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Introduction

Many extremal problems in areas like combinatorics, graph theory, geometry and number
theory can be formulated roughly in the following way: Given a structure and a collection
of forbidden configurations. How many elements of the structure can be chosen, such that
none of the forbidden configurations occur? Problems of this type will be called selection
problems. Here are five examples:

1. Given a fixed graph G. How many edges can a graph on n vertices have without
containing an isomorphic copy of G7

2. How many points can be chosen from the [n]*-grid, such that there are no 4 points
on a common circle and no 3 points on a common line?

3. How many elements can be chosen from the set of squares {12,22,... ,n%}, such that
all pairwise sums are distinct?

4. Given a set P of n points in R% What is the maximum size of a subset X C P with
the property that all mutual distances determined by X are distinct?

5. Given a hypergraph H. Determine the independence number o H ).

Many other selection problems will be considered throughout this thesis. In some cases,
selection problems can be solved by a construction giving a solution (a subset that avoids
all bad configurations) of maximum size or of size within a constant factor of the maximum.
Improving earlier bounds of Erdés and Purdy, we give such a construction for example (2)
in Chapter 1.

It is quite typical that selection problems — although easily stated and easy to under-
stand — have shown to be hard in the sense that even the asymptotics of the maximum
solutions are unknown and the gaps between lower and upper bounds are considerable.
Moreover, the best known lower bounds are based on non-constructive proofs.

It turns out that example (5), the determination of the independence number of a hy-
pergraph, plays a central role. Many selection problems can be formulated in an equivalent
way as an independent set problem in a certain hypergraph. A solution for the selection
problem is in one-to-one correspondence to an independent set in this hypergraph. There-
fore, lower bounds on the independence number of hypergraphs can be used to derive lower
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bounds for selection problems. We will see that this “hypergraph approach” leads to im-
provements of known bounds for several extremal problems. This motivates the study of
the independence number of hypergraphs, which is the subject of Chapter 2.

The aim of this thesis is: (i) to show that the hypergraph approach is a powerful tool
for extremal problems and (ii) to derive new lower bounds for extremal problems using
this tool, where we focus on geometric problems.

The application of the hypergraph approach to a given problem requires the study of
the underlying structure. This raises questions, which are often interesting on their own.
Example (3) leads to number theoretic questions concerning the representation of integers
by sums of squares, which we answer in Section 4.1. Example (4) raises questions about
the distribution of distances of point sets in R?, which will be considered in Section 4.3.

Overview

In Chapter 1 we are concerned with point sets in general position. We derive bounds on
the maximum size of a subset of the [n]*grid with no 4 points on a common circle and no
3 points on a common line. Our lower bound, based on a construction, is tight up to a
constant factor. Generalizations to higher dimensions are also considered. In Section 1.3
we discuss an application of such point sets to computational geometry. Section 1.4 deals
with the problem of how to perturb lattice points in such a way that they will be in general
position but certain topological properties are invariant.

In Chapter 2 we study the independence number of graphs and hypergraphs. We
give an overview about known lower bounds for the independence number of graphs and
uniform hypergraphs. In Section 2.3 we give a new result, which generalizes these bounds
to arbitrary hypergraphs. Section 2.6 shows that the lower bounds can be improved if the
given graph or hypergraph has a special structure. This chapter forms the basis for the
hypergraph approach.

In Chapter 3 we develop and illustrate the hypergraph approach as a tool for selection
problems. We give alternative proofs for two known results as examples for the typical
use of this approach. In Section 3.2 we infer bounds on sets of lattice points with distinct
slopes. In Section 3.3 we study so-called anti-Ramsey type results that form a suitable
framework for the problems considered in Chapter 4. In addition to existence results we
investigate asymptotic problems concerning threshold functions. Moreover, we consider
algorithmic aspects in Section 3.5.

Finally, in Chapter 4 we use the knowledge developed in the previous chapters to infer
new results for problems concerning point sets with distinct distances. To this end, we
prove results about the representation of integers by sums of squares in Section 4.1. These
results will also have implications for example (3) given above as we will show in Section
4.5. Furthermore, we will study the distribution of distances of point sets in Section 4.3.
In addition to these existence results we determine threshold functions for point sets with
distinct distances.



Notations

[n] (n € N) : Set of integers {0,1,... ,n—1}.

[n]Y (n € N, d € N) : Set of lattice points in R? with integer coordinates between 0
and n — 1.

|z], [z] (x € R): Largest integer not exceeding = and smallest integer greater or
equal n, respectively.

2t (z € R, r € Ng) : Falling factorial defined as z (z —1)...(z —r 4+ 1).
[S]* (S aset, k € N) : Set of all subsets of S of size k, also called k-sets of S.
2% (S a set) : Set of all subsets of S.

G = (V,E) : Standard notation for graphs with vertex set V and edge set F C [V]2
All occurring graphs are assumed to be simple (no loops, no multiple edges).

H = (V,&) : Standard notation for hypergraphs with vertex set V and edge set
£Cov\ ().

d(v) : Degree of a vertex v of a graph or uniform hypergraph.

d(v) : Degree vector of a vertex of an arbitrary hypergraph.

er, 0 : k-th unit vector, zero vector.

a(@), a(H) : Independence number of a graph G and hypergraph H, respectively.
K, : Complete graph on n vertices.

r(f) (f edge coloring of a complete graph) : Rainbow number of f.
E(X) (X random variable) : Expectation of X.

Var(X) (X random variable) : Variance of X.

f(n) < g(n) : Abbreviation for f(n) = O(g(n)).

e(y) (y € R) : Defined as e(y) = *™™.

(a,b) =c (a,b € Z,c € N) : The greatest common divisor of @ and b is c.

é(n) (n € N) : Eulerian totient function defined as the number of positive integers &
not exceeding n that are relative prime to n, i.e. (n, k) = 1.
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Chapter 1

Point sets in general position

In this chapter we are concerned with points sets in general position. There is no unique
definition of what general position is since it depends on the context. Roughly speaking,
general position is a property that is generic for point sets in the sense that a randomly
chosen set of say n points from the unit cube [0, 1]¢ satisfies with probability 1, where d is
the dimension under consideration. A point set is called degenerate if it is not in general
position. The following two typical examples are the ones we are dealing with:

(i) There are no d + 1 points on a common hyperplane (a plane with codimension 1).
(ii) There are no d 4 2 points on a common sphere.

Throughout this chapter we will consider lines and hyperplanes as special cases of circles
and spheres respectively, namely those with infinite radius. In other words, property (ii)
implies that there are no d 4+ 2 points on a common hyperplane. An instance of a point
set that is “highly” degenerate is the set of points of a grid [n]? in d-space. This raises the
interesting combinatorial question: what is the maximum size of a subset of the [n]?%-grid
that is in general position?

In the context of example (i) with d = 2 this is the well-known no-three-in-line problem,
which originated in a problem of Dudeney [22] in 1917. It is immediate that 2n is an upper
bound because otherwise there would be three points in the same column. It is still an
open problem if it is always possible to select 2n points from the [n]?-grid with no three
points in a line. Several computer tests have been made supporting this conjecture (see
[39, 49]). A lower bound of (1 —€) - n for every € > 0 and n > ng(€) was proved by Erdés
[58] based on the following construction: Let p be the largest prime not exceeding n and
take the subset {(¢,t* mod p) : 0 < ¢ < p}. This bound was improved by Hall et al [47] to
(3/2 —¢) - n for every € > 0 and n > ng(¢) and this is the best that is known.

The upper bound in arbitrary dimension d > 2 is dn since we can partition the point
set [n]? into n hyperplanes of the form z; = k with 0 < k& < n each containing at most
d points. The construction of Erdos for the planar case extends to higher dimensions by
taking the subset {(#,#* mod p,... ,t* mod p) : 0 <t < p}, where p is the largest prime not
exceeding n. This yields again a lower bound of (1 — ¢) - n for every € > 0 and n > ng(e).

9
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In [46] Erdds and Purdy ask: how many points can be chosen from the [rn]*-grid with
no four of them on a common circle? This is the case d = 2 of example (ii) mentioned
above. In Sections 1.1 and 1.2 we derive new bounds for this problem and its extension to
higher dimensions.

Point sets in general position are of special interest in the context of geometric algo-
rithms. Algorithms like for instance for constructing convex hulls or Voronoi diagrams are
typically designed under the assumption that the input is in general position. It remains a
nontrivial task for any implementor to cope with degenerate cases in a consistent way. In
Sections 1.3 and 1.4 we will see that sets of lattice points in general position can be used
to get rid of these problems.

1.1 The no—four—on—circle problem

Erd8s and Purdy ask the following question [46]: consider the [rn]*-grid. How many points
can you choose, s.t. there are no four of them on a common circle; in particular there are no
four points on a line (a circle with infinite radius). They mentioned in [46] that it is easy
to show that n?/37¢ (for every ¢ > 0 and n > ng(e€)) is a lower bound but they conjectured
that more is possible. Let C3(n) denote the maximum number of such points. We will
show the following.

Theorem 1.1 Let n be a positive integer. Then, Cy(n) > % .

This bound is optimal up to the constant. An obvious upper bound is given by 3n since
each column contains at most 3 points. One may wonder what happens if we consider only
circles of finite radius. Can we choose substantially more points from the [n]?-grid with
the weaker restriction that there are no 4 points on a circle with finite radius? A simple
example for such a point set is {(2,0)|0 < 2 < n}. But the answer is no.

Suppose there are k points with the desired property. Let a; denote the number of
points in column ¢, thus Y a; = k. Each pair of points in the same column defines a
horizontal bisector. With B; we denote the set of bisectors generated by pairs of points
in column z. If for any ¢ # j the intersection B; N B; is non-empty then there is a circle
containing 2 points from column ¢ and 2 points from column j which is impossible. So the
sets B; are pairwise disjoint. Moreover, |B;| > (a; — 1) + (a; — 2) = 2a; — 3. Note that a
bisector maybe generated by several pairs of points in a fixed column. On the other hand
there are only (n — 1) + (n — 2) = 2n — 3 possible horizontal bisectors. This implies

n—1 n—1 n—1
=0 =0 =0

We infer the following upper bound.

Observation 1.2 Let n be a positive integer. Then, Cy(n) < 3n —

N
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This upper bound is valid even if we allow arbitrarily many points on a common line.
For the proof of the lower bound we will construct a subset of the [n]?-grid with the
desired property. In fact, our point set will have a further property: there are no three
points on a line.
Let p be a prime number and k € Z. Define a set of lattice points S(p, k) by

S(p.k) = {(t, 2+ kmod p) : 0 <t < (p+5)/4} C[l=2] +1] x [p]. (1.1

Note that the set S(p, k) is a copy of S(p,0), where each point is shifted upwards by k
rows modulo p.

Lemma 1.3 Let p be a prime number and k € Z. Then S(p,k) contains no four points
on a common circle and no three points on a common line.

Proof. Assume first that there are three points (¢;,¢? + k mod p), : = 1,2,3, in S(p, k) on

a line. Then the determinant

1 tf-l—kmodp
1 ty t2+kmodp
1 t3 t2+kmodp

would be zero. In particular, it would be zero modulo p. Thus,

1t ¢
0=|1 t ¢3|=]]( —t) (modp).
1oty 2| i<i

But this is impossible since p is a prime and the ¢;’s are distinct modulo p.
Now assume there are four points (¢;,t? + k mod p), : = 1,2,3,4, in S(p, k) on a circle.
Four points in the plane lie on a common circle if and only if their projections onto the
unit paraboloid {(z,y,z%+ y?) : @,y € R} lie on a common hyperplane (see [24]). Thus
the determinant

ty ?+kmodp 3+
ty t2+kmodp 13+
ts t2+kmodp t2+
ty ti+kmodp 3+

t2 + k mod p)?

t2 + k mod p)?

t2 + k mod p)?
)

1
1
1
1 t2 + k mod p)?

N AN N N

would be zero. In particular, we get

1oty 1 i +1] 1ty 1t

Lty 1 B34ty | |1ty 13 13| .

0=1, . R B el R —(t1+t2-|—t3-|—t4)£[j(tj t;) (mod p).
1oty 13 15+13 1oty 13 1]

The last equality is a special case of Lemma 1.6 (d = k = 2), that we will prove in Section
1.2. Since p is a prime and the ¢;’s are distinct (modulo p) the factor t; +. ..+ ¢4 has to be
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zero modulo p. However, we have 0 < ¢+t +t3+14 < 4 7’:—5 —6 = p—1, a contradiction.
Thus, S(p, k) contains no 3 points on a line and no 4 points on a circle. 3

Proof of Theorem 1.1. Since the Theorem is obvious for n < 4 we can assume n > 5.
Let p be a prime with n < p < 4n — 9. Such a prime exists, indeed Bertrand’s Postulate
[48] guarantees the existence of a prime with n < p < 2n. Note that the [r]*-grid intersects

all columns used by S(p, k) since n — 1 > [%J.

Let C} be the set of points of S(p, k) contained in the [n]*-grid, i.e.
Ce=[n)*NS(pk) for0<k<p—1.

Consider a fixed point of S(p,0). As k varies from 0 to p — 1 a copy of this point will be
contained n times in the [n]?-grid since n < p. We infer,

p—1 n
> [Cul=n-18(p.0)] = n- ([22] +1) > 7.
k=0

Thus there exists a k£ € [p] with [Cx| > %. By construction, this Cj is a subset of the
[n]?-grid. Moreover, it contains no four points on a circle and no three points on a line by

Lemma 1.3 since Cy C S(p, k). a
1.2 Generalization to higher dimensions

In this section we will see how the construction given in the last section generalizes to
dimension d > 3. Let Cy(n) be the maximum number of points that can be chosen from
the [n]%-grid, s.t. there are no d+2 points on a common sphere. An upper bound for Cy(n)
is given by (d + 1) - n, since otherwise there would be a hyperplane (sphere with infinite

radius) containing d + 2 points.

Theorem 1.4 Ford > 3 and n € N we have Cy(n) > c-n'/@=1)  where ¢ > 0 is a constant
independent of n and d.

A lower bound of Q(n'/?) is implicitly given in [26] (see Section 1.3). The proof of this
theorem uses the following construction. For a prime number p define the set

Sa(p) := {(t,t2 mod p,...,t*mod p): 0 <t < %pl/(d_l)} ,
which is a subset of the [p]?-grid.

Lemma 1.5 For all d > 3 and p a prime number the set Sq(p) does not contain a set of
d + 2 points on a common sphere or a set of d + 1 points on a common hyperplane.
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It is known that d + 2 points py,pa, ..., pase in R? lie on a common sphere if and only
if their projections f(p;) = (pi1, pi2,- - - , Pia, P4 + P% + ... + p?;) onto the unit paraboloid
in R%*! lie on a common hyperplane (see [24]). So in order to test whether py,... , psys lie
on a sphere we have to check if the determinant

L pia P2 - Prd Pl pis+ . 0l
1 paa P22 .- P24 P%,l + P%,z +...F P%,d
L piten pdt22 --- Pay2d P§+2,1 + P§+2,2 +...+ P?l+2,d
is zero. We will show that
| R - S 24ttt
1t 2 ... 244, it
Md =
1 otape th, oo t9, o tti,+.. 13,

is always nonzero modulo p for any choice of distinct 0 < ¢; < %pl/(d_l) which implies that
Sa(p) contains no d 4+ 2 points on a sphere. Define

Loty 2 0
1ty 2 ... ot gdFE

D(d,k):=| . . . . . . ford >0, k> 1.
U otaps 13, ... td, 1915

For 1 < j < d we multiply the j-th column with 44, and subtract it from the (j + 1)-st
column. Also we multiply the (d + 1)-st column with ¢, , and subtract it from the (d+ 2)-
nd column. We cancel the last row and the first column leaving a factor of (—1)4+!
factor t; — {442 from the ¢-th row for 1 < ¢ < d + 1. This gives

and

1 2 d—1 d . H—tag,
PR B =
1ty 2 ... it gd BTl
D(d, k) = (—1)% | : 2 ta~tata
(d.k) = (=1) I Gi-ta)) . .
1<i<d 1
1 td+1 td+1 td+1 td+1.t_jjl+:1——tjif
R i it
R T DY P n ot
= [ (ta2—1t)
1<i<d+1 L .
d—1 <k k=l (d=1)+
L ta4 tle SN TR DY S I t£l+1 :

= ]I (td+2—ti)§:t§j_éD(d—1,Z). (1.2)

1<i<d+1
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Lemma 1.6

d+2
D(d, k) =Tt —t)- > J]t,
1< le|l=k—1 i=1

where |e| denotes the sum |e| := e; + €3 + ...+ €q12.

Proof. By induction on d. For d = 0 we have D(0,k) =

| |—Z;$ ltith .
Suppose the formula for D(d — 1,1) is correct for all [. Let k be arbitrary. According

to equation (1.2) we know that

Ho=th—th = (t—ty)

17:2

D(d, k)= TJ[ (tag2— th+2 1,1).

1<i<d+1

The induction hypothesis implies

d+1
[I Gtae—t)thiiDd-1,00= JI @—-t)- > thh-T[ ¢
1<i<d+1 1§i<j§d+2 le|=1—1 i=1
for all [. Summation over all 1 <[ < k gives
d+2
D(d, k) =TJ(t; —t)- >, Tt
i<j le|=k—1 i=1
|
Observe that
o b Ez [d/2]+1 145
M; =1 . . . . = Z D(d,d —2l). (1.3)
1=0
1 litz ... t§+2 E?:Ld/?ﬁ—l t?l{n

Proof of Lemma 1.5. Suppose we are given d+ 2 distinct points of S;(p) with parameters

0 < ty,...,t502 < T := %pl/(d‘l). In order to show that these points do not lie on a

common sphere we will prove that the determinant Md belonging to t1,... ,tq42 is nonzero

modulo p, which is sufficient. Let Q(d, k) := Z H ti. Then D(d, k) = TI(t; — t;) -
le|=k-1 i= i<

Q(d, k) by Lemma 1.6. We infer with (1.3) that

My=TJt;—t)- > Qd,d—20).

