderto guaran-
tee good generalizationproperties;(ii) all ¢ subproblems
are statedas optimization problemsover the full learning
set. For kernelclassifiersappliedto large-scaleproblems,
this canimposeunacceptablyigh computationatosts.

The former problemis of a conceptuahatureand can
be overcomeby a different approachto the multi-class
problem:insteadof solving ¢ one-against-afbroblemswe
mightsolvec(c—1)/2 pairwiseclassificatiorproblemsand
try to couplethe probabilitiesin a suitableway. Methodsof
thiskind have beenintroducedn [1], [2] andarereferredto
aspairwisecoupling Learningsuchpairwisedecisiornrules
may be a muchsimplerproblemthanseparatingachclass
from the others.

In this paperspecialemphasidgs put on nonlinearMer-
cer kernel-basectlassifiers. A recentoverview over kernel
methodscanbefoundin [3]. Sincefor kernelmethodshe
computationagfficiengy is mostly determinedy the num-
ber of training samplesthe pairwisecouplingschemealso
overcomesthe numerical problemsof the one-against-all
strateyy: it is mucheasieto solvec(c—1)/2 smallproblems
thatto solve ¢ large problems.For the classof probabilistic
kernel classifies we have in mind, we shav thatthis leads
to areductionof computationatoststhatscaledinearin the
numberof classesThe availability of probabilisticoutputs
constitutesanotheradvantageoverthe SVM: it allows usto
guantify a confidencdevel for classassignmentsFor text
recognitionsystemsn particulay suchposteriorestimates
of classmembershipare of greatpracticalvalue: having
availablea weightedlist of possiblecharactemassignments
mayimprovetheaccurag drasticallywhencouplingoptical
characterecognitiontechniquesvith semantianethods.

This paperis organizedasfollows: in section2 Nonlin-
ear Kernel DiscriminantAnalysis(NKDA) is introducedas
aprobabilistickernelclassifier It canbeusedasa“building
block” in the pairwisecouplingprocedurehatis described



in section3. Section4.1 presentsan intuitive toy exam-
ple that demonstratethe differencesetweenthe pairwise
couplingmechanisnandcorventionalapproaches multi-
classproblems. We concludethis paperwith performance
studiesfor a large-scaledatasetof handwrittenHiraganas
in section4.2. Theseexperimentseffectively demonstrate
that the proposedmethodattainsa level of accurag even
superiorto the SVM, while additionallyproviding the user
with posteriorestimatesof classmembership. Moreover,
concerninghe computationatosts,it significantlyoutper
formsoneof thebestSVM optimizationpackagesvailable.

2. Probabilistic kernel classifiers

The problemof classificationformally consistsof as-
signing obsered vectorsz € R into one of ¢ classes.
A classifieris a mappingthat assignslabelsto obsena-
tions. In practice,a classifieris trained on a set of ob-
senedi.i.d. data-labepairs {(z;, y;)} ¥ ;, drawn from the
unknawn joint density

p(x,y) = p(y|z)p(x).

Classifierscan be partitioned into two main groups,
namelyinformativeand discriminativeones. In the infor-
mative approach,the classesare describedby modeling
their structurej.e. their generatve statisticalmodel. Start-
ing from theseclassmodels the posteriordistribution of the
labelsis derived via the Bayesformula. The mostpopular
methodof informativekind is classicaLinear Discriminant
Analysis(LDA). The availability of explicit classmodels
hasseveraladvantagesFor instanceijt is easyto dealwith
incompleteor uncertainmeasurementsThe inclusion of
partially unlabeleddatais an exampleof this kind, cf. [4].
However, the informative approachhasa clear disadan-
tage:modelingtheclassess usuallyamuchhardermproblem
thansolvingthe classificatiorproblemdirectly.

In contrastto the informative approach discriminatve
classifierdocuson modelingthe decisionboundarie®r the
classprobabilitiesdirectly. No attemptis madeto model
the underlying classdensities. In general,they are more
robustasinformative ones sincelessassumptionaboutthe
classearemade.

Presuminglymostpopulardiscriminative methodis the
SupportVector Machine (SVM). Within a maximumen-
tropy framework, it can be viewed as the classification
modelthatmakestheleastassumptionaboutthe estimated
model parameterscf. [5]. Thus, from a statisticalview-
point,it shouldbethe mostrobustmethod.Themaindraw-
back of the SVM, however, is the absenceof probabilis-
tic outputs: in the SVM frameawork the classificationtask
is consideredeadily solved by predictingthe classlabels.
(Stratgiesfor approximatingSVM posteriorestimatesn a
post-processingtephave beernreportedn theliterature see

e.g.[6, 7]. In this paper however we restrictour attention
to fully probabilisticmodels.)

