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Abstract

We consider a special class of art gallery problems
inspired by wireless localization. Given a polyg-
onal region P, place and orient guards each of
which broadcasts a unique key within a fixed an-
gular range. In contrast to the classical art gallery
setting, broadcasts are not blocked by the bound-
ary of P. At any point in the plane one must be
able to tell whether or not one is located inside
‘P only by looking at the set of keys received. We
prove NP-hardness of one variant of the problem,
namely the natural setting where guards may be
placed aligned to a boundary edge or two consec-
utive boundary edges of P only.

Introduction. Art gallery problems are a clas-
sic topic in discrete and computational geome-
try. A new direction has recently been introduced
by Eppstein, Goodrich, and Sitchinava [1]. They
propose to modify the concept of visibility by not
considering the edges of the polygon/gallery as
blocking. This changes the problem quite drasti-
cally because it breaks up a certain locality where
the shape of the polygon dictates the possible
placement of guards. A basic ingredient in hard-
ness proofs for the classical setting is a small
pocket/spike of the polygon which can only be
guarded from a nearby point because the bound-
ing polygon edges shield it away from the rest
of the world. This argument breaks down if the
edges do not block visibility. The motivation for
this model stems from communication in wire-
less networks where the signals are not blocked
by walls, either. For illustration, suppose you run
a café (modeled, say, as a simple polygon P) and
you want to provide wireless Internet access to
your customers. But you do not want the whole
neighborhood to use your infrastructure. Instead,
Internet access should be limited to those people
who are located within the café. To achieve this,
you can install a certain number of devices, let
us call them guards, each of which broadcasts a
unique (secret) key in an arbitrary but fixed angu-
lar range. The goal is to place guards and adjust

their angles in such a way that everybody who is
inside the café can prove this fact just by nam-
ing the keys received and nobody who is outside
the café can provide such a proof. Formally this
means that P can be described by a monotone
Boolean formula over the keys, that is, a formula
using the operators AND and OR only, negation
is not allowed. (See [1, 2, 3].)
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Notation. A guard g is a closed subset of the
plane, whose boundary dg is described by a ver-
tex v and two rays emanating from v. The ray
that has the interior of the guard to its right is
called the left ray ¢4, the other one is called the
right ray r4. The angle of a guard is the interior
angle formed by its bounding rays. For a guard
with angle 7, the vertex is not unique. A guarding
G(P) for a polygonal region P is a set of guards
such that there is a formula composed of this set
and the operators union and intersection that de-
fines P. Natural locations for guards are the ver-
tices and edges of the polygonal region. A guard
which is placed at a vertex of P is called a vertez
guard. A vertex guard is natural if it covers ex-
actly the interior angle of its vertex [1]. A guard
placed anywhere on the line given by an edge of P
and broadcasting within an angle of 7 to the inner
side of the edge is called a natural edge guard. A
natural guarding is a guarding consisting of natu-
ral vertex and natural edge guards only [3]. From
now on we consider natural guardings only.

The Natural Wireless Localization Problem.
Given a finite union of simple polygons P and an
integer k, is there a natural guarding for P using
k guards?

Theorem 1 The Natural Wireless Localization
Problem is NP-complete.



The problem is in NP. Given a set of nat-
ural guards we can check in polynomial time
whether they can describe P. To show the NP-
completeness we reduce the Vertex Cover Prob-
lem to the Wireless Localization Problem. It is
sufficient to consider 3-connected 3-regular pla-
nar graphs (see [4]). Let G = (V, E) be such a
graph of order n. Embed the vertices V' into the
plane, that is, think of G as a geometric graph.
Denote the line defined by an edge e € E by e.
The set of edges incident to a vertex v € V is
denoted by E(v). Consider the line arrangement
L ={¢|eec E} defined by G. Add all perpen-
dicular bisectors of edges, resulting in an extended
line arrangement L'. We want L’ to be in gen-
eral position in the following weak sense: only
the three lines defined by the edges incident to a
vertex v meet in v and only € and its perpendic-
ular bisector meet in the midpoint of e denoted
by M(e). Furthermore, we want the embedding
to be strictly convex.

Lemma 2 Given a 3-regular and 3-connected
planar graph G = (V, E) it is possible to embed
V into an O(n®) x O(n®) grid in time polynomial
in m such that the extended line arrangement L'
of G is in general position in the weak sense and
every face is strictly convex.

Proof. A drawing of G on an O(n?) x O(n?) grid
in which all faces are strictly convex polygons can
be obtained in linear time [5]. Let G be such
a geometric graph on a K x K grid with K €
O(n?). The vertices and the midpoints of edges
are called points of interest. Perturb the vertices
locally one by one to finally get a new drawing
which is in general position in the weak sense, that
is, no lines of L’ intersect the points of interest
except those who have to. (We still denote the
drawing after perturbation by G and the extended
line arrangement by L’.)