1< =0
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Since p is a prime [[(¢; — ¢;) is nonzero modulo p, so we have to show that 3> Q(d,d — 2I)
is nonzero modulo p. Observe that Q(d, k) < T . (d+k> since there are (zfllc) monomials

d+2 d+2
of the form [] ¢{* with degree |e|] = > ¢; = k — 1. Thus
=1 =1

[91] (4]
2 . P 2d — 21
0< > Q(d,d=20)<T""- > d_1_91)"

=0 {=0

It is easy to see that ( 2d—2l) < (1/2)% ( 2‘1) which implies

d—1-21
L% Od.d—20) <71 21 )3 <1>l _dpa [ 2
=0 ’ d—1 1=0 4 B 3 d—1 '

Since (d 1) < 491 we infer

145 - d—1
b yamrpan <16> (3 )
< — =p.
0< Z (d,d —21) <3 44t 3 T P
This proves that My # 0 (mod p).

Now suppose we are given d + 1 points of Sy(p) with parameters 0 < ¢y,¢5,... ,tg41 <
T < p. If these points lie on a common hyperplane then the Vandermonde determinant

I PR - TR
1oty 2 ...t

= H(tj - tZ)
. . . i<j

would be zero modulo p which is impossible, since p is a prime and the ¢;’s are distinct.
Hence the set Sy(p) has the desired properties. a

Proof of Theorem 1.4. We will show that the lower bound is true for ¢ = 3/32. For
n = 1 there is nothing to prove. So suppose that n > 2. According to Bertrand’s Postulate
([48]) there is a prime number p satisfying n/2 < p < n. Since Sy(p) is clearly a subset of
the [n]%-grid we infer that

3 3 /n\1/(d-1)
N B -1y o O <_> >
Cufn) = |5u(p)| > o0 > 3 (1



16 CHAPTER 1. POINT SETS IN GENERAL POSITION

1.3 Application to a perturbation technique

In this section we will briefly discuss an application of the sets S; that we constructed
in 1.1 and 1.2. Many geometric algorithms such as constructing the convex hull or the
Voronoi diagram of a given set of n points in R? (see for example [24]) are based on tests
of the following predicates:

(i) Given a sequence of d+1 points v1, va,. .. ,va41 € R% on which side of the hyperplane
spanned by vq,...,vs does the point vgyq lie? If the points vy,...,v441 lie on a
common hyperplane then we have a degeneracy.

(ii) Given a sequence of d + 2 points vy, vy,... ,v442 € R%L Does the point vy lie inside
or outside of the sphere determined by wvq,... ,v4417 If the points vy,... ,vg4 lie
on a common sphere (or hyperplane, i.e. a sphere with infinite radius) we have a
degeneracy.

Typically, those geometric algorithms are designed under the assumption that the input
data generates no degeneracy, avoiding annoying case studies. This leaves the task to cope
with degenerate cases in a consistent way to the implementor, which turns out to be a
nontrivial matter. Moreover, when working with finite precision, degeneracies are likely
to occur. The first idea one may have is to “break ties arbitrarily” just the way it can
be done in a sorting algorithm when two equal number are encountered. More precisely,
this means in the context of predicate (i) that if vy,... ,vgqq lie on a common hyperplane,
we can flip a coin and the decide the answer of the predicate. But it is easy to see that
this can lead to inconsistencies in the sense that there exists no point set realizing these
orientations.

Edelsbrunner and Miicke [25] introduced a technique called Simulation of Simplicity
(SoS) based on the following idea (see also [26]). We perturb the input set P in such a
way that the resulting set P’ is in general position and the amount of perturbation is so
small that the predicates involved are unchanged for nondegenerate subsets of P. This
perturbed point set P’ is used only inside of the predicates to get consistent answers. The
consistency is guaranteed by the physical existence of P’. An algorithm designed for point
sets in general position can now be applied to P; the only things that have to be changed
are the predicates. In a postprocessing step artificial geometric objects such as faces of
measure zero (Voronoi diagrams) or nonextreme points on the boundary of the convex hull
can be eliminated together with incident faces.

The perturbation is accomplished in the following way. Suppose we are given a set
P = {p1,p2,... ,pn} of n points in R? and a set A = {A;,A,,...,A,} C R? that is
in general position with respect to predicate (i) or (ii) respectively. The set P is then
perturbed into the set P(e) = {pi(e),...,pa(€)} with p;(e) = p; + €A;. In [26] it is
shown that P(e) is in general position and the predicate is unchanged for nondegenerate
subsets of P, given that e > 0 is sufficiently small. For an efficient implementation of this
perturbation scheme as presented in [26] it is necessary that the bitcomplexity of the set
A, i.e. the number of bits needed to represent the points of A, is small. For predicate
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(ii) Emiris and Canny made use of the set A := {(¢,#%,...,t%) : 0 < t < n}, which
is a set of points from the [n%]%-grid. This set can now be replaced by A := Sy(p) =
{(t,#* mod p,... ,t¥ mod p) : 0 <t <3/16 - p*/=D}  [p]?, where p is the smallest prime
with 3/16-p'/(=1) > n. In Section 1.2 we proved that A is in general position with respect
to predicate (ii). We infer that p < ¢;n?~! by Bertrand’s postulate and thus A C [¢;n?1]?
improving the bitcomplexity.

1.4 Perturbation of lattice points

In this section we investigate a different kind of perturbation. Consider the grid [n]?. We
are looking for a map f from this grid to some larger grid [N]* with the following two
properties:

(i) f ([n]*) contains no 3 points on a line.
(ii) f preserves the orientation of lattice triangles in the following sense: Suppose we are

given 3 lattice points (z;,y;), ¢ = 1,2,3 not on a common line, then the orientation
of the image points f(z;,y;) is the same as for (z;,y;), 1 = 1,2,3.

What is the minimal value of N — denoted by Nj(n) — admitting a map f with these
properties?

A lower bound is given by Ny(n) > n?/2 since there are at most 2V points in the [N]?
grid with no 3 points on a line.

Theorem 1.7 Let € > 0 be given. Then, for n sufficiently large we have
Ny(n) < (3+¢€)-n°.

The proof of this upper bound is constructive. Let p > n be a prime number with p = 3
(mod 4). Consider the map f : [n]*> — [An + p]* given by

flz,y) =X (2,y) + (y,2" + y* mod p) (1.4)
with A := 3np.
Lemma 1.8 The map [ satisfies the conditions (i) and (ii).

Proof. First we will prove condition (ii). Let (z;,y;), ¢ = 1,2,3 be given points from [n]?

not on a common line, i.e.

Iz
1 T2 Y2 7é 0.
I z3 y3

W.lo.g. we can assume that the determinant is positive (otherwise interchange (z1,y:) and
(22,y2)). Since all entries of the determinant are integers it follows that

Iz
I z3 y3
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We have to show that the corresponding determinant D of the image points is positive
too. Let z; := (2? + y?) mod p for i = 1,2,3. Note that |z; — z;| < p and similarly
|z; — x|, ly: — y;| < n. By (1.5) we infer for D

L Axi+y A+ = L Azy Ay I Azy = I y1 =

L Azg4ys Aya+2o | = |1 Azg Ayp [+ 1 Azy 2 [+ 1 y2 2

I Axzs+ys Ays+z3 I Azz Ays I Azg 23 I ys 23
> /\2_|_/\ Tyg — X1 22— 21 Y2 — Y1 22— 21
- T3 —T1 23— 21 Ys — Y1 23— 21

> M —X-2np—2np
— Gp-2)-mp
> 0.

Hence, f preserves the orientation of lattice triangles.

Now we consider condition (i). Let p; = (a;,v:), ¢ = 1,2,3 be 3 given points from
[n]?. If they do not lie on a common line then the same is true for their image points by
condition (ii). So we can assume that pi, ps,ps do lie on a common line g. We represent
the points on ¢ in the form

g(t) = (a,b) +t-(c,d), teR, (1.6)

where (a, b) is the smallest point in g N [r]? with respect to lexicographic order and ¢ and d
are relative prime integers with ¢ > 0. Clearly, ¢, |d| < n since |gN[r]?| > 2 by assumption.
Furthermore, every point in ¢ N [r]?* corresponds to a parameter ¢ € [n]. Let ¢; be the
parameter corresponding to p; for ¢ = 1,2,3. We have to show that the image points
f(p1), f(p2), f(p3) are not collinear. Assume this is not the case, i.e. they are collinear. In
other words the determinant

1 Azy+y1 Ayr + (2f + y7 mod p)
D:=|1 Axz2+y2 Ayz + (23 +y3 mod p)
1 Azs+ys Ays + (22 + y3 mod p)

is zero. We distinguish to cases.

d # 0: Since D is zero we have D = 0 (mod p). Using the fact that A is a multiple of p this
equation simplifies to

Loy i+
1 y» z34+y; |=0 (modp).
1 ys 23+ y3
By substituting the parameter form (1.6), we get
1 b+td (a+tic)*+ (b+ t1d)?

0=|1 b+tad (a+t20)?+ (b+1t2d)? |=d(*+d*)[](t; — ;) (mod p).
1 b+tsd (a+tzc)*+ (b+ tad)? i<j
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Since p is a prime number one of these factors must be zero modulo p. The parameters
t; are pairwise distinct elements from [n]. Remember that we chose p to be greater
than or equal to n. So [[;;(t; —t;) # 0 (mod p). Similarly d # 0 (mod p), since
0 # |d| < n <p. We infer that ¢* + d* =0 (mod p) or equivalently

¢ =—d* (mod p). (1.7)
Now we recall that p = 3 (mod 4), so that (p —1)/2 is an odd integer. Taking
both sides of (1.7) to the power of (p — 1)/2 implies ¢*~! = —d*~! = —1 (mod p)

by Fermat’s little theorem and since d # 0 (mod p). But this is impossible again by
Fermat’s little theorem. Thus, f(p1), f(p2), f(ps) can not be collinear if d # 0.

Il
e

In this case the line ¢ is horizontal, i.e. the points py, ps, p3 are of the form (zq,b),
(22,b), (x3,b) where b € [n]. Since we assume that these points are collinear, we get

1 Azy+b Ab+ (23 + b* mod p) 1 z; 2+ b modp
0=|1 Aza+b M+ (22+b modp) |=A|1 x5 2245 modp
1 Azz+b Ab+ (22 + b* mod p) 1 z3 zi+b*modp
This implies
1 z; a?
0=|1 2 23 |=][(z;—=) (modp).
1 z3 2 i<j

Again, this is a contradiction since p is a prime with p > n and the z;’s are pairwise
distinct members of [n].

We conclude that the map f satisfies condition (i), which completes the proof. |

Proof of Theorem 1.7. Let € > 0 be given and define ¢’ := ¢/4. Consider the arithmetic
progression {4k+3 | k € Ny} and let m4(x) denote the number of primes in this progression
not exceeding x. By the prime number theorem for arithmetic progressions (see [9],[56])

we know that
. ma(z)lnz 1 1
lim = = —,
=00 T é(4) 2

where ¢ is the eulerian totient function. In particular we have

=3+ (i)
7T4(I)_21I1.I'+0 Inz/ °

(14 €) 1) = ma(n) = =" 4 <i> >0

~ 2lnn Inn
for n sufficiently large, i.e. n > ng(€). Thus, there is a prime number p of the form 4k + 3
with n < p < (1 4 ¢€)-n. According to Lemma 1.8 the map f : [r]> — [An + p]* given by
(1.4) satisfies the conditions (i) and (ii). We infer that

This implies

No(n) < An+p=3np-n+p<(3+4€e) -n°=3B+¢) - n’

for n large enough depending on e. a



20 CHAPTER 1. POINT SETS IN GENERAL POSITION

Higher dimensions.

Given a sequence of d + 1 points vy, vy, ... ,v441 € R% Define
1 v Vg ... Uig
Dir(vr, .. s vass) = I wer w2 ... Vg
1 Vd41,1 Ud41,2 --- Ud41ld
The orientation of the sequence vy,... ,v441 1s given by the sign of this determinant. Note
that Dg(vy,...,v441) = 0 if and only if the points lie on a common hyperplane. Similar

to the two-dimensional case we are looking for a function f that maps the points of the
[n]?-grid to some larger grid [N]? with the following two properties.

(i) There are no d + 1 points in f([n]?) on a common hyperplane.

(ii) The map f preserves the orientation of lattice simplices in the following sense. Sup-
pose we are given d + 1 points vy, ... ,v441 € [n]? not on a common hyperplane, then
the sign of Dy (f(v1),..., f(vis1)) is the same as for Dy (vy, ..., v441).

Let N4(n) denote the minimal value of N admitting a map f with these properties. Clearly,
a lower bound is given by Ny(n) > n?/d since there are at most dN points in the [N]%-grid
with no d 4+ 1 points on a common hyperplane.

Theorem 1.9 ford >3 and n € N we have
Ny(n) < 27 din® .

Note that this bound is weaker than Theorem 1.7 for d = 2, where we made use
of a slightly more sophisticated construction that seems to be hard to extend to higher
dimensions. Here we will use the following construction. Let p > n? be a prime number
and define A := (27 — 1) - d!n®'p. Consider the map f := [n]? — [An + p]? given by

flz) = Az + A(x) (1.8)

with
A(z) 1= (2(z), 2%(z) mod p, ... , z%(z) mod p)

and

d
z(x) = Zxknk_l for & = (21,... ,24).
k=1
Observe that the i-th row of Dy (f(v1),..., f(vas1)) is given by
L, Aogg + 2(v), Avia + (2%(v) mod p), ..., Avig + (2%(v;) mod p).

Lemma 1.10 The map f satisfies conditions (i) and (ii).
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Proof. Consider condition (i) first. Let vy,...,vg41 be a sequence of d 4+ 1 distinct
points from [n]¢. We have to show that Dy (f(v1),...,f(ver1)) # 0. We will prove
Dy(f(v1),..., f(vay1)) Z 0 (mod p) which is sufficient. Since A is an integer multiple of
p we have

Dp(f(v1),--- s f(vas1)) = Du(A(vr), . s Avasr)) = [](2(vj) — 2(vi))  (mod p).

1<

Observe that for z # y € [n]? we have z(z) # 2(y) and 0 < z(z),2(y) < n? — 1 < p by the
definition of the function z. But this implies

Dar(f(0n), .., F(var)) = T1((v;) = 2(0))) 0 (mod p)

i<j
since p i1s a prime.

Now we consider condition (ii). Let vy,...,v441 be a sequence of d + 1 points from
[n]? with Dg(vy,... ,v441) # 0. We can assume w.l.o.g. that Dy (vy,... ,v441) > 0 (oth-

erwise interchange v; and vy). Since all entries of this determinant are integers we have
Dy (vy,... ,v441) > 1. By using the fact that a determinant is linear in each column we

expand Dy (f(vi),..., f(vagr1)) to
Dy(f(v1),..., f(vay1)) = pL Dy(vy, ... ,vg41) +0 > A o,

where o is a sum of 2¢ — | terms of the form \* times a determinant with 0 < k& < d — 1.
Furthermore, the absolute value of ¢ is bounded by

d-1
o] <> (Z) d'On)F pt=F < (24 — 1) -d! (An)?'p.
k=0

We conclude that
Dy (f(v1), ..., floge)) > A+ o> 2 — (29 — 1) - ! M 1pd=lp = 0

by the choice A = (2% — 1) - d! né~p. a

Proof of Theorem 1.9. Let d > 3 and n € N be given. Furthermore, let p be the smallest
prime number greater than n?. Bertrand’s postulate (see [48]) guarantees that p < 2nc.
By Lemma 1.10 the map f : [n]? — [An + p]? given by (1.8) with A\ = (2¢ — 1) - d!n?"!p
satisfies the desired properties. Thus,

Na(n) < dn +p <2704
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Preserving the insphere predicate.

In this section we will discuss — for the sake of completeness — how to adapt the construction
of the last section in order to perturb lattice points while preserving the insphere predicate
and the orientation predicate. The bounds we will get still leave a large gap and it is an
interesting open problem to derive better bounds.

Given a sequence of d+2 points vy, vy, ... ,v441 € R? not on a common hyperplane and
a point vgys € R% Then there is a unique sphere through vy,... ,v44; and the insphere
predicate determines whether the point v4yo lies inside or outside this sphere. If vgyo lies
on this sphere then we have a degeneracy. This predicate can be calculated by computing
the sign of the determinant

2 2 2

1 V1,1 V1,2 c V1,4 Vi1 + vy 9 + ...+ V14

. , 22 22
I v V22 ... Va4 Va1t Uyt Uy,
Ds(v1,... ,v442) = :
1 , , 22 02 22
Vit2,1 Vd422 -+ Vd42d Vgyoq T Vgyoo T -+ Vayoy

Note that Dg(vy, ... ,v442) = 0if and only if vy,... ,v442 lie on a common sphere (compare

Section 1.2). As in the last section we will use the determinant

1 ’Ul,l ‘01,2 e ‘Ul,d
DH(‘Ul’ . ’vd+1> — 1 ’02,1 ‘02,2 P ‘Ug,d
1 Vd+1,1 Vd+1,2 -+ Vd41,d
to test the orientation of the point sequence vy,... ,v441.

We are now prepared to formulate the problem. We are looking for a map f from [n]?

to some larger grid [M]? with the following two properties:

(i) The set f([n]?) contains no d + 1 distinct points on a common hyperplane and no
d + 2 distinct points on a common sphere.

(ii) The map f preserves the orientation of lattice simplices (see Section 1.2). Further-
more, f preserves the insphere predicate in the following sense. Suppose we are
given d + 2 points vq,...,v4e2 € [n]? not on a common sphere, then the sign of
Ds(f(v1),..., f(vasz)) is the same as for Dg(vy,... ,v442).

Denote with My(n) the smallest value of M admitting such a map. Clearly, My(n) > n?/d
since there are at most d- M points in the [M]%-grid with no d + 1 points on a hyperplane.
Let p > (16n?/3)*"! be a prime and define A := (d2% — 1)(d + 1)! n?*! p. Consider the
map f :=[n]? — [A + p]? given by
flz) = a4+ A(x)
Alz) = (2(x),2

d
z(x) = Zxk nk1 for x = (21,... ,2q)
k=1

() mod p, ... ,2%z) mod p)
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This construction is the same as in the last section with the difference that p is chosen
much larger with respect to n and X is chosen much larger with respect to n and p. The
i-th row of the determinant Ds(f(vy),..., f(vaya)) is given by

LAvia + 2(v5), ... Avig + (2%(v:) mod p), (Avia + 2(v:))* + ... 4+ (Avi g + (2%(v;) mod p))?.
Lemma 1.11 The map [ satisfies the properties (i) and (ii).