In this papemwe focusonstrateiesfor couplingpairwise
decisionrulesinto into ajoint posteriomprobabilityestimate
for all ¢ classesA necessargonditionfor methodsof this
kind, however, is the availability of posteriorestimatesn
eachof thec(c — 1) /2 subproblemsThus,we arerestricted
to probabilisticclassifierslike LDA. Sincelinear decision
boundarie®ftendo notadequatelseparatehe classesywe
aremainly interestedn ageneralizekernelvariant of this
classicaimethod.

For conveniencein what follows, in this sectionwe
restrict oursehes to the problem of separatingonly two
classes. Thesetwo-classmethodswill thenbe “plugged”
into a pairwisecouplingscheme.

2.1 Nonlinear Kernel Discriminant Analysis

Thecentralideaof informativeclassifierds to modelthe
conditionalclassdensitiep(x|y). Assuminga parameter
ized classconditionaldensityps ; (x|y = j) andcollecting
all modelparameteri avector@, theseparameterarees-
timatedby maximizingthefull log likelihood

0111 = argmaxe 1 | logpe (@i, s)- 1)

Classical Linear Discriminant Analysis (LDA) can be
viewedasthesimplesiclassifierof thiskind. Theclassesire
modeledby a parameterizednultivariate Gaussiarmodel,
with the additionalassumptiorihatall classesharea com-
mon covariancematrix X:

pe(xly = j) = N(x; 5, %). 2)

Consideringtwo-classproblems,we definea discriminant
functionbetweerthetwo classewith labels{+1, -1} as
P(y=
g(x) = log pE=5H2. 3)
It canbe shown easilythatthe modelassumptiong?2) lead
to adiscriminantfunctionthatis linearin z:*

g(x) =w'e. 4)

There are several approachego restatingclassicalLDA

with Mercerkernels,seee.g.[4] and[8]. Sincespacehere
precludesmoredetaileddiscussionye only presentaver-

sion that exploits the well-known analogybetweenLDA

andlinear indicator regressionagainstthe binary classla-

bels (anearly references [9], p. 152). The LDA solution
canbe found by regressingthe input vectorsz; (summa-
rized as rows of the “design” matrix X) againsta binary
targetvectory with entries{+1, —1}:

1 = argmin|jy — Xw||>. (5)

1Throughoutthis paperwe have droppedthe constanth in the more
generafform g(z) = wTx + b. This canbejustified by assuminghat
thedatavectorsareaugmentedby anadditionalentry of one.



This correspond$o maximizingthe full log likelihood as
in (1). Direct optimizationof the likelihood, however, of-

tenleadsto severeoverfitting problems,andin a Bayesian
framework, a preferencdor smoothfunctionsis usuallyen-
codedby introducingpriors over theweightsw. In aregu-

larizationcontext, suchprior informationcanbeinterpreted
asaddingsomebiasto maximumlik elihoodparameteesti-
matesn orderto reducethe estimators variance . Thecom-
mon choiceof a sphericalGaussiarprior distribution with

covarianceX,, o« A~'I leadsto a ridge regressionmodel,
[1Q]. Theregularizedversionof (5) thenreads

W = argmin |ly — Xw||® + Aw”w. (6)

It is known that the optimizing weight vector can be ex-
pandedn termsof the input vectors,w = Zf\;l Tio; =
XTa , cf. [4]. Substitutingthis expansionof w into (6)
andintroducingthe dot productmatrix (K);; = (z; - x;),
K = XXT, we canrestatethe minimization problemin
termsof the vectorof expansioncoeficientsa. Differenti-
atingin o leadsusto the stationarycondition:

&= (K+ ) ty. 7)

With the usualkerneltrick, the dot productscanbe substi-
tuted by kernelfunctionssatisfyingMercer’s condition,in
orderto obtaina nonlinearvariantof discriminantanalysis.
We refer to this model as Nonlinear Kernel Discriminant
Analysis(NKDA). Giventhe optimal &, we canmake pre-
dictionsfor anew obsenationz, by evaluatingthediscrim-
inantfunction:

N

gl@.) =) k@, z:)ds, ®

where k(-,-) denotesthe kernel function. Note that (7)
definesa systemof linear equations: K'a = y , with
K' = (K + AI). For suchsystemdhereexist efficient ap-
proximationschemesthe matrix K’ is symmetric,andthe
optimizing vector& canbe computedn a highly efficient
way by applying approximatve conjugategradientinver
sion techniquescf. [11], p. 83. The key ideais to relate
the problemof finding a solutionto a systemof equations
to thatof maximizinga function: the quadraticform

fl@) =ya - taK'a 9)
is maximizedwhenits gradient
Vf=K'a-y (10)

is zero, which is equivalentto finding the coeficient vec-
tor a that solves (7). The optimizationstratgy cannow
be outlinedasfollows: startingwith aninitial vectora?®, a
successiorof searchdirectionsh” andimproved solution

vectorsa® is generated After NV iterationsoneis guaran-
teedto reachthesolutionof (7). However, in mostpractical
problems,excellent approximationscan be obtainedafter
k < N iterations.This propertyallows usto handlelarge-
scaleproblemsin a highly efficientway.

3. Pairwise coupling for multi-class problems

Typically two-classproblemstendto be mucheasierno
learnthanmulti-classproblems.While for two-classprob-
lemsonly onedecisionboundarymustbeinferred,the gen-
eral c-classsettingrequiresus to apply a stratey for cou-
pling decisionrules. In the standarcapproactto this prob-
lem, ¢ two-classclassifiersaretrainedin orderto separate
eachof the classesagainstall others. Thesedecisionrules
arethencoupledeitherin aprobabilisticway (e.g.for LDA)
or by someheuristicprocedurge.g.for the SVM).

A differentapproactio the multi-classproblemwaspro-
posedin [2]. The centralideais to learnc(c — 1)/2 pair
wise decisionrulesandto couplethe pairwiseclassprob-
ability estimatesnto a joint probability estimatefor all ¢
classes.lt is obvious, that this stratey is only applicable
for pairwiseclassifierswith probabilisticoutputs? Froma
theoreticalviewpoint, pairwisecouplingbearssomeadvan-
tages:(i) jointly optimizing over all ¢ classesnayimpose
unnecessarproblems pairwiseseparatiormight be much
simpler;(ii) we canselecta highly specificmodelfor each
of the pairwisesubproblems.

Concerningkernelclassifiesin particular pairwisecou-
pling is also attractive for practical reasons. For kernel
methodsthe computationatostaredominatedby the size
of thetrainingset, N. For example,conjugategradientap-
proximationsfor NKDA scaleas O(N? - m), with m de-
notingthe numberof conjugate-gradieriterations(at each
stageof iterationa N x N-matrix-vectorproductmustbe
computed).Keepingm fixed leadsusto a O(N?) depen-
deng asalower boundon therealcosts® Let usnow con-
sider ¢ classesgachof which containsN, training sam-
ples. For a one-against-alstrateyy, we have costsscaling
as O(c(cN.)?) = O(c3N?). For the pairwiseapproach,
thisreducego O(1/2¢(c—1)(2N,)?) = O(2(c* — c¢)N?).
Thus, we have a reductionof computationakostsinverse
proportionalto the numberof classes.

Pairwisecouplingcanbe formalizedasfollows: consid-
ering a setof events{A4;};_,, supposewe aregiven pair-

2In aformerversionof [2], availableasTech. Rep.atthe University of
Toronto,it hasbeensuggestetb apply“approximatve” pairwisecoupling
to the SVM. However, we feel that this approachis not very promising
sinceit lacksaclearprobabilisticinterpretation.

SFor the SVM, the situationis more difficult and hearily dependson
implementatiordetails. As anexample,the popularLOQO packagg12],
hasevenO(N?) compleity, dueto aCholesk decompositiomf a N x N
matrix. Working-setmethodsare usually much more efficient, but their
performances problem-dependenandthusdifficult to analyze.



wise probabilitiesr;; = Prob(4;|A4; or 4;).* Our goal
is to couplethe r;;’s into a commonset of probabilities
p; = Prob(A;). This problemhasno generalsolution,but
in [2] the following approximationis suggestedintroduc-
ing anew setof auxiliary variables

MHij = #ipgja (11)

we wishto find p;'s suchthatthe correspondingi;;’s arein
somesense‘close” to theobseredr;;’s. A suitableclose-
nessmeasurds the Kullback-Leiblerdivergencebetween
rij andfi;

DKL =%, rijlog 54 + (1 = r45) log —;j;y]‘, . (12)

Theassociatedtationaryconditionreads

Zj;éiﬂij = Zj;éirij, i=1,...,c, (13)
subjectto -7, p; = 1. Startingwith aninitial guessfor
thep; andcorrespondingi;;'s, we cancomputethep;'sthat
minimize (12) by iterating

Ej;éi Tij

° P Di - ~
Pi < pi Zj;eiﬂij

e renormalizethep;’s andrecomputehe fi;;.