An easy calculation reveals that on a K x K
square grid the distance between any grid point
v and any line [ disjoint from v that is defined
by two grid points is at least 1/(v/2K). Define
£ :=1/(2v/2K). If we perturb the vertices by less
than e, then the drawing remains strictly convex.
(Destroying a convex face corresponds to mov-
ing a vertex v of the face and a line [ defined by
two other vertices of the face such that after the
perturbation v lies on the other side of I. The
distance of v and [ is at least 2¢, therefore after
having perturbed every vertex by less than ¢, v
cannot have changed sides.) In the same way one
might argue that the drawing remains crossing-
free, but this is not essential for our purposes.

Consider a small k x k grid around every vertex
v inside an e-ball around v and choose a new loca-
tion for v in this grid as follows: Assume that we
already have perturbed the first m vertices and
that the extended line arrangement of the sub-
graph induced by the first m vertices is in general
position in our weak sense. Perturbing the next
vertex v we want to ensure that neither v or one
of the midpoints of its incident edges come to lie
on a line of I/ nor it induces a new line in L’ that
intersects a point of interest.

The extended line arrangement L’ is built on
3n lines. (There are 3n/2 edges giving rise to two
lines each.) Therefore, we have n + 3n/2 points
of interest. It is forbidden to put v

e on any of the lines from L', except for those
lines € that are defined by an edge e € E(v)
(less than 3n forbidden lines),

e on any line such that placing v there would
result in one of the midpoints M(e) of an
edge e € E(v) lying on a forbidden line (less
than 3 - 3n = 9n forbidden lines),

e on any line defined by one of the neighbors
of v and an arbitrary other point of interest
(less than (15/2)n) forbidden lines),

e on any circle C centered at a point ¢ of inter-
est and passing through one of the neighbors
of v (less than (15/2)n forbidden circles), as
placing v on C would cause the perpendicu-
lar bisector of the corresponding edge to pass
through q.

All of these less than 27n forbidden loci are ei-
ther lines or circles, each of which hits at most
k of the k2 grid points of the small grid around
v. Choosing k larger than 27n we can always be
sure to find an appropriate placement for v. Re-
call that this small grid is placed within an e-
ball around v. As k = O(n) and ¢ = Q(n™?),
the distance between any two distinct points on
a small grid is Q(n~2). Overall, we refine the
K x K grid by a factor of O(n?), which results in
an O(n®) x O(n®) grid. O

Let § denote the minimum distance between
any point g of interest and a line of L’ disjoint
from ¢. After perturbation the vertices lie on an
O(n®) x O(n®) grid. Refining it by a factor of 2
ensures that all midpoints of edges are grid points,
too. As on a K x K grid any grid point has dis-
tance at least 1/(v/2K) to any disjoint line defined
by two grid points, § = Q(n=5).

The main steps of the reduction are the fol-
lowing. We successively replace every vertex by
a small convex hexagon. There are exactly two



ways to guard such a polygon optimally: if the
vertices are numbered in order, either put guards
on all even vertices or put guards on all odd ver-
tices. The idea is that one way of guarding this
vertex gadget corresponds to the vertex being in
the vertex cover and the other way of guarding it
corresponds to the vertex not being in the cover.

Then, successively replace every edge by an
edge gadget, that is, a simple polygon having the
property that it needs at least 4 natural guards
unless there is a ray of some other guard pass-
ing through the gadget, in which case it needs 3
guards only. Thus, the edge gadget “asks” one of
its incident vertex gadgets to help out with such a
ray, which corresponds to the edge asking for one
of its incident vertices to be in the cover.

Finally, we will add a “punishment gadget” to
every vertex, to ensure that every vertex put into
the cover is paid for.

Vertex gadget. Every vertex v € V is replaced
by a convex hexagon centered at v. Let E(v) =
{e1,ea,e3} be the edges incident to v. Let P(v)
be a polygon that has two edges collinear to ey,
two edges collinear to eq and two edges collinear
to es, all of them having length A\. We can avoid
creating edges that are on the same line as edges
already defined in other vertex gadgets by varying
the edge length 0 < A < §. Observe that every
line defined by the edges of P(v) is parallel to one
of the lines in the extended line arrangement L'
with distance at most §.

Figure 1: The two ways to guard P(v) for a
vertex v and P(w) for a pointed vertex w.

Observation 1 There are exactly two ways to
guard the vertex gadget P(v) of an vertex v using
3 guards only: Either the rays of the guards go
into the same direction as the edges of v, which
we call the first way to guard it, or they go into
the other direction, which we call the second way.

In the special case of a pointed vertex, that is, a
vertex for which all incident edges lie within an
angle of less than 7, the rays parallel to the middle
edge go into the other direction. See Figure 1.

Figure 2: An edge gadget Q(e).