Proof. Consider condition (i) first. Let v1,vq,... ,v449 be given distinct points from

[n]?. We will show Dy (f(v1),..., f(viz1)) £ 0 (mod p) and Ds(f(v1),. .., f(vay2)) # 0
(mod p) which is sufficient. We have

Ds(f(vy),..., f(var2)) = Ds(A(vy), ..., A(vgs2)) (mod p)

and

Dy(f(v1),... , f(vay1)) = Du(A(v1), ... ;A(vgy1)) (mod p)
since ) is an integer multiple of p. For = # y € [n]? the choice of p and the definition of
the function z implies 0 < z(2), 2(y) < n? < 3/16p*/@=Y and z(z) # z(y) (mod p). But
this is precisely the situation as in the proof of Lemma 1.5, where we have shown that
determinants of the form Dg(A(v1), ..., A(vgy1)) and Ds(A(vy),... , A(vis2)) are always

nonzero modulo p. Hence,

Du(f(v1),.- ., f(va41)) = Du(A(vy), ..., Alvags)) # 0 (mod p)
and
Ds(f(v1)s- .+ fvasa) = Ds(A(vr)s- ., A(vasz)) 20 (mod p).

Now we consider condition (ii). It follows from the proof of Lemma 1.10 that f pre-
serves the orientation of lattice simplices. So let vi,vy,...,v442 € [n]? be given with
Ds(vi,... ,v442) # 0. We assume w.l.o.g. that Dg(v1,... ,v442) > 0, which implies
Dg(vy,... ,v442) > 1. By using the fact that a determinant is linear in each column

we expand Dg(f(v1),..., f(viz2)) to
DS(f(’Ul), cee 7f(‘Ud+2) = )\d+2 Ds(‘vl, o ,’Ud+2) +o> )\d+2 +o,

where o is a sum of d2% — 1 terms of the form \* times a determinant with 0 < k < d + 1.
Furthermore, the absolute value of o is bounded by

o] < (d2% = 1) (d+ 1)! (An)*p.
Thus, we infer that
Ds(f(v1), .- s f(vagz)) > AT — (de —1)(d+1)! ()‘n)dHP =0
by the choice A := (d2? — 1)(d + 1)! n®*! p, which concludes the proof. o
By taking p to be the smallest prime number exceeding (16 n?/3)~! we get the following
Corollary 1.12 For d > 2 and n € N we have My(n) < ¢4 nd’+2.
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Chapter 2

Independent sets

In 1940 P. Turén [69] proved his celebrated theorem that gives a complete answer to the
following question: How many edges can a graph on n vertices have without containing
a complete graph on r vertices? This was the starting point of extremal graph theory, a
discipline that attracted many mathematicians and that is still an active area of research.
The complementary version of Turan’s question is: How many edges must a graph on
n vertices have without containing an independent set of size r? Turan’s Theorem then
provides us with a lower bound on the independence number of a graph on n vertices
depending on the number of edges. This bound can be refined by considering the vertex
degrees instead of the number of edges. Furthermore, these bounds can be extended
to uniform hypergraphs. For the most general case, namely, arbitrary hypergraphs we
will derive a new result that is a generalization of the results for graphs and uniform
hypergraphs. All these bounds are essentially sharp. On the other hand they can be
improved for graphs and hypergraphs that are “uncrowded”.

In Chapters 3 and 4 we will see that many selection problems can be formulated in
terms of the independence number of certain hypergraphs. The lower bounds on the
independence number given in this chapter then provide us with lower bounds for these
selection problems. Thus, Turan’s Theorem not only was the starting point of extremal
graph theory but also is a key to the solution of many extremal problems in areas like
number theory, geometry and combinatorics.

2.1 Turan’s Theorem and independence number of
graphs

We will formulate Turan’s famous theorem in a form that is complementary (but equivalent)
to its original version (see also [14]). Let S, , be the graph consisting of the union of r
disjoint cliques of size n; = [nT'HJ for: =0,1,.... ,r — 1, i.e. the cliques are as equal as
possible. Let s, , denote the number of edges of S, ., thus s, , = (g) Observe that the
independence number of S, , is «a(S,,) = r since an independent set contains at most 1

25
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vertex from each clique. However, choosing 1 point per clique yields an independent set.

Theorem 2.1 (Turan [69]) Let n > r > 1 be given integers and let G be a graph on n
vertices with m edges and independence number o(G) = r. Then, m > s,, with equality
if, and only if, G is tsomorphic to S, ,

Turan’s Theorem implies a lower bound on the independence number in terms of the
number of edges, and this bound is best possible.

Corollary 2.2 Let GG be a graph on n vertices and m edges. Then,

2

a(G) > .
2m+n

Furthermore, equality holds if, and only if, G is the union of disjoint cliques of equal
cardinality.

Proof. Let G be a graph on n vertices, m edges and independence number r := «((). By

Jensen’s inequality?,
r—1 |_n+2J n?—rn
Spr = s )2l = '
; Z ( 9 ) ( ) 2r

=0
Turan’s Theorem implies m > s, , > n2=rn and thus a(G) > P + . Furthermore, equality
holds if, and only if, (G is isomorphic to Sm and r is a divisor of n. a

DO 3|3

The following theorem of Erdds is an extension of Turan’s Theorem (for those not
familiar with the hungarian language, see [15]).

Theorem 2.3 (Erdés [30]) Let n > r > 1 be given integers. Suppose, G = (V,E) is a
graph on n vertices with o(G) < r. Then there exists a graph H with vertex set V that is
the union of r disjoint cliques such that dg(v) < dg(v) for allv € V.. Moreover, if equality
holds for all vertices v € V then G is isomorphic to H.

Erdos” Theorem leads to the following lower bound for the independence number of a
graph in terms of the degrees that is an improvement of Corollary 2.2. This bound was
proved independently by Wei [71] and Caro [17] without using Theorem 2.3. Also, an
elegant probabilistic proof is given in [8].

Theorem 2.4 (Wei/Caro [71, 17]) Let G = (V, E) be a graph. Then,

G>Z

UEV -I_ 1

'For an efficient parallel algorithm for computing independent sets of this size see [42]

26(3° Nizg) <50 Nid(z;) for ¢ convex, ST A =1, A; > 0.
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n

By Jensen’s inequality this implies a(G) > = %,
degree of (.

Proof. Let r := «a(G). By Theorem 2.3, there is a graph H with vertex set V that
is the union of r disjoint cliques such that dgy(v) < dg(v) for all v € V. This implies
dovev m < Yev CZH(]-W' Each clique of H contributes 1 to the second sum, thus

2m

where d = is the average

Sy =r=a(0),

VeV dG(‘U) + veV dH(U) + 1 -

Theorem 2.3 tells us even more.

Observation 2.5 Let G = (V, E) be a graph. Then o(G) = 3 d(ulﬁ if, and only if, G
veV
is the union of disjoint cliques.

Proof. If G = (V, E) is the union of r disjoint cliques, then a(G) =r =3 cv d(ulﬁ since
each clique contributes 1 to the sum.
Now suppose a(G) = Y ,cv d(;ﬁ and define r := «(G). According to Theorem 2.3

there is a graph H with vertex set V that is the union of r disjoint cliques with dy(v) <
de(v) for all v € V. Since

1 1
Sl 1 R el + 1

veV veV

al(G)=r

we infer di(v) = dg(v) for all v € V. By (the second part of) Theorem 2.3, this happens
only if G is isomorphic to H. a

This observation tells us that the Wei/Caro bound is tight in terms of the degrees.
On the other hand it can be arbitrarily bad: Take a complete bipartite graph K;; on
n = 2[ vertices, which has independence number | = n/2. The Wei/Caro bound yields
only HQ_—ZI < 2. This is not surprising, because a graph is not uniquely determined by its
degree sequence. Consider the following graph G: Let A and B be two cliques of size [ > 2
and add [ independent edges (matching) between A and B. Then, G has the same degree
sequence as K;; but independence number 2.

We include here a second proof of Theorem 2.4 (see also [44]) that supplies us with
an efficient algorithm for computing independent sets of size as guaranteed by the lower
bound. Furthermore, this proof illustrates the basic idea of the proof of the extension of

the Wei/Caro bound to arbitrary hypergraphs given in Theorem 2.9.

Second proof of Theorem 2.4 and the MAX-algorithm. For a graph (G and a vertex
z € V(@) let G\ x denote the resulting graph after removing = together with incident edges
from (G. Consider the following sequential algorithm for computing an independent set in
a graph:
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MAX(G) :

WHILE E(G) #0 DO
Choose = € V((7) with maximal degree;
G:=G\z;

END;

Output independent set [ = V/(G).

Clearly, this algorithm computes an independent set for the input graph . Furthermore,

it can be implemented with linear running time O(|V| + |E|).
For convenience, define F/(G) := 2ovev(G) m for any graph (. Suppose, x i1s a

vertex of maximum degree d(z) = A(G). Let N(z) (neighborhood of z) denote the set of
vertices adjacent to x. Then,

v N 1 1 1
FE\0-F@) = 3 [d(w) _d('w)+1] ..
! 1
B weZ:N(x) d(w)(d(w) +1)  A+1
> oAt 1

AA+1) A+1
= 0.

So we see that the value of F' never decreases during the algorithm. On the other hand, its
final value is F(G[I]) = |I| £ a(G), where G[I] denotes the induced subgraph on . Thus,
F(G) < a(G). More precisely, F/(G) is a lower bound for the size of the independent set
generated by the MAX-algorithm. a

The original proof of Wei [71] uses a similar algorithm called MIN: Sucessively delete a
vertex v with minimal degree together with its neighborhood and add v to the independent
set.

2.2 Independence number of uniform hypergraphs

The Wei/Caro Theorem 2.4 for graphs raises the question if a similar lower bound can be
found for the independence number of hypergraphs. Before stating the results we have to
make some definitions.

A hypergraph is a pair H = (V,€) where V is a finite set and £ is a collection of
non-empty subsets of V, i.e. £ C 2¥ \ {0}. The rank r of a hypergraph H = (V,€) is
the maximal size of an edge in €. The hypergraph H is k-uniform if all edges in € have
size k. Thus, graphs are 2-uniform hypergraphs. The degree d(v) of a vertex of a uniform
hypergraph is the number of edges containing v. A set I C V is called independent if
2N & =1, i.e. the set I contains no edge of £. The maximal size of an independent set of
H is defined as the independence number o H).

We start with a bound due to Spencer including the nice probabilistic proof.
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Theorem 2.6 (Spencer [64]) Let H = (V,E) be a k-uniform hypergraph on n vertices
with average degree d > 1. Then,

1 1
alH) > <1—E>-n-d_m.3

Proof. Set p := d~"/(*=1), Since d > 1 we have p € [0,1]. Choose a subset X C V by
picking each vertex independently with probability p. Let Y be the set of edges from &£
contained in X. Deleting one vertex from each edge from Y yields an independent set of
size at least | X| — |Y|. Since

nd 1 _ 1
B(X| = V) =np— 25 pF = (1= 1) -7

we conclude that there exists an independent set of size at least as large as claimed. A
Caro and Tuza proved the following result, which is an extension of Theorem 2.4.

Theorem 2.7 (Caro and Tuza [18]) Let H = (V. &) be a k-uniform hypergraph with

k> 2. Then
a(H) = ) fd(v)),

veV

where d(v) is the degree of v, t.e. the number of edges containing v and the function f is

given by
i 1
d) = l——7+——].
#d) 131( i(k—1)+1)

In fact, Caro and Tuza proved a lower bound for the [-independence number o;(H ), defined
as the maximum size of a subset I C V(H) with the property that the induced subhy-
pergraph H|[/] has maximum degree less than [. In particular, oq(H) = a(H). The proof
of Theorem 2.7 is similar to the second proof of the Wei/Caro Theorem given in the last
section. Moreover, it is shown in [18] that the MAX-algorithm can be used to compute an
independent set in a k-uniform hypergraph of size at least as large as guaranteed by the

lower bound in time O(k - || + [V]).

Remarks. (i) The function f in Theorem 2.7 can be simplified to f(d) = (dﬂ/gg—l)) -
Thus, we may rewrite the result as

a(H) >y (d(v;(_;)ﬁ)_l |

veV
For k = 2 (ordinary graphs) this is the Wei/Caro bound.
(ii) An asymptotic formula is given by f(d) = (15! + o(1))d="/*=) using Euler’s

formula % = lim (n:z) n==.

n—oo

3For a parallel algorithm for computing an independent set of size c - nd=1/5=1) gee [5]
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(iii) We claim that f(d) is a strictly convex function in d (k fixed). For z,y > 0 let

[()(y)
PN ety

be Euler’s Betafunction. Then, f(d) = ﬁ-B(d—l— 1, lel) It is well known (see for example
[12]) that B(x,y) is log convex in each of its arguments. In particular, B(z,y) is strictly

convex in = and the claim follows.

The convexity of f(d) = (dH/yg—l))_l together with Jensen’s inequality yields the

following result.

Corollary 2.8 Let H be a k-uniform hypergraph, k > 2, with n vertices, m edges and
average degree d = kTm Then,

iz (7Y

Corollary 2.2 is included as the special case k = 2. To compare this bound with Theorem

141
2.6 for average degree d > 1 define f(d) = (d+5j> and ¢(d) = (1 = 1/k) - d="/(=1),
Observe that ¢ satisfies the differential equation

) = =g o) (2.1

while f satisfies the (corresponding) difference equation (k—1)d|[f(d)— f(d—1)] = —f(d).
Since f(d) is strictly convex we infer (k — 1)d f'(d) > — f(d) and so

1

f/(d)>_(k‘—1)d

7). (2.2
Now equations 2.1 and 2.2 together with the fact that f(1) = ¢(1) imply f(d) > g(d) for
d > 1. In other words, the bound given in Corollary 2.8 is at least as good as the bound
given in Theorem 2.6.

2.3 Arbitrary hypergraphs

In this section we will derive a new result that is a generalization of the theorem of Wei/Caro
(Theorem 2.4) and the theorem of Caro and Tuza (Theorem 2.7) to arbitrary (non-uniform)
hypergraphs. In order to do this we have to generalize the concept of the degree of a
vertex. Let H = (V,&) be a hypergraph of rank r. For every vertex v € V define the
degree vector d(v) = (dy(v),dz(v), ... ,d.(v)) € NJ where d,,(v) is the number of edges of

size m containing v for 1 < m < r.
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Definition. Let r > 1 be an integer. Define the function f, : Nj — R by

fr(d) =3 lH (dm)] 2(771(:11))2; 1

iy tm

The product and the inner sums are taken over all 1 < m < r. Note that the outer sum
is finite since all summands are zero unless i € [0,d]:={j € N} : 0 < j,, < d,,, for all 1 <
m < r}. Now we are in the position to state our main theorem.

Theorem 2.9 Let H = (V,E) be a hypergraph of rank r. Then

a(H) =2 ) f+(d(v)) .

veV

Suppose H = (V, ) is k-uniform, k > 2. Let v € V be arbitrary and let e; denote the
k-th unit vector. Since H is k-uniform fi(d(v)) reduces to

(see Concrete Mathematics [43] p. 188). Thus the theorem is a generalization of the results
of Wei/Caro and Caro/Tuza. Let us also consider the case k = 1, i.e. H is l-uniform.

Then fi(d(v)) reduces to
41(v) v : if dy(v) =
o= () oy 8

This is what we expect: The unique maximum independent set is given by the set of
isolated vertices.

Observation 2.10 Let H = (V,€) be a matching of rank r, i.e. H is a hypergraph with
the propertye #¢' € €= eNe’' =0. Then,

o(H) = Y f,(d(v).

veV

Proof. Since H is a matching the independence number of H is given by

a(H) = #vertices of degree vector zero + Z(|e| -1).
e€&

On the other hand f,(0) = 1 and for every edge e € £ we have Y . f,(d(v)) = |e] (1 —
/lel) = le] - L. Thus, a(H) = Toev f(d()) a

In Section 2.1 we saw that the Wei/Caro bound is tight and the extremal graphs are
given by unions of cliques. It is natural to ask how the bound F(H) :=Y, f.(d(v)) given
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in Theorem 2.9 behaves for the union of uniform cliques, i.e. a hypergraph that is the union
of disjoint hypergraphs H;, each of which is a complete k;-uniform hypergraph for some
k;. To this end, let H be a complete k-uniform hypergraph on n > k vertices. Clearly,

a(H) = k—1 and each vertex has degree d := (Zj) > 1. By the inequality that we proved
in the remark after Corollary 2.8,

1\ .
F(H)zn-(d+dk—1) Zn-(l—%) 47
On the other hand,
e n—1 _m>k—l
C\k—1 ~ en

F(H) > <1 - %) e (k1) = <1 - %) e a(H).

Note that F(H) = a(H) for k = 2 by Observation 2.5. Hence, F(H) > ;—eoz(H). This
bound obviously holds also when n < k.

We infer,

Observation 2.11 Let I be the union of disjoint uniform cliques. Then F(H) > 2 a(H).

Proof. let H = Hy + Hy + ... + H; be the union of disjoint uniform cliques. Then,
a(H) = a(Hy) + ...+ a(Hy) and F(H) = F(Hy)+ ...+ F(H;). For each j = 1...1,
F(H;) > 2 a(H;). Thus, F(H) > %oz(H). a

3e 3

This shows that the bound F(H) is tight up to a constant factor.

Lemma 2.12 Letr € N, (1,C5,...,C. >0 and Cy > 0 be given. The function g : Ny —

R given by
d, (=1)2im
d) = _
o4 =2 [H (zm)] 5 Coiim + Co
is the solution of the recurrence

>r Crdrg(d — ey)
d) =
9(d) Yr Crdy + Co

with ¢(0) = C3t. In particular, g(d) is non-negative for all d € Nj.

By this lemma we infer that our function f satisfies the recurrence
Y(k—1) dpf(d —eg)
S(k—=1)-dp+1

with f(0) = 1. In particular, 0 < f(d) <1 for all d € Nj. For later purposes we need the
following equivalent partial difference equation for f

fld) =2 (m—1) dn[f(d —en) — f(d)] (2.3)

m

fld) =
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for d # 0.

For convenience let us define the function F(H) := 3¢y f(d(v)) for every hypergraph
H = (V,&), where f = f, and r = rank(H ). Suppose z is a vertex of H. Let H \ = denote
the resulting hypergraph after removing = together with all incident edges from H. The
key to the proof of our main theorem is

Lemma 2.13 Let H = (V,€) be a hypergraph with € # (. Then there exists a vertex
eV wth F(H\z)> F(H).

The main work will be the proof of this lemma.

Proof of Theorem 2.9. Lemma 2.13 enables us to use the following algorithm to find an
independent set [ in H.