Supposewe have successfullytrainedall probabilistic
pairwiseclassifiers. Then, we can predictthe classmem-
bershipof anew obsenationz, asfollows:

1. Evaluatethe ¢(c — 1)/2 classificatiorrulesto obtain
rij(@«) = 1/[1 + exp{gi;(x.)}], whereg;;(z.) is
thelearneddecisionfunctionbetweerclasseg andj,
evaluatedat point z...

2. Computethe ji;;'s basedon the initial p;'s, andrun
the above iterationsuntil somecorvergencecriterion
is met.

3. Wefinally obtainthe estimatedosteriorprobabilities
for classmembershipf patternz...

4. Experiments

4.1 A simple toy example

Herewe present simpletwo-dimensionatoy-examples
thatdemonstratéhe advantageof pairwisecouplingover
corventionalmulti-classapproachesConsiderfor example

4Therij (x) canbeinterpretedasaconditionalprobabilityestimatefor
themembershipf vectorz in class: whenseparatingts classonly from
classj, without consideringary of the otherclassescf. [1].

threeclassessdepictedn figurel. In apairwiseapproach,
eachof thethreepairscanbeseparatetby alineardecision
boundarywithout errors. If, on the otherhand,we try to

separateachclassfrom thetwo others the classesarenot

linearly separableln orderto avoid trainingerrors we must
usea nonlinearclassifierthat is able to producedecision
boundariesas depictedin the graph. This exampleshavs

thatthe latter stratgyy mayimposeunnecessarilynardsub-

problems.

2

Figure 1. Separating the 3 classes with a
“one-a gainst-all-other s” strategy requires us
to use a nonlinear classifier .

4.2 Hiragana Recognition

In this sectionwe comparethe pairwisecoupledNKDA
classifierwith other popular methods. We considerthe
problemof recognizing/1 classe®f handwritterHiraganas
from the ETL9B database This databasecontains200
black-and-whitémagesof size64 x 64 pixelspercharacter
Somesampleémagedrom this datasetaredepictedn figure
2.
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Figure 2. Example images from the ETL9B
database .

For the featureextraction, we usedthe contour direc-
tion histogramfeatures se€g[13]. Thisfeaturesetrepresents
eachimageasa196dimensionalkector Roughlyspeaking,
the component®f this featurevectorencodethe empirical
distribution of black pixelsunderseveraldirections.

In afirst experiment,we comparedhe predictionaccu-
ragy of a 5-nearest-neighba{5-NN) classifierand several
kernel-basednethods. Among the latter are a Subspace

5Seehttp://etl.go.jp/etlcdb.



classifierin Hilbert Space see[14], a SVM, andthe pro-
posedpairwisecoupledNKDA method.In all kernelmod-
els, standardRBF kernelsare used. Table 1 presentss-

fold crossvalidationestimate®f misclassificatiomates? In

eachof the 5 trials, the learningsetconsistedf 160 sam-
plesper characterthe testsetof 40 sampleger character
Averagednisclassificatiomatesandstandarceerrorsarepre-
sented.

Table 1. 5-fold cross validation estimates of
misc lassification rates [%], and standar d er-
rors (in brackets).

| Classifier | Error rate [%] |
5-NN 7.35
SubspaceélS 3.64
SVM 2.87(0.22)
PairwiseNKDA || 2.25(0.16)

Fromthe above tablewe concludethat Pairwise NKDA
significantlyoutperformsall otherinvestigatedechniques.
Note,however, thatPairwiseNKDA notonly yieldsthis ex-
cellentnumericalaccurag level, but additionally provides
uswith probabilisticoutputs. A closerlook on the assign-
mentprobabilitiesfor both the correctly classifiedandthe
misclassifiedsamplesgives considerableinsight into the
practicalbenefitof a probabilisticclassificationmodel. In
figure3 we haveplottedhistogram®f estimatedissignment
probabilitiesj.e. of theconfidencdevel aboutthe predicted
classlabel.

Figure 3. Histograms of estimated assign-
ment probabilities, both for the misclassi-
fied samples and the correctl y classified ones
(rescaled for equal maximum value).