Edge gadget. For every edge e € E we insert a
polygon Q(e) such that no line through any edge
defined in some other gadget intersects Q(e), ex-
cept for the lines parallel to e that are defined by
the two vertex gadgets corresponding to the end-
points of e. Furthermore, we have to ensure that
no line defined by an edge of Q(e) intersects any
other edge gadget already created. If A is chosen
to be sufficiently small, the lines defined by Q(e)
remain inside a J-strip around the perpendicu-
lar bisector of e within our area of interest (up to
outermost intersection of the perpendicular bisec-
tor with other lines of the extended line arrange-
ment). Hence the lines defined by Q(e) do not
intersect any other edge gadget, as these gadgets
are located at an intersection of other lines of L'.
Note that choosing a very small A and therefore
a “very flat” Q(e) does not change the properties
of Q(e) as far as guardings are concerned.

For an edge e that is the middle edge of a
pointed vertex on the outer face, do not place
Q(e) on the midpoint M (e) but somewhere within
the outer face along €. Note that at this point we
use that G forms a strictly convex embedding:
As all pointed vertices lie on the outer face, two
pointed vertices can only be connected by an edge
of the outer face, which cannot be a middle edge.
In other words, at most one endpoint of e can be
pointed.

If Q(e) is hit by a ray r, of a guard g or a
left ray ¢ of a guard ¢’ from the incident vertex
gadgets, then there Q(e) can be guarded using 3
guards only. (See Figure 2, Q(e) =anbnN(cUg)
or Q(e) = anbN(cUg’), respectively.) If there are
no such rays crossing Q(e), then at least 4 guards
are needed to guard Q(e), see Figure 3. (If there
was a guarding using 3 guards only, then there
would have to be a natural vertex guard on every
second vertex. In either case there would be a
pair of points (depicted by crosses in Figure 3),
one inside Q(e) the other outside of Q(e), that
could not be distinguished by the guards.)



Figure 3: An edge gadget hit by no ray.

Observation 2 At least 4 guards are needed for
Q(e) unless one of the incident vertex gadgets is
guarded in the first way, in which case 3 guards
suffice.

The punishment gadget. For every vertex v we
add a punishment gadget similar to the edge gad-
gets. Choose an edge e € E(v) and place a poly-
gon R(v) as shown in Figure 2 somewhere along
€, (seen from v) on the side opposite to where the
edge gadget is. (For a pointed vertex, pick one of
the two edges incident to the reflex angle.) Again
make sure not to create any kind of interference
with other gadgets. We can always find an ap-
propriate placement for the gadgets by putting
them somewhere far away from everything else
and choosing A small enough. For lack of space,
we have to defer details to the full paper.

Observation 3 Every punishment gadget needs
at least 4 guards if there are no rays of other
guards intersecting it. If its corresponding vertex
gadget is guarded in the second way, then there
is a guarding using only 3 guards.

All in all we get a finite union of simple poly-
gons P(G) composed of all vertex gadgets, all
edge gadgets and all punishment gadgets. It is
possible to construct P(G) in polynomial time.
Let n = |V| be the number of vertices and m =
|E| = 3n/2 the number of edges. The following
lemma completes the proof of Theorem 1.

Lemma 3 There is a vertex cover of G using k
vertices if and only if there is a natural guarding
for P(G) using at most 3m + 6n + k guards.

Proof. If there is a vertex cover of G of size k
we can find a guarding of P(G) as follows. Guard
every vertex that is in the cover in the first way,
every vertex that is not in the cover in the second
way. For every vertex guarded the first way we
have to put 4 guards on the corresponding pun-
ishment gadget, for every vertex we covered the
second way only 3. For all edge gadgets 3 guards
are sufficient, because since we started from a ver-
tex cover there will be the necessary rays around
to do it with 3 for all of them. So all in all we need

3m + 3n + 4k + 3(n — k) = 3m + 6n + k guards.
This proves the first direction of the lemma.
Suppose we are given a natural guarding of
P(G) using at most 3m+6n+k guards. We say a
guard belongs to a gadget, if it is a natural vertex
guard or a natural edge guard on this gadget. We
can find a vertex cover of G as follows. Take all
vertices whose punishment gadget has more than
3 guards belonging to it and put them into the
cover. Furthermore, add one of the endpoints of
all edges whose gadget has more than 3 guards
belonging to it. So far we have not put more
than k vertices into the cover since there cannot
be more than k edge or punishment gadgets with
more than 3 guards. (See the observations above.
At least 3 guards belong to every vertex gadget
and at least 3 guards belong to each of the other
m + n gadgets, so there remain at most k& guards
that can create such edge— or punishment gadgets
with 4 or more guards.) Indeed, this set forms a
cover of G because every edge that has no end-
point whose gadget is guarded in the first way
needs at least 4 guards. Therefore one of its end-
points got added to the cover. O

Outlook. The reduction sketched above shows
that it is hard to find an optimal guarding for a
collection of polygons or equivalently—looking at
the complement—for a polygon with holes. Cur-
rently we are working to extend the result to the
case where the input consists of a single simple
polygon. We also plan to investigate the com-
plexity of finding general, not necessarily natural,
guardings.
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