WHILE £(H) # ) DO
Choose z € V(H) with F(H\z) > F(H);
H:=H\z;

END;

Output independent set [ = V(H).

Since f(0) = 1 we know that F'(H[I]) = |I|. The value of F' never decreases by the choice
of the deleted vertices. Thus, F(H) < F(H[I])=|I| < o(H). W

We remark that the proof implies a polynomial algorithm that computes an independent
set of size at least F'(H) in an arbitrary hypergraph H of constant rank. In particular, for
uniform hypergraphs, this is the MAX-algorithm (see also [18, 44]): Successively remove
vertices of maximum degree with all incident edges until no edges are left. It is easy to see
that a vertex x with maximum degree in a uniform hypergraph has always the property

F(H\ z) > F(H).

2.4 Proof of lemmata

We start with the proof of Lemma 2.12.

Proof of Lemma 2.12. Let r € N, (1,5, ... ,C, > 0 and Cy > 0 be given. We have to
show that the function ¢ : Nj — R given by

g(d) = [H (d:)] z(c;l%

satisfies the recurrence

> Crdrg(d — ep)
d) =
9(d) > Crdi + Co

with ¢(0) = Cy'. Tt is easy to check that ¢(0) = Cj " holds.
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Let us rewrite the recurrence as a partial difference equation

Cog(d) =Y Crdrlg(d — ex) — g(d)]

for d # 0. Suppose di > 0 then we have

g(d —ep) —g(d) = —Z( 1) 11 (CLZW)Z((:L)—%

Lk—l m#k

- RN s

1
Hence,

and therefore

o 2k Ct
o _ 1) im 2k Uk
;dek[ﬂd er) — g(d)] ZH( ) 5" Cim + Co

_ 1) im G

ZH( ) ( zcmim+co>
- -y () enE
=0 for d#0
Tin
+COZH( )m
=g(d)

= Cog(d)

as desired. -

For the proof of Lemma 2.13 we need two additional lemmata.

Lemma 2.14 Forr € N, 1 <k, I <r and d € Nj with d; > 1 we have
fld—er)—f(d) > f((d+e)—er) — f(d+e).
Proof. We will show that

[f(d—ex) = f(A)] = [f((d + &) —er) - f(d+e)] >0.
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Consider the case k # [ first.

fa-en-sia = ¥ (") ()

i k m#k \lm

_ Z (Cj:) T’gk (Cj; ) E(ri__l )1?;: +1

B dy — 1 0 d, (—1)2im
T T\ 1) an i ) Sm = D+ 1

Similarly

asere-saser=-5 (4 1 (4

1 ‘ik —1 (2 Zm

Putting this together yields

[f(d—er) = f(d)] — [f((d+e)—er)— f(d+e) -
N Z (ilel) (ilcﬁ 1) mg, ((zl:) Z(ﬂ(%_—l)l)i:Jr 1

) 1 e

1

=:Cog>0

= g(d - ek) s
where ¢ is given by the recurrence

Y(m—1)-dng(d —ey)
S(m—1)-d,, +Co

g(d) =

with g(0) = C5' > 0 according to Lemma 2.12. In particular, g(d — e;) is non-negative
which proofs the claim for k # .
Now let k£ = [. We have to prove that [f(d —e;) — f(d)] — [f(d) — f(d + ex)] > 0.

Consider again

fd—e) - f(d)=-2 (ifj) 1L (f:) z(ri_—lfz:H

1

and similarly

fld) = fld+e) == ( o ) E[k (dm) Z(Ti__lfg:l+1 '

T\ — 1) 2 T
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We infer that

[f(d —ex) — f(d)]

[£(d) = f(d + e)] -
-2 L) s

1

> (dki; 1) gk (‘j:) e 1)5;1_2?22& — 1)+ 1]

1
::Co >0

= g(d - ek) )
where ¢ is again given by the recurrence

X(m—1) dng(d —en)
S(m—1) - dy + Co

g(d) =

with ¢(0) = Cg' > 0 according to Lemma 2.12. In particular, g(d — e;) is non-negative
and the claim follows also for k& = 1. o

Remark. LLemma 2.14 tells us that for any d and k the difference f(d—ex)— f(d) decreases
whenever we increase any component of d. This is essential for the proof of Lemma 2.15.

Lemma 2.15 Letr € N, d € Nj and A € [0,d] be given. Then
fld=2)=f(d) = > Ap - [f(d—en) = f(d)] .
m=1

Proof. Let r € N, d € Nj and A € [0,d] be given. Consider the points (d — A) and
d on the N{ grid. A monotonical path between these points is a sequence of grid points
starting with (d —A) and terminating with d where two neighboring points are of the form
(d' —e,,), d for some 1 < m < r. Each monotonical path between (d — A) and d has
length o := >~ A,, and the number of such paths is given by the multinomial coefficient
(A%:...Azr) Now let P = pg,pi1,...,Ps be such a monotonical path, po = d — A and
po = d. According to this path we rewrite f(d — A) — f(d) as the telescoping sum

o

fld=A)=f(d) =} _[f(pj-1) = f(pi)] -

=1

Note that all differences have the form f(d’ —e,.) — f(d’) for some 1 < m < r and
d e[d—A+e,.d].

For each 1 < m < r there are exactly A,, differences of the form f(d' —e,)— f(d') in
the telescoping sum since P is monotonic. By Lemma 2.14 we see that each such difference
satisfies

fld —en) = f(d) 2 f(d —en) — f(d) .
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Thus we can estimate

fld=2A)=f(d) > Ay [f(d—en) — f(d)].

We are now prepared for the proof of Lemma 2.13.

Proof of Lemma 2.13. Let H = (V,€) be a hypergraph of rank r with € # (. Define
V* to be the set of all non-isolated vertices, i.e. vertices x with d(z) # 0. By assumption,
V* £ . Furthermore, for two distinct vertices z,w € V the co-degree vector is given by
d(z,w) = (di(z,w),ds(z,w),... ,d,(z,w)) € N}, where d,,(z,w) is the number of edges of
size m containing both 2 and w. Set d(w,w) := 0. Now let € V* be arbitrary, then
F(H\z)—F(H)= > [f(d(w)—d(z,w) — f(d(w))] - f(d(z)) .
UJEV*
Consider one summand. Lemma 2.15 implies

[f(d(w) = d(z,w)) = f(d(w))] = D dn(z,w) - [f(d(w) - en) — f(d(w))] .
Thus
F(H\ z) )2 D2 D dm(z,w) - [f(d(w) — en) = f(d(w))] = f(d(x)) .

weV* m

We sum these differences up over all x € V*:

D F(H\z) — F(H)

2 ¥ Sda(ew) [fdw) ~ en) = fdw)] - T fda)

= T 5 5 dulew) - [f(d()  en) = fldw))] = 3 fde)

= £ 5 (5 el Uld) = e0) - latw)] - 3 sl
= 35 = 1)) () = en) = fdw))] = 3 f(dw)
= % (S0 -1 el 1000) — e0) e - o)

= 0.

There we made use of the following observation
Y dp(z,w) = (m—1) - dp(w)
Tz€eV*
and the fact that f(d) satisfies the partial difference equation (2.3) for d # 0. By definition,
d(z) # 0 for all € V*.
We infer that for a random = € V* the expectation of F/(H \ z)— F(H) is non-negative.
Thus there exists an € V* C V with F(H \ z) > F(H). W
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2.5 A probabilistic bound

In this section we will give a lower bound on the independence number of hypergraphs that
is very useful for deriving asymptotic lower bounds for several selection problems (as we
will see in Chapter 3).

Lemma 2.16 Let t > 1 be a given integer. Suppose H = (V&) is a hypergraph on n
vertices with edge set £ =& U...UE&, where each edge in E; has size k; > 2 for1 < g5 <1t.

Then,
a(H) > = - min 1,mjin (2t|5j|> .

The proof is similar to the proof of Theorem 2.6.

Proof. Set with foresight
1
— mind 1mi no &
p:=min 1, min ST .

Choose a random subset X C V by picking each vertex independently with probability p.
Let Y denote the set of edges contained in X and y; denote the number of edges from &;
contained in X. Thus, |Y| =y + ...+ y,. Then,

N |3

E(|X]) = pn
E(Y) = E(y)+...+E(y)
= pk1|5’1|—|—...—|—pkt|5’t|.

By the choice of p we infer p*~'|&;| < Z. Thus, E(yz) = p¥|&;| < 28, Summation over
all 1 < j <t gives E(|Y]) <1- 52 =B If we delete a vertex from each edge in Y we get
an independent set of expected size at least

1
pn n . . n k-1
E(|X|=-Y])>—=—- 1 )
(1 X| =Y > 5 5 mm{ ’mjm(Qt|57-|) }

This implies the existence of an independent set of the desired size. a

2.6 Uncrowded hypergraphs

The lower bounds on the independence number for graphs and hypergraphs given in the
last sections are tight and the examples reaching these bounds are very crowded in the
sense that they contain large cliques. So if we assume that a graph (or hypergraph)
contains no large cliques there is some hope that better bounds can be found. For graphs,
an appropriate assumption is that the graph is triangle-free. Indeed, Shearer proved the
following result, which is an improvement of a result given in [3].
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Theorem 2.17 (Shearer [59]) Let G be a triangle-free graph on n vertices with average

degree d > 1. Then,
dlnd —d+1
GYy>——— ..
a(G) > A= 1) n
A slight improvement of this bound is given in [60]. As mentioned in [59] this bound
is tight up to a small constant factor. Using random graphs, it is possible to construct
triangle-free graphs with average degree d whose independence number is bounded by

21nd

approximately -n. The proof of this theorem implies a polynomial sequential algorithm

for computing an mdependent set in a triangle-free graph of size as guaranteed by the lower
bound.

Recently, Shearer proved the following lower bound for the independence number of
graphs which contain no complete graph K, for r > 4.

Theorem 2.18 (Shearer [61]) Let G be a graph on n wvertices with average degree d
which contains no K, (r >4). Then for large d,

Ind
" dnlnd
lnlnd

a(G) >

This improves the lower bound a(G) > ¢, n =3¢
whether a(G) > ¢, n B2,

Now we consider “uncrowded” hypergraphs. Let H = (V, &) be a k-uniform hypergraph
with k > 3. A 2-cycle is a pair of distinct edges ey, e; € £ that intersect in at least 2 vertices,
i.e. |e;Nez| > 2. A hypergraph is called uncrowded if it does not contain any 2-cycle. Note
that this definition differs from the definition given in [2]. Duke, Lefmann and Rédl proved

the following result, which is an extension of a result given in [2].

given in [1]. Still it is an open question

Theorem 2.19 (Duke, Lefmann and Ro6dl [23]) Let k > 3 be a given integer. Then
there exists a constant Ty such that the following holds. Suppose H is an uncrowded k-
uniform hypergraph on n vertices and mazimum degree at most T*=', where T > Ty. Then,

0.98 n 1
H 1077 . = (InT)7=T
o(H) > " ()

A construction using random hypergraphs shows, that this bound is tight up to a
constant factor depending only on k (see [2]). Unfortunately, no polynomial sequential
algorithm (or even an NC algorithm) is known to compute independent sets of size given
by this theorem.

We replace maximum degree by average degree and get the following result.

Corollary 2.20 Let k > 3 be a given integer. Then there exist constants Cy,t), such that
the following holds. Suppose H is an uncrowded k-uniform hypergraph on n vertices and
t*=1 where t > t;. Then,

average degree at most ,

Mﬂjzch%amﬁ%
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Proof. Choose t := 2-1/(k=1) Ty, where T} is the constant given in Theorem 2.19. Let
H be an uncrowded k-uniform hypergraph on n vertices and average degree at most ¢!,
where t > ;. Clearly, H contains less than n/2 vertices of degree larger than twice the
average degree. Deleting these vertices from H yields a new hypergraph H' with at least
n/2 vertices and maximum degree at most 2t¥~! = T*=' where T := 2/*=V¢ > T}, By
Theorem 2.19,

We turther simplify this corollary by removing the restriction ¢ > .

Lemma 2.21 Let H be an uncrowded k-uniform hypergraph (k > 3) on n vertices and
average degree at most t*71. Then

alH) > ¢ - (11115)ﬁ .

n
t
Proof. The statement of the theorem is obvious for ¢t < 1. So assume ¢t > 1. Let H be an
uncrowded k-uniform hypergraph (k > 3) on n vertices and average degree at most t*~!.
It t >t then Corollary 2.20 implies

a(H) > Cy -~ (Int)7=T .

~ |3

For values 1 < t <t} we rely on Theorem 2.6 to yield

iz (1-1)1

Define !
cp 1= min{Ck, <1 — E) . (lntk)_lel} .
Then, -
oz(H)ch-%(lnt)lel for t > 4
and

~ |3

(lnt)lel for 1 <t < ty,.

I\ n INn [ Int =
>S1—-)E>(1-2)2 [ — > ¢ -
alH) 2 <1 k> - <1 k) t (mtk) =

Thus, a(H) > ¢ - %(lnt)k1T1 without any restriction on . a



Chapter 3

Solving selection problems with
hypergraphs

Several extremal problems in areas like combinatorics, graph theory, geometry and number
theory can be formulated roughly in the following way: Given a structure and a collection
of forbidden configurations. How many elements of the structure can be chosen, such that
none of the forbidden configurations occur? Problems of this type will be called selection
problems. In this chapter we will see how to attack selection problems using the results of
Chapter 2 about the independence number of hypergraphs. Two introductory examples
will illustrate this. Furthermore, we will derive bounds on the maximum size of a subset
of the [n]%grid that determines distinct slopes.

Many selection problems have shown to be very difficult — even asymptotic exact results
seem to be out of reach — and the best known lower bounds are based on a random
construction called the “deletion method” that we already used for the proof of Lemma
2.16: Choose a random subset of the given structure (with an appropriate probability
distribution) and delete one element from each occurring forbidden configuration. The
average size of the resulting set yields the lower bound. But this means restating the proof
of Lemma 2.16 for a particular hypergraph. Thus, the deleting method can be replaced
by an application of Lemma 2.16, which simplifies the proots. Furthermore, the bounds
based on the deleting method can be substantially improved when the structure of the
hypergraph corresponding to the given selection problem enables us to apply Lemma 2.21.

We will study so-called anti-Ramsey type results that form a suitable framework for the
problems considered in Chapter 4. In addition to existence results we investigate asymp-
totic problems concerning threshold functions. Moreover, we will consider algorithmic
aspects.

3.1 Two examples

In this section we demonstrate how to use hypergraphs in the context of selection problems
by giving alternative proofs for two known results that have been proved originally by the

41
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deletion method.
We begin with an example from extremal set theory (see also [4, 50]).

Theorem 3.1 (Erdds and Fiiredi [34]) For every integer n > 1 there is a family F C

2 of size |F| > c- (l>n, ¢ > 0 constant, such that there are no three distinct members

2
A,B.C € F with
ANBCCCAUB (3.1)

Proof. Form a 3-uniform hypergraph H = (V,€), where V = 20" and {A, B,C} € € if
(3.1) holds. Clearly, an independent set in H is a family F with the desired properties. We
identify each set X C 2" with its characteristic vector (z1,...,z,) € {0,1}" with z; = 1
if 7 € X. Then (3.1) holds if and only if the following two conditions are satisfied for all
i€n]:(i)a=1=a=1orb =1and (ii) ¢, =0=a; =0or b, =0.

To count |E| we fix a set C'. Then the number of pairs { A, B} satisfying (3.1) is bounded
by 37/2. Thus, |€] < 2"3"/2. By Theorem 2.6 we infer

¢ 93n 1/2 9\15 / 9 \ "
s (2 V(2
3\3 29372 3) \\B
and the claim follows with ¢ := (2/3). W

A striking corollary of Theorem 3.1 is the following geometric result (for a proof, see
[4]).

Corollary 3.2 (Erdés and Furedi [34]) For cvery integer n > 1 there is a set of at

least ¢ - (%)n points in n-dimensional Fuclidean space, such that all angles determined by

three points from the set are strictly less than 7 /2. a

This disproves an old conjecture of Danzer and Griinbaum (see [20, 4]), that the maximum
cardinality of such a set is at most 2n — 1.

Our second example is from extremal graph theory. Suppose we are given a family
of graphs £ = {G1,Gs,... ,G:}. By EX(n, L) we denote the set of graphs on n vertices
that do not contain an isomorphic copy of any of the graphs in £. Moreover, ex(n, L) is
defined as the maximum number of edges of a graph in EX(n,£). The determination of
ex(n, L) is one of the central problems in extremal graph theory. Turan’s Theorem gives
a complete answer for the case £L = {K,}. Unfortunately, for many other graphs this
problem is very difficult and even the asymptotics of ex(n, £) is unknown. The best known
lower bounds are often (for example for complete bipartite graphs or for even cycles) given
by the following result of Erdés (see also [62]).

Theorem 3.3 (Erdés [28]) Let L = {Gy,G, ... G} be a family of non-empty graphs,
and let
. |V(H)| -2

7y = Inax min

i HCG; |[E(H)| -1 '

Then, for some ¢ > 0, ex(n, L) > c¢-n?7".

(3.2)
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Proof. For each GG, let H; be a subgraph of GG, attaining the inner minimum in (3.2).
Denote with v; the number of vertices of H; and with k; the number of edges of H;.
Consider the complete graph on n vertices K,,. We form a hypergraph H = (V, ), whose
vertices are the (;) edges of K,,. The edge set is given by & = & U ... U &, where &; is
the family of those e C V', which form (the set of edges of ) a copy of H;. The independent
sets in this hypergraph are in one-to-one correspondence with (the set of edges of) graphs
in EX(n, £). This implies ex(n, £) = a(H). Our aim is to apply Lemma 2.16.
The number of copies of H; contained in K, is given by

n v;!
&l = -¥<nvj
i () Auci; ="

where Aut H; is the automorphism group of H;. We infer,

1
T —1 1
()" n?\ 51
min | —% > ¢y min — =cn 7.
J |gj| J n-

Furthermore, ¢y n™ < 1 for large n. Now Lemma 2.16 implies

n

ex(n,L) = a(H) > c2(2) ern™ > en?.

3.2 Point sets with distinct slopes

Let s4(n) be the maximum cardinality of a subset P of the [n]?-grid with the property
that all ('723') difference vectors have distinct slope, i.e. the difference vectors span pairwise
distinct 1-dimensional subspaces of R% We say P is free of parallelities.