For the correctly classifiedsamplesthis empirical dis-
tribution is sharply pealed at probability valuesbetween
0.95 and 1.0, andrapidly decayswith decreasingertainty
of classassignmentsThis meanghata correctlypredicted
label highly correlateswith a a high confidencdevel. On
the contrary the histogramfor the misclassifiepatternss

6Theresultsfor 5-NN and SubspacéiS aretakenfrom [14]. Thek —
N N resultwith £ = 5 is thebestoneamongk = 1, 3,5, 7.

widely spreadover a certaintyrangebetweern).2 and0.8.
It is worth noticing that only 4 misclassifiedpattersattain
a probability larger that 0.8. This obsenation suggestgo
introducea doubtclassthat collectspatterswith uncertain
labels. A full text recognitionsystemcould benefitfrom
sucha doubtclassby assigningmoreweightto semantic-
basedpredictionmethodgor elementsf this class.

In a last experiment,we comparedthe computational
performanceof Pairwise NKDA and state-of-the-arS§VM
algorithms. We are awarethat suchcomparisonsare diffi-
cult in practice,sincethe performanceof eitheralgorithm
heavily dependson certaintuning parameters.Neverthe-
less,we tried to make the experimentaketupasfair aspos-
sible. All experimentsareperformedunderthe samehard-
ware conditions,andthe measuredimesare correctedfor
possibleoverheaddor loading the samplesinto memory
Thecomputationiimesfor separatingll 71 classesresum-
marizedin table2. We usedtwo highly tunedSVM pack-
ages,SVMlight V3.50 (see[15]) and SVMDrch Il V1.07
(se€[16]). As canbeeseenPairwiseNKDA is significantly
fasterthanSVM™rch. Thelatter canbe considerecasone
of thebestSVM packagesvailable. |t outperformsnterior-
point algorithms,suchasLOQO (see[12]), by severalor-
dersof magnitudefor thefull samplesize(N = 11360), a
singleCholeslk decompositioakesroughly 100 minutes.
If we assumethat 10 interior-pointiterations(andthus10
suchdecompositionsare requiredfor eachof the 71 sub-
problemsthis would accumulatéo roughly 7 - 10* minutes
(~ 50 days)for thewholelearningprocedure.

Table 2. Computation times for the 71-class
Hiragana dataset.

| Algorithm | Computation time |
SVMlight V3.50 65min
SVMDrch 1l V1.07 23 min
PairwiseNKDA 8 min

For computingthe pairwiseclassificatiorrules,thetwo-
classNKDA methodwasiteratively approximatedby acon-
jugate gradientmethod,as explainedin section2.1. The
iteration numberwas fixed to 20. Furtheriterationsdid
not improve the predictionaccurag. Concerningthe ac-
tualtrainingtimes,thereadershouldalsonoticethatwe are
comparinghighly tunedSVM optimizationpackagesvith a
straight-forvard PairwiseNKDA implementatiorthatbasi-
cally usesstandardoutinesfrom NumericalRecipes[11].
We considerour implementatiornto yet possesampleop-
portunitiesfor furtheroptimization.



5. Conclusion

In this papemwe have presenteé new approacto multi-
classclassificationwith kernelmethods. In particular we
have focusedon a kernelizedvariantof classicalineardis-
criminantanalysiswhich we call NKDA. Comparedo the
SVM, themainadwantageof NKDA is its clearprobabilis-
tic interpretationwithin a Bayesiarframeawork.

For multi-classproblemswe canusethe NKDA classi-
fier asa building block in a pairwise coupling procedure.
Themainideaof pairwisecouplingis to coupleall pairwise
decisionrulesinto an estimatefor the posteriorprobabil-
ity of classmembershipBesidesf conceptuabdvantages
over classicalways of handlingmulti-classproblems,this
techniqueadditionallyhasa clearnumericaladvantage for
afixednumberof training patternsthecomputationatosts
reducelinearly in the numberof classes.Experimentsor
the large-scaleproblem of handwrittenHiraganarecogni-
tion with 71 classehave effectively demonstratethatPair-
wise NKDA attainsalevel of accurag evensuperiorto the
SVM. Moreover, the useris provided not only with a pre-
dictedclasslabel, but alsowith anexplicite posteriorprob-
ability. We thusnot only have a single“hard” classassign-
ment,but we aregivenaweightedlist of possibldabels.

Besidesattainingan excellentlevel of predictionaccu-
racy, PairwiseNKDA alsoimposessignificantlylowercom-
putationalcostsasthe SVM: evenour straight-forvardim-
plementatioroutperformedone of the bestSVM packages
available.We thusconcludethatPairwiseNKDA in general
is a highly suitedmethodfor dealingwith multi-classprob-
lems,in whichit is advantageouso quantifytheuncertainty
aboutthepredictedclasslabels.
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