Erdés et al [35] considered this problem in the case d = 2 showing a lower bound of
Q(n'/?) and upper bound 5n%°. Our generalization improves the lower bound. The lower
bound for d = 2 has also been shown by Zhang [73] using a probabilistic construction.

Theorem 3.4 For every integer n > 2,

v

39(n)

sa(n) > ¢4 n3 ford > 3,

where ¢y, cq > 0 are constants.
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Proof of Theorem 3.4. We show the existence of a set P of the given size which is free
of parallelities. Let us formulate the problem in a different way by means of a hypergraph
H = (V,€). Its node set V = V(n,d) is the set of all grid points, thus |[V| = n?. The
hypergraph is 4-uniform and its edge set £ = £(n,d) consists of the parallelities of the
grid. A parallelity is defined as a 4-set of the [n]¢-grid that induces two difference vectors
with equal slope.

An independent set of H is a set of grid points that is free of parallelities. Thus we
have

sa(n) = a(H).

We want to estimate |£|. There are two types of parallelities. Either a parallelity contains
three collinear points and an arbitrary fourth point or it does not contain a collinearity. The
number of parallelities with a collinearity is © (ndK(n, d)), where K(n,d) is the number
of collinear 3-sets of the grid.

A parallelity without collinearity defines two parallel lines each containing two of the
four points. By an appropriate translation of one line onto the other we can map the par-
allelity to a collinear 3-set of the [2n]%-grid. To see that, let {p;, p2, q1,¢2} be a parallelity,
where the vectors p; — p; and g — g1 are parallel with the same orientation. Then we map
this 4-set to {p1,p2, P2 + (2 — q1)} C [2n]?. Such a collinearity occurs ©(n?) times as an
image of a parallelity, hence

€] =0 (ndlx’(n,d)) .
Because of the high symmetry of the grid we have

K(n,d) =0 (n'Ko(n,d))

where Ko(n,d) is the number of collinear 3-sets that contain the point (0,... ,0).
We can write Ko(n,d) as

SHBG
Ky(n,d) = Z d(m ( m ),
m=1 2
where we define

d(m) = H(:z:l,:cg,... ,xq) € N* i maxz; = m, ged(ay, x9,... ,24) = 1}‘

We can think of ®(m) as the number of lines that contain the origin and [“m;lJ other grid

points.

A lower bound for ®(m) is ¢(m)(m + 1)%=2, because we can choose z; = m, z, relative
prime to m and x3,... ,z4 arbitrary between 0 and m, where ¢(m) is the Eulerian totient
function. On the other hand we have an obvious upper bound of ®(m) < d(m + 1)%!.
Hence we get

n—1 2 n—1 1 d—1
I(O(R,d) S Z d(m—l— l)d—ln_2 — an Z M’

m=1 m m=1 m
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which is of order n? for d > 3 and of order n?logn for d = 2, and a lower bound
3 b
Ko(n,d) mz (m —I—l ( T; ),

which is also of order n? for d > 3 and of order n%logn for d = 2 (see [9] for summation
properties of the function ¢).

We conclude that
€] = O(nflogn) ford=2
] 0(»*) for d > 3

By the Lemma 2.6 there is an independent set of size at least

|V|4) czf—jg for d =2
=a(H) > c > lo
Sd(n) OZ( ) ( |g| - cdnd/3 for d > 3

Theorem 3.5 For every integer d > 2 there exists a constant ¢g > 0 such that
sa(n) < ¢q p®/(2d+1)

The following proof uses similar ideas as the proof of Erdos et al [35] for the case d = 2.
Proof. Let P be a set of P points of the [n]?-grid that is free of parallelities. For integers
m and A we define

Apn i={A (z1,22,...,24):0< 2, <m—1, 1=1,2,... ,d}
a set of m? points. With A? translated copies of A,, A we can cover a grid of size (Am)?,

SO
d d d

t:=A? <1 —) = (A ﬁ) <9d"_

+ Am + m/ —  md

disjoint copies are sufficient to cover the [n]¢-grid for

n
A< —, 3.3
< (3.3
Let wi,ws, ... ,w; be the number of points of P in the copies. Then we have P = $!_, w;
and
L (wi P/t(P/t—1) P(P—-t)_ P*_ P’md
D = >t = > — >
Z()_ 2 2t T 4t T 2dt2pd

for t < %, which holds for

m? > 29t1n /P, (3.4)
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There are D difference vectors induced by the set P whose coordinates are divisible by
A. By dividing these vectors by A we get vectors with coordinates between 0 and m — 1.
No two such vectors coincide because P is free of parallelities. This holds even for distinct
values of A.

We have found % vectors for every A between 1 and { J (see equation 3.3), so we

n
m
P:m® | n <
— | — m
2d+2pd |m| —

can estimate

and therefore

2d+2nd
P?<
2]

To optimize this estimate we choose m as small as possible according to equation (3.4),

that is
9d+1 1/d n pi/d
( P ) m 3

for sufficiently large n. Altogether we get P(24+1/d < 3. 29424 which implies

m=1+4+

P < CfindQ/(ZdH),

with a constant
d/(2d+1
c/d = (32d+2> /( )

3.3 Anti-Ramsey type results

The slope problem that we considered in the last section is a special case of the following
more general problem. Suppose we are given a coloring f of the edges of the complete graph
on n vertices with colors t € T', i.e. f: F(K,) — T (adjacent edges with equal color are
allowed). A complete subgraph K}, of K, is called a rainbow (or multicolored clique) if the
restriction f|E(K}) to the edge set of K} is an injection. What is the maximum order of
a rainbow with respect to f7 Denote this maximum with r(f), the rainbow number. This
problem is in some sense complementary to Ramsey type problems, which deal with the
existence of monochromatic subgraphs of given edge colorings.

The slope problem of the last section fits into this framework by considering the com-
plete graph on the vertex set [n]?. The color f({v,w}) of an edge {v,w} will be defined as
the slope of the difference vector, i.e. the 1-dimensional subspace of R? spanned by v — w.
A rainbow in this graph corresponds to a subset of vertices of the [n]%-grid that determines
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pairwise distinct slopes, thus, sq(n) = r(f).

Lemma 3.6 Let f: E(K,) — T be a coloring of the edges of the complete graph on n
vertices. Let Es be the family of 3-sets of V(K,,) that determine two equal colors and let &,
be the family of 4-sets of V(K,,) that determine two equal colors but do not contain a 3-set

from Es. Then,
o\ 12 n \ /3
r >cn-ming 1, | w5 N ,
)= { ) () }

where ¢ > 0 1s a constant.

This lemma is an easy consequence of Lemma 2.16.

Proof. Form a hypergraph H = (V,€), with V = V(K,,) and € = £&3UE,. An independent
set in this hypergraph corresponds to a rainbow with respect to the coloring f. Thus, a(H)
is the maximum size of a multicolored clique. By Lemma 2.16 we infer

and the claim follows. 1

Remark. The lower bound given in Lemma 3.6 is tight up to a constant. To see this
consider the following edge coloring f. Partition the complete graph K, into [ cliques
Ci,...,Cp of size n/l and color all edges inside clique C; with the color ¢; := ¢. All edges
between different monochromatic cliques get pairwise distinct colors from 7'\ {1,...,[}.
The maximum size of a rainbow is r(f) = 2[, since we can choose at most 2 vertices from
each ;. To compare this with Lemma 3.6 we observe that

n/l n3
€| = Z'(3)NZ_2
n/l nt

Thus, the lower bound in Lemma 3.6 gives r(f) > c¢l, which is tight.
Applications of Lemma 3.6 will be given in Chapter 4. An easy upper bound is given
by the following observation.

Observation 3.7 (Upper bound) Let f: F(K,) — T be a coloring of the edges of the
complete graph on n vertices. Then, r(f) = O (|T|1/2),

Proof. A rainbow of size k induces (g) distinct colors, which implies (g) < |T| and the
claim follows. a
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Clearly, this upper bound is useless for |T'| > (g) On the other hand, it is easy to find
edge colorings f with r(f) = O(|T|"/?) in the case |T'| = O(n?).

In some cases, when the given edge coloring has a special structure, better bounds can
be found. An important example is the problem of Sidon-sets in abelian groups. Suppose
we are given a finite subset V of an abelian group G. A subset S C V is called a Sidon-set if
all pairwise sums a+ b (a # b € S) are distinct. What is the maximum size of a Sidon-set
in V7 (For an overview about Sidon-sets see [63]). This problem can be formulated in
terms of an edge coloring in a natural way. Consider the complete graph with vertex set
V and color each edge {v,w} with the color f({v,w})= v+ w. A Sidon-set in V forms a
rainbow with respect to the coloring f. Due to the underlying algebraic structure f is a
proper coloring, 1.e. f has the property that adjacent edges have different colors. Therefore,
the following result of Alon, Lefmann and Rodl can be applied.

Theorem 3.8 (Alon, Lefmann and Rodl [7]) There exist constants ¢;,¢co > 0 such
that the following holds. Let f be a proper edge coloring of K,,. Then,

r(f) > eint3(Inn)t/3.
Furthermore, there exists a proper edge coloring g of K, with
r(g) < ean'P(lnn)/?.

The theorem given in [7] is in fact more general, since it considers “proper” edge colorings
of uniform hypergraphs. The following corollary is a direct consequence of Theorem 3.8
and Observation 3.7.

Corollary 3.9 Let G be an abelian group of order n. Then there exists a Sidon-set in G
with at least eyn'/>(Inn)'/3 elements. Moreover, the size of any Sidon-set S in G is bounded

by |S| = O(n'/?).

The gap of 1/3 and 1/2 in the exponent is quite typical for problems dealing with Sidon-
sets. Only for some particular classes of groups tight bounds are known. In Chapter 4 we
will study Sidon-sets of square numbers.

In some cases the assumption that the given edge coloring of K, is a proper coloring
is too restrictive but still a better lower bound than given by Lemma 3.6 can be found.
Before stating the theorem that we will use in Chapter 4 for the proofs of Theorems 4.2
and 4.4 we introduce some further notations.

Given an edge coloring f : E(K,) — T. For t € T, f~'(t) is the set of all edges
colored by color t. By d; = w we denote the average degree of color t € T'. Let A,
be the maximum degree of color ¢, i.e. the maximum number of edges in color ¢, incident
at some vertex, and let A = max {A; |t € T}.

Theorem 3.10 For every v > 0 there exists a constant C = C(v) > 0, such that for all
integers n > 2 the following holds.
Let f: E(K,) — T be a coloring and suppose T satisfies the following conditions
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(i) 7> X d°, and

teT

(i7) T > nl/27 . A3/

Then,

2

r(f) > C - (”—)1/3 (lnn)'/3 . (3.5)

T

Proof: It is sufficient to prove the theorem for sufficiently large n, say n > ng. To see
this assume the theorem holds for n > ng for some ng and some constant C > 0. For
values of n less than ng the lower bound of the theorem is less than Cnéﬂ (In no)l/B. By
adapting the constant C the inequality (3.5) holds for all n. Thus we can assume that n
is sufficiently large throughout the proof.

Let V = {1,2,... ,n} be the vertex set of a complete graph K, and let f: E(K,) — T
be an edge coloring. Let 7 satisfy requirements (i) and (ii) in Theorem 3.10. We can also
assume that 7 satisties

r<n’lnn, (3.6)

since otherwise the assertion (3.5) is trivial and we are done.
We will construct i-uniform hypergraphs G; = (V,&;), ¢ = 3,4, with the same vertex
set as follows:
{vi,v2,03} €& & f({vr,v2}) = f({v1, vs})
{vi,v2,03,04} €& & f({or,v2}) = f({vs, va}).

Observe that a subset X C V yields a rainbow if and only if X is an independent set in
both Gs and G4. Our aim will be to give a lower bound for the maximum size of such an
independent set based on Lemma 2.21. We cannot apply Lemma 2.21 directly, as the G;,
¢ = 3,4, are in general not uncrowded. To come to such an uncrowded situation we will
pick a random subset of the vertex set V', and show that an induced subhypergraph can
be made uncrowded.

First we will give upper bounds for the cardinalities of & and &;. For |&3| note that
every pair {v,w} of vertices can be extended in at most 2A — 2 ways to an edge F € &;.

Thus,

|53|<(;L)-2-A<n2-A. (3.7)

Concerning the size of & we obviously have

ai=y (10),

teT
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As 2-|f7(t)| = d; - n, it follows with (i) that

dyn 2
|54|gz(?)<”—-zczfg—-n~r. (3.8)
teT 2 8 8

Next we will count the number of 2-cycles in G4. Let ¢3(G) denote the number of 2-
cycles in a hypergraph G = (V. £). We will count the 2-cycles more carefully: for j = 2,3
let ¢, ;(G) be the number of (2,j)-cycles, i.e. the number of pairs {E, E'} € [£]* with
|ENE'|=j. Clearly, ca(G) = ¢22(G) + ¢23(G).

Concerning ¢35(G4), choose an edge F € & and then pick a pair {v,w} C E of vertices.
The number of edges E' € & with EN E' = {v,w} is less than the number of pairs {z,y}
with f({v,w}) = f({z,y}) or f({v,z}) = f({w,y}). There are at most 2nA such pairs,

hence with (3.8) we have

C2,2(g4)§|54|-(;)-Q-n-Agh.n3.T.A_ (3.9)

[N OS]

To count the number of (2, 3)-cycles, we fix an edge £ € &, and a three-element subset
S C E. Then S can be extended in at most (g’) - A ways to an edge F' € &, hence

4 3 3

c2,3(G4) < &l - |, |- A< St AL (3.10)
’ 3 2 2

Now we choose a random subset of V' by picking each vertex independently with probability

o —1/34+¢ _-1/3
p—n/ .7—/’

where 0 < ¢ < 5/12. For the random subset V' C V consider the induced random
subhypergraphs G! = (V' &!) for i = 3,4, where & = & N [V']". Moreover, let c;;(V")
¢ = 2,3 be random variables counting the number of (2,7)-cycles in Gj.

Assumption (3.6) makes sure that pn — oo as n — o0, so we have

Prob(|V'| > 0.99pn) =1 —o(1) (3.11)

?

by Chernoft’s inequality.
From (3.7) and (ii) we obtain for € < 3 that

/ 3 3.2 nt/AtEe A 1 .
B((&]) =p"|&| <p® n® A=pn- ——pm— <pn- o =o(pn) . (3.12)
By (3.9) and (3.10) we infer for e < &
, 3 3
E(c2(Gy)) = p°- 2,2(Ga) + P 2,3(G4) < 9 pPen® T A+ pPontor A

3pn (n1/3+55 <A A )

2 2/3 + nl/3—4c . £1/3

- 1/2
3pn (n5e_2/3-w n A7> = o(pn) . (3.13)

2 nl/2+v/3—4¢

IN
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Moreover, we have
E(|€}]) = p" - |&4]. (3.14)

Using Markov’s inequality, we infer with (3.11), (3.12), (3.13) and (3.14) that there exists
a subset V! C V with |V'| > 0.99 pn, such that the induced hypergraphs G! = (V', &}),
i = 3,4, satisfy the following: |&4| = o(pn) and c3(G}) = o(pn) and also |&;| < 2-p* - |&4].
Now, delete one vertex from each triple £ € &) and from each 2-cycle in G). For n
sufficiently large, we obtain a subset V* C V' of at least &+ vertices containing no edge
from & and such that the induced subhypergraph G; = (V*,[V*]*N &) has no 2-cycle and

has average degree at most

2p"|E&] 4 p° - |E&4]
pj2 n

1 1
< —p3n7' = —pn° :ts,
2 2
by (3.8), with t defined by the equation. We apply Lemma 2.21 to the hypergraph G; and

infer
pn/2 2

1/3
- . (2712 NV P s o (M) 1/3
oAG3) 2 e i a7z (In(27%7%.0%)) " > C (T (Inn)'/3 .

a

Corollary 3.11 Let f: E(K,) — T be a coloring of the edges of the complete graph on
n vertices, where A = O(n'=?) for a fived 3 > 0. Then,

1/3
r(f)ze(3) nye,
where ¢ = ¢(f) > 0 is a constant.

Proof: By Theorem 3.10 with 7 = n - A and taking v < % a

In particular, this implies the lower bound given in Theorem 3.8 by taking A = 1 for
proper colorings.

3.4 Threshold functions for rainbows

So far we considered only existence results for rainbows of given edge colorings. Another
problem is the following. Suppose we are given a sequence fi, f2,... of edge colorings,
where f, is an edge coloring of the complete graph on n vertices K,. For a given function
k = k(n), we say that almost all k-sets determine a rainbow, if a k-set X C V(K,,) —
chosen uniformly at random from the set of all k-sets of V(K,) — determines a rainbow
with respect to f, with probability tending to 1 as n goes to infinity.

A function 7(n) is called a threshold function for the rainbow property if the following
two conditions are satisfied.
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(i) Suppose k = o(7(n)), then almost all k-sets of V(K ) determine a rainbow.
(ii) Suppose k = w(7(n)), then almost all k-sets of V(K ) do not determine a rainbow.

The following theorem enables us to determine such threshold functions.

Theorem 3.12 Given a sequence fi, fa,..., where f, is an edge coloring of K,. For f,
let A, be the maximum number of monochromatic edges incident to a common vertex, and
let t,, denote the number of 4-sets in V(K,) that determine two disjoint monochromatic

edges. If

1 3/4
A, <c- n2 for alln € N (3.15)
n
for some constant ¢ > 0, then 7(n) = n -t7Y* is a threshold function for the rainbow

property.

Proof. For convenience we will write ¢ instead of ¢, and A instead of A, throughout the
proof, dropping the subscript n. Consider the hypergraph H = (V, & U &) corresponding
to the edge coloring f,, i.e. V.= V(K,), & is the collection of 3-sets of V that determine
two monochromatic edges and & is the collection of 4-sets of V' that determine two disjoint
monochromatic edges with respect to f,. By definition, |&;] = ¢. A rainbow with respect
to f, corresponds to an independent set in this hypergraph.

(i) Suppose k = k(n) = o(n-t~Y/4). Let X C V be a k-set chosen uniformly at random
from the set of all k-sets of V', and let Z be the number of edges from & U &, contained in
X. Then,

Prob(X forms a rainbow) = Prob(Z =0) > 1 - E(Z7).

The expectation of Z is given by

&l (i) + 16l (1)
()
To bound |&;], choose two vertices u # v € V. Then there are at most A — 1 vertices

w € V such that f({u,v}) = f({u,w}). This way, each edge from & will be counted at
least twice. Thus, |E3] <n(n —1)(A —1)/2 < n? A. We infer using (3.15)

E(Z)

k? k*
2
< chﬂ.k_B_F _4
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This implies,
Prob(X forms a rainbow) = Prob(Z =0) > 1 -E(Z) =1 -o(1).

In other words, almost all k-sets are rainbows.
(ii) Now suppose k = w(n -t~'/4). Let Z denote the number of edges of & contained
in a random k-set X C V — this time ignoring the edges from &;. Then

Prob(X forms a rainbow) < Prob(Z =0).

By Chebychev’s inequality we estimate

Prob(7 = 0) < Yar(Z)
E*(Z)
Furthermore,
(=) _,
E(Z)=t- =t- g

where 22 =z (x —1)...(z —r+1) denotes the falling factorial. Suppose & = {S1,...,S:}.
Let z; be the indicator variable for the event S; C X. Thus Z = 3, z;. Moreover, for
s =15,6,7,8 let a5 denote the number of pairs {5;, S;} with |S;US;| = s. By the definition
of the variance we have

Var(Z) = E((Z-E(2))?)
~ E(Z)+2 Y Blaz)-E(2)
1<i<j<t
8 k§
= E(Z)+2 Zas— -E*(2).
- n?
To bound ajs, choose an edge S € &; and a 3-element subset R C S. Then R can be
extended to an edge € & \ {S} in at most 3A ways. Thus,
as S 12t A

To bound ag, choose an edge S € &, a 2-set R C S and an arbitrary vertex v € V' \ S.
Then there are at most 3A ways to extend R U {v} to an edge in &. Thus,

ag S 18tA .
Similar considerations for a; yield
ar < 12tn’*A .

An obvious upper bound for ag is given by

t
as S (2) .
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Putting this together we get

8 S
Var(z) = E(Z)+2Ya, " —E*(2)
s=5 n

Kt k2 kS NV %
< b+ 2A — 4+36tnA — + 240’ A = 42| | < — |t
nt n2 né nt 2) nd nt
4 7
S i 3 + Cq t 7’L2A ﬁ
k2 774 KT .
<ttt — (by equation (3.15)).

We apply Chebychev’s inequality

Prob(X forms a rainbow) < Prob(Z =0)
Var(7)
<
- EYZ)
_ ke tz/‘* A
< o
(t%)
4 n

= o).

The last inequality follows from the assumption k = w(n - t=*/%). Thus, almost all k-sets
do not determine a rainbow. |

To illustrate the use of this theorem we go back to the problem of Sidon sets in abelian
groups. As mentioned earlier precise bounds for the largest Sidon set contained in a given
abelian group are unknown, apart from a few special cases. Nevertheless, the following
result is an easy consequence of Theorem 3.12.

Theorem 3.13 Let (G,)nen be a sequence of abelian groups, where G, has order n. Then
the following holds:

(i) If k = o(n'/*), then almost all k-set of G, form a Sidon set.

(it) If k = w(n'/*), then almost all k-sets of G, do not form a Sidon set.

Proof. Consider the edge coloring f : E(K,) — G, corresponding to the group G,
given by f({a,b}) = a +b. We observe that a rainbow with respect to the coloring f is
a Sidon set with respect to G,. As in Theorem 3.12 let A denote the maximum number
of monochromatic edges incident to a common vertex and let ¢ denote the number of 4-
sets determining two disjoint monochromatic edges. Since G, is an abelian group we have
A =1 and t = O(n?). Therefore, equation (3.15) is satisfied. Now Theorem 3.12 implies
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that 7(n) = n-t71/% ~ n'/* is a threshold function for the rainbow property and the claim
follows. |

Further applications of Theorem 3.12 will be given in Chapter 4.

3.5 Computing large rainbows

In Section 3.3, Lemma 3.6, we derived a lower bound on the maximum size of a rainbow
for a given edge coloring of a complete graph on n vertices. This raises the question how
to compute rainbows of size as guaranteed by this lemma. In particular, such an algorithm
enables us to find large solutions to selection problems for which lower bounds are based
on Lemma 3.6 (see Chapter 4).

A polynomial algorithm for computing a maximum rainbow cannot exists, unless P =
NP. To see this, assume that we have a polynomial algorithm A for this problem. We will
show that under this assumption we are able to approximate the independent set problem
for graphs up to an additive constant of 1 in polynomial time. Then it follows from the
following result of Arora et al ([10], see also [11]) that P = NP.

Theorem 3.14 (Arora et al [10]) There exists a constant ¢ > 0 such that approzimat-
ing the independence number of a graph on n vertices within a factor of n® is NP-hard.

To this end, let G = (V, £) be a graph with |V| = n. Let K,, be the complete graph
with the same vertex set V. We color all edges of K,, contained in G with the same color
denoted by t5. All other edges of K, will be colored with distinct colors t1,1s, ... different
from ty. Denote this edge coloring with f. We observe that an independent set in ¢
corresponds to a rainbow with respect to f. Thus, a(G) < r(f). Moreover, a rainbow with
respect to f contains at most one edge with color ¢y, i.e. an edge contained in . This
implies r(f) — 1 < a(G). We conclude that we are able to compute an independent set in
(¢ of size at least «((G) — 1 in polynomial time by using algorithm A.

However, we will see that there is a polynomial algorithm for computing a rainbow of
guaranteed size. To this end, let f be an edge coloring of the complete graph K,. With
this edge coloring f we associate a hypergraph H = (V(K,),& U &), where & is the
family of 3-sets of vertices determining two equal edge colors and &, is the family of 4-sets
of vertices that determine two equal colors but do not contain a 3-set from &. Hence we
have r(f) = a(H), where a(H) is the independence number of H.

We define the probabilistic bound

a(H) = max(pn = p’|E| = p'|E);
which is a lower bound for a(H), since we can pick each vertex independently with proba-
bility p and then delete one vertex from each edge occurring in the resulting subhypergraph.
This gives an independent set of size at least pn — p®|&3| — p*|€4| in the average. This bound
is at least as good as the bound given in Lemma 3.6 since the bound given there is based
on a particular choice for the probability p (see proof of Lemma 3.6 and Lemma 2.16).
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By using derandomization techniques (see [8]) we can turn this probabilistic argument
into a deterministic algorithm that computes an independent set of the hypergraph and
thus a rainbow for the given edge coloring of size at least &(H). In the following, we will
describe the algorithm.

Let the vertex set of K,, be V = {1,2,... ,n}. Let f: E(K,) — T be an edge coloring
and assume that 7' is totally ordered. For ¢ € T'let m; = |f~'(¢)| be the number of edges
in color ¢t. In a preprocessing we form our hypergraph H = (V, & U &) by collecting pairs
of edges of the same color. By first sorting the set of edges with respect to their colors this
can be done in time O(nr?Inn + 3 ,c;p m?). Moreover, we use the following data structure.
There is a list of the vertices v € V and a list of the edges ¢ € & U &,;. For each vertex
v € V there are pointers to all edges containing v. For each edge there are pointers to all
vertices contained in it.

Knowing |&;| and |&4], we can compute that value p € [0,1], which maximizes the
expression pn — p®|&;| — pt|&y]. Fix this value of p.

In the following we will examine the vertices of V' one by one and decide whether each
vertex belongs to our independent set or not.

Set &€ = & U &4. Suppose that we already made a partial selection of vertices and let
€1,€2,...,€; be the 0,1-sequence representing this selection, that is, for some vertices we
determined whether they do (¢; = 1) or do not (¢; = 0) belong to our independent set.
Define weight functions f; and F; depending on €1, €,. .. ,¢; as follows. For verticesv € V

let
) vy
f;(v)—{p if v > j.

For edges e € £ set
file) = 1;[ fi(v).
Finally, set
Fi=TFi(er, e, . 6i-1) = D filv) = 3 file) .
veV ec€

Observe that F} is the expected value of the number of vertices minus the number of edges
in a random extension of the selection €, €, ... ,¢€;.

At the beginning, for j = 0, we have fy(v) = p and fy(e) = pl°l for v € V and
e € &, thus Fy = a(H). We will construct a 0, l-sequence €1, ¢€,... ,€, such that the
values F; = Fj(e1,... ,¢;) are nondecreasing for j = 0,1,... ,n. In particular, we will have
F, > Fy.

Now assume that €, €z,...,¢;-1 and F;_y > F;_o > ... > [} are given. To determine
¢; and thus F};, we compute the two values

WO = Fj(ﬁljég,...76j_170)
Wl = Fj(61,62,...,6j_1,1).

This can be done in time O(1 + degy(j)). If W > W/, then we set ¢; = 0 and F; = W?.
Otherwise, if VV]-1 > W]Q, then set ¢;, =1 and F}; = le.
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By straightforward calculations or by interpreting F; as an expected value, we derive
Fioy=(1—=p) - W)+p-W'. (3.16)

This implies F; > F;_;.
Continuing in this way, we obtain a 0, l-sequence €1, €;,... €, with F, > Fy. Set
I ={veV]|e =1} Weclaim that [ is an independent set in H. Assume this is not
the case. Thus there is an edge e € £ contained in I. Let 7 be the last vertex of e chosen
by our algorithm. Since j was chosen, we know that le > W]Q, which with (3.16) implies
that
Fj = le > Fj_l .

On the other hand, since j is the last chosen vertex of e, we infer that
Fj = Fjo (i) = fi-1(5)) — (fi(e) = fi-a(e)) = (1 =p) = (1 =p) =0,
a contradiction. Thus [ is an independent set with
|[I|=F, > Fy=a&(H)

as desired.
Without the preprocessing this algorithm has a linear running time of O(n+ |&|+|&4]).
Since &3], |€4] < 3,cr m}, we have an overall running time of O(r?Inn + 3 ;e m7).
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Chapter 4

Point sets with distinct distances

In [36] Erdés and Guy considered the following problem: Determine the maximum size
of a subset X of the [n]*grid, such that all mutual euclidean distances between different
points of X are distinct, compare also [46]. Denoting the cardinality of such a set X by
f2(n), they proved the following:

Theorem 4.1 (Erdés and Guy [36]) For every integer n > 3,

n

2__°
n?2 Inlnn S fQ(n) S c2 . W ,

(4.1)

where ¢y, ¢y > 0 are constants.

To obtain the lower bound for f3(n), Erdés and Guy used Greedy-type arguments. The
upper bound for fy(n) follows easily by a result from number theory. Namely, consider
the edge coloring f : E(K,2) — [2n?], where an edge {(x1,¥1),(x2,y2)} receives color
(xg — 21)* + (y2 — y1)?, the square of the euclidean distance. A rainbow with respect to f
is the same as a subset of the [n]?-grid with distinct distances. By a result of Landau [52],
the number of integers not exceeding x, which are representable as a sum of two squares,
is asymptotically ¢ - Ve where ¢ is a positive constant. Thus our mapping f is actually

a coloring f : E(K,2) — T, where T" C [2n?] is of size |T| = @(ﬁ) It follows by
Observation 3.7 that the maximum size of a rainbow is bounded by r(f) = O(|T|"/?) =
Ol

Here we will improve the lower bound on f;(n), namely we will show the following.

Theorem 4.2 For integers n > 1,
f2(n) 2 C- n2/3 9
where ¢ > 0 is a constant.

The main tools for the proof of Theorem 4.2 are an anti-Ramsey result from Chapter
3 and a result of Ramanujan in number theory. This anti-Ramsey result, together with

29
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a number theoretic result concerning the representation of integers by a fixed number of
squares, which we deduce in Section 4.1, also yields lower bounds for the analog of the
problem of Erdés and Guy in higher dimensions. Let f;(n) denote the maximum size of a
subset X of the d-dimensional grid [n]? such that all mutual euclidean distances within X
are distinct.

We remark that for d = 1 one has fi(n) = ©(y/n) by using perfect difference sets, cf.
[36]. For d > 3, Erddés and Guy showed the following:

Theorem 4.3 (Erdds and Guy [36]) Let d > 3 be an integer and ¢ > 0 a fived real.
Then, for n sufficiently large,

R < fun) < c-Vd-n, (4.2)
where ¢ > 0 is a constant.

As before, the upper bound follows easily by Observation 3.7. Indeed, in [36] it has been
conjectured that

b fa(n) <ec- d*/3 . p23. (In n)1/3 ?

for d > 3.
In Section 4.2 we will derive an improved lower bound on fz(n) that matches the
conjectured upper bound (apart from the constant factor).

Theorem 4.4 Let d > 3 be a positive integer. Then for every integer n > 1,
fa(n) = cq- - (lan)!/?
where c¢g > 0 is a constant only dependent on d.

In Section 4.3 we will consider the corresponding selection problems for points in the
plane in arbitrary position. We will show that every n-point set in the euclidean plane
R? contains a subset X with mutual distinct distances such that |X| > ¢ - n'/* for some
constant ¢ > 0. This gives a partial answer to a question raised by Erdés and Guy [36].
Furthermore, this result improves a lower bound of ¢ - n'/> which follows from [13, proof
of Theorem 4.2], as communicated to the author by J. Pach. Moreover, we will show that
under the assumption that the n points in R? are in general position (no three on a line) the
lower bound on | X| can be improved to ¢-n'/3. Also, generalizations to higher dimensions
will be given.

To do so we will answer a question of Erdés and Fishburn [38],[33] concerning the
distribution of distances in planar point sets. Namely, we will show the following: if n
points in general position in R? are given with distinct distances dy,ds,... ,d;, where d;
occurs with multiplicity m;, ¢ = 1,2,... ,¢, then 32'_, m? < ¢-n? for some positive constant
c. The regular n-gon shows that this bound is tight up to a small constant factor. The
upper bound 3" m? = O(n?) also holds for n points in general position in R¢ (no d+1 points
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on a common hyperplane). Moreover, we will show that for the corresponding problem for
n arbitrary points in R% one has Yi_, m? < ¢-n®%, where ¢ is a positive constant.

Threshold results for point sets with distinct distances will be derived in Section 4.4.
Improving a result of Avis, Erdds and Pach [13], we will show that almost all k-sets of a
set of n points in the plane determines (g\) distinct distances, if k = o(n®/'%). A similar
result will be given for point sets in general position and this result is sharp. Furthermore,
we will determine threshold functions for point sets with distinct distances contained in
the [n]%-grid.

In Section 4.5 we will give the new lower bound ¢ - n%? (¢ > 0 constant) on the size of
a By-subset of the set {1?,2%,... ,n?}. This improves earlier results of Alon and Erdds [6].

4.1 Representations of integers by sums of squares

The distribution of distances between lattice points is closely related to problems in additive
number theory, namely, the representation of integers by a fixed number of squares. To
illustrate this, consider an arbitrary point p of the integer grid Z% in dimension d. For any

point ¢ € Z<, the euclidean distance between p and ¢ is of the form d(p, ¢) = \/z? + ... + 23,

where the z;’s are integers. Therefore, m := d*(p, ¢) is an integer that is representable as a
sum of d squares. Furthermore, the number of grid points on the sphere with radius \/m
around p is given by the number of representations of m as a sum of d squares.

In this section we will be concerned with two number theoretic results (Theorems 4.8
and 4.15) that we will need for the proofs of Theorem 4.2 and 4.4. For convenience we will

use Vinogradov’s notation f(n) < g(n) for f(n) = O(g(n)).

Definition 4.5 For integers m > 0 and d > 1 let r4(m) be the number of representations
of m as a sum of d squares, i.e.

rd(m)z‘{(xl,... ,xd)EZd:mzsz:f-l—...-l—xﬁ}‘.

Consider the case d = 2 first. The function ry(m) oscillates rather wildly. For infinitely
many m € N we have ry(m) = 0. An upper bound is given by the following result.
Theorem 4.6 (Wigert [48])

¢
ro(m) < mim |
where ¢ > 0 s a constant.

This bound cannot be improved as there is an infinite sequence of values of m with ry(m) >
me /im0 constant (see [48]). The average behaviour of ry(m) is easy to determine.

Theorem 4.7 (Gauss [48])

3 ra(m) = 7+ O(v) .

m=1
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The determination of the order of the error term has received the attention of many math-
ematicians and there is a long history of improvements on Theorem 4.7 (see [51]).

The following higher moment result, which plays a central role in the proof of Theorem
4.2, is due to Ramanujan (see also [72]).
Theorem 4.8 (Ramanujan [57])

n

> (ro(m))* = O(nlnn).

m=1

In fact Ramanujan determines also the leading constant.

Here we will give an alternative proof for the upper bound. Our approach uses simple
geometric considerations and might be of interest by itself. For doing so and for later
purposes we will use the following definition and lemma.

Definition 4.9 For two points p, ¢ € R? the hyperplane formed by the set of points in R?
that are equidistant to p and ¢ is called the perpendicular bisector of p and gq.
Let P be a finite set of points in R?. Consider the bipartite graph B = ([P]* U P, 1)
with
({p,q},2) € I <= z lies on the perpendicular bisector of p and q.

Then define A(P) :=|I|.

Roughly speaking, A(P) is the number of incidences between perpendicular bisectors
determined by P and points of P (each bisector can be generated by several pairs of points!).
Note that A(P) is nearly the same as the number of isosceles triangles determined by P
apart from the fact that equilateral triangles are counted 3 times.

Lemma 4.10 Let P be a set of n points in R Let the points of P determine distinct
distances dy,dsy, ... ,d;, where d; occurs with multiplicity m; fore=1,2,...,t. Then,

Setsg (s (1))

The idea of the proof is related to an argument of Szemerédi (see [32]).

Proof. Let P be the set of n given points in R% Note that a point z lies on the bisector of
p and ¢ if and only if p and ¢ have the same distance from z. For z € Pand ¢t =1,2,... ,t
let m;(2) denote the number of points in P, which have distance d; from z. Using Jensen’s
inequality we infer that

s = 2y (M)-2 (M) 2 (5) =5 B -nm

2 i
= 2.y m2- (") .
n =1 2



4.1. REPRESENTATIONS OF INTEGERS BY SUMS OF SQUARES 63

Thus,

1
Y omi<;

=1

N|3
/_\
3
+
N
[N
~—
~—

Lemma 4.11
A([n]*) <e-n*-Inn,
for some positive constant c.

Note that A([n]?) is equal to the number of isosceles triangles since [n]? contains no equi-
lateral triangle.

Proof. For distinct points py, py in the [n]*-grid, where p; = (z1,y1) and py = (29,92), let
[ be the line through p; and p, and define

1 1
3(1) = maX{; ey — $1|a§' ly2 — y1|},

where ¢ = ged(z2— 21, y2 —y1). Note that s() only depends on [ and is independent of the

choice of p; and p,. We observe that | N [n]?| < s Let I' be the perpendicular bisector
of p; and p,, then we also have |I' N [n]?] < iR

To bound A([r]?) we fix an arbitrary point p; € P and an integer 1 < s < n. Choose
a line [ through p; with s(l) = s. The number of such lines is at most 4s. Then we select
a point py € [N [n]* and a point z € I' N [n]?, where ' is the perpendicular bisector of p;
and p,. For both p; and z there are at most 2 possibilities. Thus

n]
24 B nt Z < 4n* <1—|—/ —dx)ﬁc-n‘l-lnn.
s 8 o s 1z
a
Corollary 4.12 Fori = 1,2,...,2(n — 1)? let m; denote the occurrence of distance \/i
between different points of the [n|*-grid. Then,

Z m? < ey -n®-lnn

for some positive constant c;.

Proof. By Lemmata 4.10 and 4.11 we obtain

- 2
; g% (c-n‘l-lnn—l—(T;))§c2-n6-lnn.
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Corollary 4.13 There exists a posilive constant c3 such that for every positive integer n

n

> (ra(i))? < eczem-lnn.

=1

Proof. Consider a circle of radius at most 5% around an arbitrary point of the [n]*grid.
Then at least a quarter of this circle lies inside the [n]*-grid. Thus

(nT_l)Q K 2 2(n—1)2
> <n2 : —T2(L)) < > oml,
4 =1

=1

where m; denotes the occurrence of distance v/i between different points in the [n]? grid.
By Corollary 4.12 we deduce -, (r2(4))* < ¢3-n-Inn for some positive constant c.

Remark. By using the same ideas it is also possible to prove the lower bound in Theorem
4.8.

Next we study the case d > 3. Like ry(m) the functions r3(m) and ry(m) oscillate
rather wildly. The situation changes for d > 5 as the following result holds (see [45, p.
122)).

Theorem 4.14 [45] Let d > 5 be an fized integer. Then
rq(m) = @(md/2_1).

For our purposes we will show the following theorem, which we will need for the proof of
Theorem 4.4.

Theorem 4.15 Let d > 3 be a fized integer. Then

n

> (ra(m))* = O(n").

m=1
For d > 5, this theorem follows immediately from Theorem 4.14. Still some work has to

be done for the cases d = 3,4. It is known (see for example [40, p. 7]) that

n 77‘1/2 P
/2

rg(m) ~ ——— n%*,
2 ) ~ 7T

i.e. the number of lattice points inside or on the sphere S of radius y/n around the origin
in R?is asymptotically the same as the volume of S. Thus, Cauchy’s inequality® implies

> (rafm))? 2 - (z rd<m>) e,

m=1 m=1

M abi)* < Y af 3o b;
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which proves the lower bound of Theorem 4.15.

For the proof of the upper bound of Theorem 4.15 we will use the Hardy-Littlewood
method as presented in [21] and [70]. Throughout the remaining part of this section let
N :=|/n| and suppose d > 3. Define Ry(m, N) as the number of representations of m as

the sum of d squares of positive integers not exceeding NV, i.e.
Hxl,..., GZd _:cf+x§+...+x§,1§:ci§N}|.
Clearly, rq(m) > Rg(m, N). On the other we have the following estimate.

Lemma 4.16 Let € > 0 and N = |\/n], then

n

(ra(m))* < c Z 24 O(n?3/2te)

m=1
with a constant ¢y depending only on d.

Proof. It is easy to see that we can estimate
Ry(m,N) < rq(m) <2 Ry(m,N) +d - ry_i(m)
for m < n. By Theorem 4.6, ry(m) = O(m®') for every ¢ > 0. Therefore, we have
ra(m) < (V)2 - O(m¢) = O(m/>1+¢) (1.3)
for s > 2. We can then estimate
(ra(m))? < 2%+ (Ra(m, N))* + O(m™=>/*+°)
and the assertion follows. |

By Lemma 4.16, it is sufficient to show 32" _;(Rq(m, N))* < n?~! in order to prove
Theorem 4.15.

The first step of the Hardy-Littlewood method is to transform the sum into an integral.
To this end we define e(y) := €™ and f(a) := N, e(az?) for real numbers a.

Lemma 4.17 Let N = |[\/n]|. Then,

Z:(Rd(m,zv))? - / (@) da.

Proof. First we observe that

N

:Z...Ze(a-(w% -I-xd) ZRd ~e(am).

r1=1 rg=1
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Since |z|? = zZz for z € C,

(Fa)| = z Ra(ms, N) - eam) 2 Ra(ma, N) - e(—ams).

If we integrate this we obtain

1

[If@)da=" 3 Ra(mi,N)- Ralma, N) - [ e (my = ms)) da

0 1<mq,m2<dn

The integral on the right hand side is 0 for my # my and 1 for my = my, thus

[ 1P dec= 3 (R, V)

a

In order to estimate [ | f(a)|>? da we break the integration interval into two parts called
major-arcs and minor-arcs. This is the second step of the Hardy-Littlewood method. The
major-arcs will determine the order of magnitude while the contribution of the minor-arcs
will be negligible.

In the following calculations let 0 < § < 1/5 be a fixed real number. For integers a, ¢
with 1 <a < ¢ < N% and (a,q) = 1 define the major-arcs as

Moy, i={a€R:|a—a/q| < N2},

We observe that these major-arcs are disjoint since their lengths are much smaller than
the distances between their centers. Let M denote the union of the M, ,. It is convenient
to shift the integration interval (0,1] to the right to U := (N=2*° 1 4+ N=2%%]. As f(a) =
fla+1) we have

1
[1(@)f da = [|f(@)* do.
0 U

Now M C U by definition. The set M := U \ M forms the minor-ares.

To see that the minor-arcs can be neglected in order to prove Theorem 4.15 we use the
following

Lemma 4.18 [21] Suppose s > 5, then

[ 15(@)) da = 0271
M

where ¢' > 0 is a constant depending on 6.
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Using this, we immediately get for d > 3, that

[ (@) da = 0" (1.4)
M

where 6’ is a constant depending on 6.
Thus it remains to prove that

[ 1@ da = 0"
M

Define v
Sag = e(az?/q) and 1(B) := /6(/352) d¢.

z=1

For the treatment of the major-arcs we use the following lemmata.
Lemma 4.19 [21] If o € M, ,, then

fla) = V(a) + O(N*)
with V(a) := ¢~ Sy - I(a—a/q).

The notation V(«) is a bit sloppy because V also depends on a and ¢. Nevertheless
there should be no confusion since a determines the major-arc M, , in which it lies.

Lemma 4.20 [21] Let a, q be relative prime integers with ¢ > 0. Then for every ¢ > 0,
[Sal = O(g"**9).
Now let o € M, ;. Lemma 4.19 and the obvious fact that
V(@) =g+ Sag- Ila—a/q)] < N

yields
(fla)* = (V(a)* + O(N*71+2),

Since the measure of M is bounded by O(N~***) and since 6 < 1/5 we can again
neglect the O-term and consider only [, |V (a)|*? da.
By Lemma 4.20 we see that

V(@) < g7 Sul* - (@ = a/q)" < g~ - [I(a = a/q)|*

for @« € M, ,. Substituting @ = a/q + 8 implies

/|V(a)|2dda<q—d+ﬁ’- / 11(8)|% d.
M

a,q |Bl<N—2+6
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Summing up over all major-arcs gives

q

N¢ ; N?¢ q s .

Y [ V@Ptda <Y Y g 1(8)* d3

= Saom1 Mag = o |Bl<N-2+¢

< (Z ql_’”e') : / 11(8)]** dB = const - 11(8)|2 dB.
0=1 15l <N-2+8 IBl<N-2+e

The infinite sum converges since d > 3. By substituting é = N -t and 3 = N2 -~ in

I1(B) = JN e(3€?) d¢ we obtain

HB)Pds = N2
|B|<N—2+46 [v|<Né

0

1

VAN

N
a.
L

lyl<Né 10

since N = |\/n].

/e(th) dt

/e('yt2) dt

2d
dry

2d

dv , (4.5)

We want to show that the outer integral is bounded from above independent of n. By
substituting ¢t = v~'/2z and by the fact that [° cos(z?)dz and [;° sin(z?) dz are bounded

[16] it follows that

F1/2

AT1/2. / e(2?) dz

0

/le('yt2) dt

for v > 0. On the other hand, obviously

<1.

je(7t2) dt

This enables us to extend the integration in (4.5) to infinity:

+o0 2d +1

/

2d
dy = dy+2-

-1

/le(’th) dt

/1. e(vt?) dt

1
+ oo

< 2142 /'y_dd’y:O(l)
1

N

<~

400

/

z (4.6)

1.

2d
/ e(vt*)dt| dy
0

since d > 3. There we made use of (4.6) and (4.7). We infer that [,, |V(a)[* da < n? L.

Thus we have proved
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Lemma 4.21

(@) da = O(n®").

M

Because of the fact that [ = [y + [y and by (4.4) we have
Corollary 4.22

1

[1(@) da = O(n*).

0

Now Lemma 4.16 and 4.17 and Corollary 4.22 imply Theorem 4.15. a

4.2 Grid points

In this section we will give the proofs for Theorems 4.2 and 4.4. First we will show Theorem
4.2.

Proof of Theorem 4.2. Consider the [n]*-grid. We form a complete graph K. with
vertex set [n]?. We color the edges {z,y} by the square of the euclidean distance of their
endpoints  and y. For fixed positive integer ¢ and every grid point v, notice that the
number of grid points w with euclidean distance v/t from v is bounded from above by the
number of representations of ¢ as a sum of two squares. Hence, the average degrees d; of
color t satisfy d; < ra2(t), and for the maximum degree A we have that

A < ncl/lnlnn (4:8)

where ¢; is a positive constant, by Theorem 4.6. By Theorem 4.8 we have

2(n—1)2 2(n—1)2

> d’ < > (r2(t)=ca-n? lnn,

where ¢ is a positive constant. Setting 7 = C' - n?-Inn for a positive constant €', which is
large enough, we see with (4.8) that (i) and (ii) in Theorem 3.10 are satisfied (notice that
the number of vertices is n?). Hence, there exists a totally multicolored complete subgraph
on k vertices with

' n? e 2\1/3 2/3
k> - (Inn*)/° > c-n7 .

- n?.lnn

The vertices of this subgraph determine k points in the [n]*grid with mutual distinct
distances. We remark that we could have also used Corollary 4.12 to obtain the same
conclusion. |
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Next we will prove Theorem 4.4.

Proof of Theorem 4.4. Fix a positive integer d > 3. We proceed as in the proof given
above by coloring the edges of the complete graph on n? vertices by the square of the
euclidean distances of the corresponding endpoints. Clearly, d; < ry(t) and

A S nd/?—l—{—e’
for any fixed €' > 0 by (4.3).
Now,
d(n—1)2 , d(n—1)2
> d < (ra(t))* = O(n*"™?) (4.9)

H
Il

—
o

—

by Theorem 4.15. With 7 = C-n?¥~2, where C' > 0 is a large enough constant, requirements
(i) and (ii) of Theorem 3.10 are satisfied. Hence there exists a totally multicolored complete
subgraph on k vertices with

n \'? a\1/3 2/3 1/3
k> c(d)- (W) : (lnn ) >cg-n" - (lnn)/”,
which yields the desired result. l:l

4.3 Points in arbitrary position

In this section we will study the maximum cardinality of a subset of n arbitrary points in
the euclidean space R% such that the mutual distances among the points of X are distinct.
More formally, we want to determine

mgil max{|X|: X C P determines distinct distances} .
PC

|Pl=n

This question was raised by Erdos and Guy in [36]. For d = 1 this problem is asymptotically
solved as the following is known [31]: Given a set P of n arbitrary points on a line. Then
there exists a subset X C P with distinct distances of size | X| > ¢n'/2. By considering n
equidistant points on a line, an upper bound of ¢’ n'/? follows.

We will also consider the same question for n points in general position (no d+ 1 points
on a common hyperplane) in R,

Our focus is the planar case. For this we need to study the distribution of distances of
point sets in R% One of the famous problems in combinatorial geometry is the following
old question of Erdds [27]: How often can the same distance (w.l.o.g. the unit distance)
occur in a set of n points in the plane? This innocent looking question has attracted many
researchers and still there is no satisfying answer. Suppose we are given a set P of n points
in the plane that determine distinct distances dy,... ,d;, where distance d; occurs with
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multiplicity m; for ¢ = 1,2,... ,t. Clearly, we have Y m; = (Z) Erdés’” question is thus to
determine
u(n) = max maxm;(P).

PCR2 %
|Pl=n

As already observed by Erdds [27], the [\/n]*-grid yields a lower bound of u(n) > pl+e/Intnn,
where ¢ > 0 is a constant. No improvement has been made on this bound. The best upper
bound is the following.

Theorem 4.23 (Spencer et al [65]) Let u(n) denote the mazimum number of unit dis-
tances occurring in a set of n points in the plane. Then,

u(n) < en'’?,
where ¢ > 0 s a constant.

Remark. Let uq(n) denote the maximum number of unit distances that can occur in a
set of n points in R%. The current bounds for d = 3 are

antPloglogn < uz(n) < c’1n3/2,3(n) (4.10)

where 3(n) is an extremely slowly growing function depending on the inverse of Acker-
mann’s function. The lower bound, which is due to Erdés [27], follows from the [n'/%]-grid.
The upper bound has been proved by Clarkson et al [19] by using bounds on incidences
between points and unit spheres in R®. Surprisingly, the problem seems to be easier for
d > 4 as the following precise result of Erdos [29] is known.

ug(n) = %2 (1 — ﬁ + 0(1)) ford> 4. (4.11)

The lower bound is based on a construction of H. Lenz, while the upper bound uses results
from extremal graph theory. For a good overview on this and related problems see [54].

The following new result, which we will need for our purposes, provides us with addi-

tional information about the distribution of distances in planar point sets.

Theorem 4.24 Let n arbitrary points in the plane be given. Let the n points deter-
mine distinet distances dyi,ds, ... ,ds, where distance d; occurs with multiplicity m; for
1=1,2,...,t. Then,

¢
E mf §c-n13/4,
i=1

where ¢ > 0 1s a constant.
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Remarks. (1) Theorem 4.23 shows that under the assumptions of Theorem 4.24 one has
m; < ¢ -nt?fori=1,2,...,t, where ¢ is a positive constant. Their result applied in the
straightforward way yields Yf_, m? < max {my,mq,... ,my} - YL m; < ¢ -n?/3. (Z) <
en'%/3 for a positive constant ¢. Another way to get this upper bound is by using the result
of Pach and Sharir [55] that the number of isosceles triangles is bounded by O(n"/?). Then
by Lemma 4.10 one obtains that YI_; m? < ¢;n'%3, where ¢, is a positive constant.

(2) For the points of the [\/n]*-grid we have " m? = ©(n*Inn) by Theorem 4.8. One

might conjecture that this upper bound holds for any set of n points in the euclidean plane.
(3) For the 3-dimensional case, we have the upper bound 3> m? < us(n) (g) <ec-

n"/23(n) by (4.10). Furthermore, if d > 4 the sum Y, m? can be of order Q(n?), since
ug(n) = O(n?) by (4.11).

For the proof of Theorem 4.24 we will use

Lemma 4.25 Let 0 = So < 51 < ... < S and my > mg > ... > my > 0 be sequences of
real numbers such that

J
> mi <5 forg=1,2,... 1, (4.12)

2

and let ¢ : R — R be a strictly convex? monotonically increasing function. Then

i¢(mz Z_t: (Si = Sic1) - (4.13)

Proof. We will apply induction on ¢. For t = 1 the assertion is trivial since ¢ is mono-
tonically increasing, hence assume ¢ > 1 and that the conclusion of the lemma holds for
all values 1,2,... ¢t — 1. For given Sp, Sy,...,S5; it suffices to show (4.13) for any se-
quence m; > my > ... > my satisfying (4.12) and maximizing the expression Y f_; ¢(m;).
Let my, maq,... ,m; be such a sequence. If m; = 0, then (4.13) is clearly satisfied by the
induction hypothesis, hence we can assume that m; > 0.

Suppose first that Zgzl m; < S;forall y=1,2,... ,t —1. Then define a new sequence

my, m5, ... ,m; as follows

m; = my+e€

m; = my fore =2,3,... ,t—1

m; = my—¢
where ¢ = min {m,, Sy —my, So—(mi+ms), .. —>"iZ1m;}. Since € > 0 by assumption
and since ¢ is strictly convex we have Zle ¢( 2‘) > "1, ¢(m;), which contradicts the
maximality of the sequence my, my, ..., my.

Thus thereis a k, 1 < k <t —1, with

k
ani = Sk . (414)
=1

Ye otz +(1—t)y) <to(z)+ (1 —t)o(y) fort € (0,1) and z,y € R
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By the induction assumption it follows that

k k

Yo b(mi) <D0 (Si— Sica) (4.15)
By (4.12) and (4.14) we have Zgzkﬂ m; <S;—Spforg=k+1,k+2,...,t. Using again
the induction assumption we infer that

t t

t
Yo dlmi) < D0 ¢((Si—Sk) = (Siei = Sk)) = D 6(Si = Siza) (4.16)
1=k+1 1=k+1 1=k+1
thus combining (4.15) and (4.16) we obtain >'_; ¢(m;) < 3¢, ¢(S; — S;—1), which finishes
the induction step. |

Let P be a set of points in the plane and let C' be a set of circles in R? Define a
bipartite graph G with vertex set P U C and edge set E, where (p,¢) € F, p € P and
¢ € C, if and only if p lies on the circle ¢. Let I(P,C) denote the number of incidences
between points and circle, that is, the number of edges in this bipartite graph G. In our
arguments we will use the following result of Clarkson, Edelsbrunner, Guibas, Sharir and

Welzl:

Theorem 4.26 [19] Let P be a set of points in R? and let C be a set of circles in R2,
Then

I(P.C) =0 (PP |CIP + 1P +C]) . (4.17)

Now we are ready to prove Theorem 4.24.

Proof of Theorem 4.24. Let P C R? be a set of n points in the plane. Assume that
my > mg > ... > my. Around each point p € P draw circles with radius dy, d,, ... ,d;. For
J=1,2,...,tlet C; be the set of all such circles with radius dy,d,, ... ,d;. Then we have
|C;] = jn and

i
=1
Thus, by (4.17) we have
I(P,Cj) < ¢y -0 - (jn)* (4.19)

where ¢; > 0 is a constant.
Combining (4.18) and (4.19), we infer that

] 1 .
Zmi <. n7/? -j4/5
i=1 2
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fory=1,2,...,t.
On the other hand, we have

! 2
n n
< n- 4.20
s (3) < 20
forl=1,2,...,t.
Put ¢; = max {1/2,¢;/2} and

g g - n7/5 _]'4/5 if 0 S] < n3/4
! Co -2 ifn3/4<j§t.

Clearly, the sequences Sg, S1, ... ,S5; and my, ms, ..., my satisfy the assumptions of Lemma

4.25 with ¢(z) := z*. Hence,

1 1 n3/4 n3/4
me < Z (Si — Si—1)2 < Z (Si = Si—1)2 <e- n'/s. Z (i4/5 — (1= 1)4/5>2 - (4.21)
=1 =1 =1 =1
Since 74/5 — (1 — 1)4/5 <5 for i > 1, (4.21) becomes
¢ TL3/4
Sm?< oY 5 (4.22)

The function g(z) = =2/, > 0, is decreasing, thus

3/t

nd/4
Z 125 < 175 -I—/ 25y =1+ g(ng/20 -1)< gng/zo )
i=1 1

We infer with (4.22) that
¢
Z mf < c.opl¥
1=1

for some constant ¢ > 0. l:l

Remark. Using Lemma 4.25 in a similar way as in the proof of Theorem 4.24 one can also
derive the following upper bounds on higher moments for the distribution of distances. As
before, let mq, ..., m; denote the multiplicities of the distances occurring in a given set of
n points in the plane. Then,
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Note that the bound maxm; = O(n*/?) given in Theorem 4.23 implies " m¥ = O(n{##+2)/3),
which i1s weaker for 2 < k < 9.

Surprisingly, the situation changes radically if our point set is in general position. More
generally, we have

Theorem 4.27 Let P be a set of n points in R? such that at most s points are on a common
hyperplane. If these points determine distinct distances dy,dsy, ..., d; with corresponding
multiplicities my, ma, ... ,my, then

Zt:mf < @ (Z) . (1.23)

Proof. We will give an upper bound for A(P) (see Definition 4.9). By assumption the
perpendicular bisector of any two points p and ¢ contains at most s points of P. Thus,

A(P)<s- (’;) . (4.24)

By Lemma 4.10 we infer that

5 M n (s+1)n [n
< —- AP < — .
yeisg (e () <55
a
Theorem 4.28 Let P be a set of n points in the plane in general position. If these points
determine the distinct distances dy,ds, ... ,d; with multiplicities my, ma, ... ,my, then
i 3
> mi < an(n -1). (4.25)
=1

If we further assume that the n points are in convex position, then

1 3 ‘ 2
Zmz2 < -n*(n-1) _
4 2

=1

This answers a question of Erdés and Fishburn [38],[33]. In their paper [33] an even
stronger statement is conjectured namely that for convex n-gons one has

] Zm?SL(Z—D ?

=1

for n > 3 being an odd integer. For n > 10 an even integer it is stated in [33] that perhaps

! 2<n2-(2n—3)
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In both cases the regular convex n-gon would be an extremal configuration attaining the
upper bounds. For n = 4,6,8 they proved that this bound does not hold. However, the
regular n-gons show that the bounds given in Theorem 4.28 are tight up to a small constant
factor.

Remarks. (1) Fiiredi proved in [41] that under the assumptions of Theorem 4.28, i.e.,
P is a convex n-gon, one has m; < 12nlogn for ¢« = 1,2,...,t. Applying this in the
straightforward way, one gets S°f_; m? < "', m; - max {my,my,... ,m;} < 6n®-logn.

(2) According to the second remark after Theorem 4.24 we see, that it really makes a
difference to assume general position.

Proof of Theorem 4.28. If the points of P are in general position, then (4.25) follows
by Theorem 4.27 with s = 2. So assume that the points of P determine a convex n-gon.
Observe that the bisector of z and y contains at most one point from P if = and y are
adjacent along the boundary of the convex hull of P. Thus,

A(P) < 2(3) —n.

By Lemma 4.10 we infer that
Zt: 2 o1 (o7 N n 3n*(n—1) n?
m; < — -n = — —.
= ' 2 2 2 4 2

It might be worth noting that the following upper bounds for the sum }-{_; m? match
the conjectured upper bounds of Erdés and Fishburn stated above.

a

Proposition 4.29 Let P be a set of n points in R?, which has the following property:
(*)  no circle with center p € P contains three or more other points of P.

Let these n points determine distinct distances dy,ds, ... ,d; with corresponding multi-
plicities my, mo, ... ,m;. Then,
Xt:m2< ﬁZ—_ll if n is odd
= ' ﬁ?—_?’l if n is even.

Proof. By (*) we have m; < n fori=1,2,...,¢. Thus

;m < %n - =

which shows the assertion for n being an odd integer.
For n even, consider as above the bipartite graph G = ([P]* U P, E) with {{z,y},2} € F
if and only if z lies on the perpendicular bisector of z and y. To determine |E| = A(P),
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fix a point p € P. Let d(p) denote the degree of p in GG. Then d(p) is equal to the number
of unordered pairs {z,y} € [P\ {p}]? such that p lies on the perpendicular bisector of x
and y. Property (*) implies that these pairs form a matching. As n is even, we obtain

d(p) < (n —2)/2 and therefore
AP) =Y d(p) < =2

pEP 2

With Lemma 4.10 we infer that

<o () =5
o

Next we will consider the corresponding selection problems.

Theorem 4.30 Let P be a set of n points in general position in R%. Then there exists a
subset X C P with mutual distinct distances such that

1X| > ¢q-nt/?
for some positive constant cg > 0.

Remark. For d = 2, an upper bound of O(n'/?) is given by the regular n-gon.

Proof. Let P = {pi,pa,...,pn} be given as above. Let dy,d,,... ,d; be the occurring
distinct distances with corresponding multiplicities mq, mo, ... ,m;. Consider the complete
graph with vertex set P. Each edge {p, ¢} € [P]?is colored by the euclidean distance of its
endpoints. A rainbow with respect to this coloring, denoted by f, corresponds to a subset
X C P with distinct distances. Our aim is to apply Lemma 3.6. To this end, let £ be the
family of 3-sets of P that determine two equal distances and let & denote the family of
4-sets of P that determine two equal distances not incident to a common vertex.

To bound |&| consider two points p,p’ € P and let Q = {¢ € P : d(q,p) = d(¢,p")}.
We observe that all points in () lie on the perpendicular bisector of p and p’. Since P is in
general position we know that |Q)| < d, thus

&5 < (Z) cd < g n?. (4.26)

Concerning |&4|, we have by Theorem 4.27 that

t
|E4] < Z ( 22) <d-n’. (4.27)
=1

By Lemma 3.6 we infer
r(f) > eqn'’?.

Hence there exists a set X C P of the desired size with distinct distances. |

Using Theorem 4.27 and Lemma 3.6 one can show in a similar fashion the following
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Theorem 4.31 Let P be set of n points in R? such that at most s points of P lie on a
common hyperplane. Then there exists a subset X C P with mutual distinct distances such

that iy
S

where ¢ > 0 is an absolute constant (independent of s,d).
For n points in arbitrary position in the plane we have the following result.

Theorem 4.32 Let P be a set of n points in the plane. Then there exists a subset X C P
with mutual distinct distances such that

|X| 2 c: n1/4 )
where ¢ > 0 s a constant.

This gives a partial answer to a question raised by Erdos and Guy [36]. Furthermore, this
theorem improves a former result of [13, proof of Theorem 4.2], where the lower bound

|1 X| > ¢ n'/® has been implicitly given, as communicated to the author by J. Pach. An
upper bound of O(n'/?/(log n)/*) follows from the [v/n]*-grid.

Proof. The arguments are similar to those used in the proof of Theorem 4.30. We consider
the complete graph with vertex set P together with the edge coloring based on the euclidean
distance of the endpoints. Pach and Sharir have shown in [55] that n points in the plane
determine O(n"/3) isosceles triangles, hence

1€ < e - n’/?

and by Theorem 4.24
|g4| S Cy - n13/4 .

By Lemma 3.6 we deduce,
r(f) > ent/?t.

Thus, there exists a subset X C P with distinct distances of size | X| > ¢ - n'/4. a
For n arbitrary points in higher dimensions we have the following result.

Theorem 4.33 Suppose d > 2. Let P be a set of n points in R?. Then there exists a
subset X C P with distinct distances of size

|X| Z C: nﬁ ’
where ¢ > 0 is a constant (independent of d).
Remark. An upper bound of O(n'/?) is given by the [n'/9]%grid.

Proof. By induction on d. For d = 2 the assertion is given by Theorem 4.32. So suppose
d > 3. Define s := n(3¥=5)/(34-2) We distinguish two cases:
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(i) There is a hyperplane containing s points from P.
(ii) There is no hyperplane containing s points from P.

Consider case (i) first. Let P’ C P be a set of at least s points that is contained in a
hyperplane. By the induction hypothesis, there is a subset X C P’ with distinct distances
of size . )
| X| > ¢ 8302 = ¢y n3a—2
proving the induction step for case (i).
Now consider case (ii). Since there are no s points on a common hyperplane we infer
by Theorem 4.31 that there exists a subset X C P with distinct distances of size

1/3
|X| 2 Cy <E> = c2n3dl—2 ,
S

which completes the induction step. o

4.4 Threshold functions

With Theorem 4.24 we see that for an arbitrary n-point set P in R? the fraction of those
k-element subsets of P which determine less than (];) distinct distances is bounded from
above by

Siamt (T) +00™)-(5) (w#
g el

Thus if & = o(n®/'®) then almost all k-element subsets of P determine distinct mutual
distances as n goes to infinity. This proves the following result.

n n

Theorem 4.34 Let n tend to infinity, k = o(n®/'®). Then almost all k-sets of a set of n
k

2) distinct distances.

points in the plane determine (

This improves a former result of [13], where the bound k& = o(n'/7) has been shown. With
respect to an upper bound for this problem consider the following threshold result for the

[n]?-grid.
Theorem 4.35 Let n tend to infinity. Then the following holds.

1) If k = o —”11/42 . then almost all k-sets of the [n)*-grid determine (*) distinct dis-
Inl/%p 2
tances.

(i) If k = w( nl/2 ), then almost all k-sets of the [n]*-grid determine less than (k)

o ) Inl/tn 2
distinct distances.
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Remark. By considering the [\/n]*-grid, Theorem 4.35 (ii) implies that the bound k =
o(n3/1%) in Theorem 4.34 cannot be improved beyond &k = o((n/ log n)'/4).

Proof. Consider the edge coloring of the complete graph with vertex set [n]? given by
the euclidean distance of the endpoints. Note that a rainbow with respect to this coloring
corresponds to a subset of the grid with distinct distances. Our aim is to apply Theorem
3.12. Let A be the maximum number of monochromatic edges incident to a common
vertex and let ¢ denote the number of 4-sets of the [n]?-grid that determine two disjoint
monochromatic edges.

By Theorem 4.6, the number of points equidistant to a fixed lattice point is bounded
by n®™m" where ¢ > 0 is a constant. Thus, A < n®™m"  Furthermore, by Theorem
4.8, we have t = ©(n®logn). Therefore, the condition A = O(t**/(n?)?) is satisfied and
Theorem 3.12 implies that

1/2
_ 2 4-1/4 n
T(n)=n"-1 ~—
() log'/* n
is a threshold function for the rainbow property, which completes the proof. |

Theorem 4.36 Let d > 3 be a fixed integer and let n tend to infinity. Then the following
holds.

(i) If k = o(\/n), then almost all k-sets of the [n]?-grid determine (g) distinct distances.

(ii) If k = w(y/n), then almost all k-sets of the [n]?-grid determine less than (g) distinct
distances.

Proof. Consider the edge coloring of the complete graph with vertex set [n]? given by the
euclidean distance of the endpoints. Let A and ¢ be defined as in the proof of Theorem
4.35.

By (4.3), the number of points equidistant to a fixed lattice point is bounded by
O(n%/?=1%¢) for every constant ¢ > 0. Thus, A = O(n%?71*¢), Furthermore, by The-
orem 4.15, we have t = O(n*?~?). Therefore, the condition A = O(t*/*/(n?)?) is satisfied
(d > 3 by assumption) and Theorem 3.12 implies that

r(n)=n 17~ /0

is a threshold function for the rainbow property, which completes the proof. |

Considerations similar (but simpler) as in the proof of Theorems 4.35 and 4.36 yield
the following two results. The easy proofs are left to the reader.

Proposition 4.37 For everyn € N let P, be a set of n equidistant points on a line. Then,
as n goes to infinity, the following holds.

(i) If k = o(n'/Y), then almost all k-sets of P, determine (5) distinct distances.
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(ii) If k = w(n'/*), then almost all k-sets of P, determine less than (12“) distinct distances.

Proposition 4.38 For every n € N let P, be the vertex set of the regular n-gon. Then,
as n goes to infinity, the following holds.

(i) If k = o(n'/*), then almost all k-sets of P, determine (12“) distinct distances.

(ii) If k = w(n'/*), then almost all k-sets of P, determine less than (g) distinct distances.

By Theorem 4.24 and (4.26) it follows that for every n-point set P in R? in general

position the fraction of those k-element subsets of P which determine less than (g) distinct
distances is bounded from above by

¢ 2, (n—4 2, (n=3
(0 ) o (12, 2) o (£)

Thus we have the following result.

Theorem 4.39 Let n tend to infinity, k = o(n'/*). Then almost all k-sets of a set of n

k

2) distinct distances.

points in the plane in general position determine (
By Proposition 4.38 this bound is tight since almost all k-sets of the points of the regular
n-gon determine less than (£) distinct dist for k = w(n'/*

gon determine less than () distinct distances for k = w(n'/*).

4.5 B,-Sets of square numbers

For finite sets X C N a subset 5 C X is called a By-set (or Sidon set) if all pairwise sums
s+s, s # s, are distinct. One is interested in the maximum size of S. For the case

X =1{1,2,... ,n} the maximum size of a By-set S C X is asymptotically well known by
results from Erdés and Turan [37] to be (1 +o(1)) -nl/2 In [6] Alon and Erdés considered
the maximum size of B,-subsets of the set {1?,2% ... n*} consisting of the first n squares.

Using an idea similar to the one given in the proot of Theorem 4.30 they showed the
following:

Theorem 4.40 (Alon and Erd6s [6]) For every € > 0 there exists ¢ = c(e) > 0 such
that for every positive integer n there exists a By-set S C {1%,22,... ,n?} with

S| > ¢ n?5, (4.28)

As already observed in [6], by a theorem of Landau [52] one has the upper bound |S| <

¢ - W Here we will improve inequality (4.28), namely we will show:
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Theorem 4.41 For every integer n > 1 there exists a By-set S C {1%2,22,... ,n?} with
S| > ¢-n??, (4.29)
where ¢ > 0 is a constant.

The first idea to prove Theorem 4.41 might be to consider a complete graph with vertex
set V.= {1%,2%2 ... ,n*} and a coloring of the edges, where the edge {i*,j?} receives color
i + j%. Then a totally multicolored complete subgraph on k vertices gives rise to a B,-
subset of V' of cardinality k. But Theorem 3.10 is not applicable to prove Theorem 4.41,
as by condition (ii) we can only guarantee a totally multicolored complete subgraph of size
less than ¢ - n'/2. But it turns out, that with more refined counting arguments a similar
strategy as used for the proof of Theorem 3.10 will show (4.29).

Proof. As in the proot of Theorem 3.10 we can assume that n is sufficiently large. In
the following ¢y, ¢, ..., c19 are positive constants. We construct a 4-uniform hypergraph
G = (V, &) with vertex set V = {12,2% ... ,n*} and edges {:?, ;% k* *} € £ C [V]*if and
only if i2 + j2 = k* + [%. As the number of representations of any positive integer = by a
sum of two squares is given by ry(z), we have by Theorem 4.8 that

s ra(i) 2 .
€] < > 5 <c¢-n-lnn. (4.30)

=1

Next we will count the number of 2-cycles in G. To count ¢;2(G) choose an edge £ € €,
say B = {i* j* k* [} where i* + j* = k* + [*. There are six possibilities to choose a
two-element subset of F, say we choose {i?, j%}. Then the number of pairs {z?,y*} with
i*+j? = 2>+ y? is bounded from above by ry(i* +;?%) < nlnjﬁ, which follows from Theorem
4.6. Now consider those pairs {2? y?} with 2 + 2% = j% + y*. Assuming j > 7, we have
ji—i*=(x+y) (x—y),ie (x+y) divides 2 — 2. Fixing this divisor fixes both x and y.
Hence the number of such pairs {:U L y2} s bounded from above by the number of divisors

of (j2 —4?), which is at most nwm= (see [48]). Summarizing these considerations, we have
c22(G) < ey n®-Inn- ninmw (4.31)

Concerning ¢ 3(G ), we choose an edge ' € £ and a three-element subset T C E. Then
T can be extended in at most two ways to an edge £ € £\ {E}, thus

c23(G) < cg-n*-1nn. (4.32)

As in the proof of Theorem 3.10 we choose a random subset of V' by picking vertices
v € V, independently of the others, with probability

p= n—1/3+e . (lnn)_1/3 ’

where ¢ < 2. Let R be the arising random subset of V. Then,
Prob(|R| > 0.99pn) = 1 —o(1) (4.33)
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and by (4.30) we have

p2/3+4e

E([R* né) =p" €] < e (Inn)/3

(4.34)

The expected number E(¢y(R)) of 2-cycles in the subhypergraph induced on R can be
bounded from above by (4.31) and (4.32) as follows:

c5 =
n6€+ m n1/3+06

E(C2(R)) = p6 . CQ,Q(Q) + p5 . 02,3(g) < cy- + cg - W = o(pn) (4.35)

Inn

for e < L.

As irllgthe proof of Theorem 3.10 we infer with (4.33), (4.34) and (4.35) by using Cher-
noff’s and Markov’s inequality, deleting one point from each 2-cycle that there exists a
subset Y C V, |Y| > ¢; - p-n such that the subhypergraph G’ of G induced on Y has no
2-cycles and has average degree at most > = ¢ - n%. By Lemma 2.21 applied to G we see
that

, n2/3+e
a(G) 2 a(G') 2 e () > cn?

(Inn)t/3

which finishes the proof. a
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